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Abstract

The single-user and two-user (multiple-access) Poisson arbitrarily varying channel with input
and state (peak and average-power) constraints, but unlimited in bandwidth, is considered. For
both cases the deterministic and random code capacity with the average probability of error
criterion is obtained. In the single-user case Wyner’s [19] decoder attains the deterministic-code
capacity whereas for the two-user case a “minimum distance” decoder that belongs to the class
of B-decoders [4] is shown to attain the deterministic-code capacity region as claimed.

Index Terms — Arbitrarily varying channel, Poisson channels, capacity, optical CDMA.



I. Introduction

The discrete memoryless arbitrarily varying channel (AVC) models a communication scenario in
which a channel parameter may vary with time without memory in an arbitrary and unknown manner
during the transmission of a codeword. In this paper it is assumed that the sequence of channel states is
selected arbitrarily subject to a constraint - the state average-power constraint, and possibly depending
on the codebook (as the state generator is assumed to be cognizant of the code) but independently of
the codeword actually sent.

AVC’s capacity depends on whether or not random codes are permitted, and whether the average
or the maximum probability of error criterion is used. The random coding capacity admits a simple
characterization as a min-max of mutual information, unfortunately random codes are not always
implementable.

Unless stated otherwise, the term capacity will hereafter always refer to the capacity for deter-
ministic codes and the average probability of error criterion (random-code capacity is the same under
both criteria only in the single-user case). In the absence of state constraints, Ahlswede 1] proved the
following dichotomy : the capacity equals either zero or else equals the random code capacity. The
necessary and sufficient conditions for positive capacity, as well as capacity under a state constraint
for the single-user AVC, have been determined by Csiszdr-Narayan in 3], wherein it was shown that
Ahlswede’s alternatives do not necessarily hold under a state constraint. The two-user multiple-access
AVC with and without state constraints has been considered by Gubner in [9, 10], wherein necessary
conditions for non-empty interior of the capacity region are given. In (2] Ahlswede-Cai settle Gub-
ner’s conjecture and prove that the necessary conditions presented in [9, 10] are also sufficient for
the multiple-access AVC to have a non-empty interior of the capacity region. For a comprehensive
treatment of the discrete AVC the reader is referred to (7, ch. 6] and the Lapidoth-Narayan tutorial
[14] where the necessary terminology and major results are summarized.

In this paper, we determine the deterministic-code capacity of the Poisson single-user, and two-user
multiple-access, AVC formally defined as follows. The two-user Poisson multiple-access AVC (MAVC)
is modeled by two independent users that generate inputs Ap,,(f) , 2 = 1,2 and an independent
(arbitrarily varying) state input A,,(¢) , 0 < ¢t < oo, that determine the rates of the corresponding
doubly stochastic Poisson processes d;(t) and s;(t). Specifically, d;(t) (resp. s;(t)) corresponds to the
number of counts registered by a direct detection device (usually a p-i-n diode) in the interval [0, ],
in reaction to the input Ay, (¢) (resp. A4, (t)) which is proportional to the squared magnitude of the
optical field impinging on the detector at time ¢ integrated over its active surface. The observation is

2
v(t) =Y di(t) +s1(t) + D(t) , (1)
i=1
which is also a Poisson process with instantaneous rate Ag + A, (t) + $2_; Am, (t). The dark current
represented by D(t) is a homogeneous Poisson process of rate A\;. We adopt an input constraint
I’ = (01,02) and state constraint A, namely the permissible average power of user i , i = 1,2 is at
most ;A and that of the state input is at most AA, where A denotes the users’ transmitter peak
power, but we do not impose any bandwidth constraints on the users’ and state inputs.
The Poisson single-user AVC corresponds to the case dealing with just one user that generates an
input A, (¢) and in result the observation is

v(t) = d(t) + s1(t) + D(2) (2)
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The single-user non-AVC capacity, with constant peak constraint imposed on the encoder output,
has been obtained by Kabanov [16] and extended by Davis [17] to reflect the imposition of an average-
power constraint on the encoder output. In his seminal contribution [19, 20] Wyner found the exact
form of the reliability function for this single-user case. The channel capacity for the two-user non-AVC
model was found by Lapidoth-Shamai [15] using the Kabanov/Davis formula and therein it is shown
that CDMA is optimal in this case, while the exact error exponents for this case have been determined
in [21].

The remainder of this paper is organized as follows. In section II we introduce the terminology and
summarize our main results. These results are proved in sections III and IV.

II. Definitions and Results

Let v = {v(t) : 0 < t < T} be the observation process. A two-user code with parameters
(M, M, T, T, P.) is defined by:

e a set of M; waveforms (the first user codebook) Am,(¢),0 <t < T,1 < m; < M; which satisfy
the peak and average power constraints 0 < Ap, (£) < A, 1/T [T A, (t)dt < 01 A.

e a set of M, waveforms (the second user codebook) Am,(¢),0 <t <T,M; +1<mp < M; + M,
which satisfy the peak and average power constraints 0 < A, (t) < A, 1/T [T A, (t)dt < 02A.

e a “decoder” mapping D : {vT} = ({1,2,..., M1}, {M1+1,..., M1+ Ma}).
The average probability of error for this code, when the state input is Ay, (£), is

1 My Mi+M,

Ps)= o 2 O Pr{DOA) # (mayma) o (), Ay, An )

m1=1ma=M;+1

and the restriction of this definition to the single-user case is obvious.

Assuming that the same peak constraint A holds for both the signal and state seems to be somewhat
restrictive hence (in the single-user case) we assume that the state is peak-limited to B and it is allowed
to vary arbitrarily within a codeword interval [0, T'] subject to the constraints

<B L As; (B)dt < AA 3
< — &
0 P AS] (t) — H T A 81 (t) t — ( )

The following result due to Frey summarizes the optimal jamming strategy in the case at hand.
Proposition 1 [18, Theorems 4,5] : For the Poisson channel defined by (2) with non-random noise
intensity (dark current) Ag(t) = Ao,

e The information capacity (in the sense of the average mutual information between the channel
input and output processes over the interval [0,T]) is minimized by a deterministic jamming
intensity A, (2).

e If the channel encoder is peak-constrained 0 < Ap(t) < A and the jamming intensity is average-
power constrained as in (3), the jamming intensity which minimizes the information capacity is
given by the “waterpouring” strategy

X () = [ad — Aol ,
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where [z]; = max{0, z} and « is defined by

T
/0 [@A — ]y dt = AAT .

The optimal waveform is thus A%%(t) = AA, i.e. the optimal jamming sequence admits the form of
a dark current process, mutually independent of A, with intensity AA.

Our main result for the single-user case is the following.

Theorem 1: The deterministic-code capacity of the Poisson AVC with input constraint I’ = o,
state constraint A, and B > A is

Afi(p*,A), if A<p*(A,sp) <o
C=1{ Afi(AA), if p'(A,s0) <A<o 4)
0, if A>o

where so = A/A, and f1(p,q) , p*(A,so) are defined by

fio,g) & —(so+q+p)In(so+g+p) + (1 — p)(s0 + g) In(so + g) +p(s0 + g+ 1) In(sg + g + 1)

. a (o4 A+ 1)0+AH
P (A’ SO) 06(30 + A))80+A - (30 + A) .

The random-code capacity is C.(A) = Afi(p*, A).
If B< A then C = C,(A) (note that B < A implies A < B/A).

Average-power constraints in the two-user case (even for the non AVC case) cannot be handled
by simply considering the pairs of messages that constantly satisfy the average-power constraint [23,
24, 15], moreover the classic time-sharing principle does not hold for the MAVC subject to a state
constraint [9, 10]. Instead, the random-code capacity region is expressed in terms of an auxiliary
random variable v that can be regarded as a form of time-sharing, and in fact this formulation extends
the set of attainable rate pairs. To this end let the channel inputs pdf admit the form

PV/\1«\251 ('U, )‘mu ’\mza 31) = 7(”)61(’\‘"!1 lv)62(’\mz ]v)r(sllv) s (5)

That is, given a r.v. v (that is indexed by codeword intervals) the users’ and state inputs are condi-
tionally independent given V' = v and the input/state constraints I" and A are satisfied by input/state
waveforms that may sometimes violate the corresponding constraints but when averaged over the
auxiliary r.v. they are satisfied;

BS) - T v)(ZE(sl (s1]v) ) A
Ble)] - Sote (Ze(xm, m,|v)) —0,i=12. (6)

By the Gubner-Hughes result [11], the random-code capacity region equals the closure of the set of
attainable rates via the above strategy.



Herein as we aim at the deterministic-code capacity we consider the set of attainable rates during a
portion of time over which the users’ and state inputs constantly satisfy a pair of constraints I' , A and
furthermore we assume that the users’ and state inputs are both peak-limited to A. Let f(p;,ps,q)
and g(p1,pe,q) be defined by

A
f(p1,p2,9) —(s0o+ g+ p1+ p2) In(so + g + p1 + p2) + Prpa(so + ¢+ 2) In(sg + ¢ + 2)
+(p1 + p2 — 2p1p2)(So + 9+ 1) In(so + g+ 1) + (1 — p1)(1 — p2)(So + @) In(sp + @)

N

9(p1, P2, q) —(1—p1)(so+q+p2)In(so+qg+p2) —pi(so+ g+ 1+ p2)In(so+ g+ 1+ po)
+p1p2(so + ¢+ 2) In(so + ¢+ 2) + (; +p2 — 2p1p2)(So + g+ 1) In(sg + g+ 1)
+(1=p1)(1 = p2)(s0 + @) In(so + @) ,

then our result for the two-user case is the following.

Theorem 2: The deterministic-code capacity region of the Poisson MAVC with constant input
constraint I' = (01, 02) and state constraint A is

C(pl’pZ)A) = {(RlaR2) : 0 S Rl S Ag(p%pl)A) )
0 < R, < Ag(p1,p2,A)
OSR1+R2SAf(p1ap2aA) } ) p‘iSU'i (7)

provided that A < min{p;, p,}.
If A > min{p,, p;} the capacity region has an empty interior.
Let

R(A, P) . Uc(pl,pZa A) )

where the union is over all sets |V| < oo and probability distributions of the form (5) that satisfy (6),
then the random-code capacity under constraints, C.(A,T) is equal to the closure of R(A,T) [11].

Actually, we show that the capacities as claimed in Theorems 1 and 2 are achievable using
“minimum-distance” decoding rules and in particular the two-user decoding rule belongs to the class
of B-decoders defined in (3, 4].

III. Proof of the Single-User Result

Unless otherwise stated we assume that B = A.
First we consider a particular case of a single-user code. We fix some small A > 0 and partition the
time interval [0,7] on equal segments of length A/A as in [19]. We limit ourselves to input waveforms
that take only extreme values 0 or A on each of those segments and the best of such single-user codes
gives us the lower bound on the single-user capacity.

Formally, assume the following,

a) The channel input waveforms A, (t), A, (t) are constant for (n — 1)A/A < t < nAfA,n =
1,2,..., and take only the values 0 or A. Forn =1,2,...,let z, = 0or 1 (resp. z,, = 0 or 1) according
as Am, (t) = 0 or A (resp. Ay (t) = 0 or A) in the interval ((n — 1)A/A,nA/A]. Consequently, the



receiver observes only samples v(nA/A),n = 1,2,..., or alternatively the increments §, = v(nA/A) —
v((n — 1)A/A). In the limit as A — 0 - i.e. Ay, (¢) (resp. A (t)) being an infinitely fast varying
process, this assumption does not imply any loss in attainable capacity as justified by the Kabanov-
Davis technique [16, 17].

b) The receiver interpretes g, > 2 as being the same as g, = 0. This assumption doesn’t harm

optimality in our case since Pr{g, > 2} = O(A?) as A — 0 (i.e. g, > 2 is a rare event when A gets
small). Thus the receiver has available

2]l gn=1
"7 10, otherwise

Subject to the assumptions a, b the channel reduces to a single-user binary-input binary-output discrete
memoreless arbitrarily varying channel with transition probability W (y|z, s;) given by (Ag = sp4)

W(1]0,0) — 1—W(0[00) = soAexp™™2 = 504 + O(A?)
W(1)1,0) — W(1|0,1) =1-W(0|1,0) =1—-W(0|0,1) =
(1+ sg)Aexp™H9)2 = (14 5)A + O(A2)
W(11,1) — 1—W(0|1,1) = (2 + so)Aexp~ @02 = (2 4 50)A + O(A?) . (8)

Thus in our channel model the output depends statistically on whether the transmitter, the state, and
the dark current source emit zero or at least one emits a one.

A. Capacity Evaluation via the DMC Decomposition

Based on our assumption that the channel model (2) can be further decomposed into the discrete-
time model (8), in which the input and state alphabets are finite (in fact |X| = |S| = 2), to compute
the capacity of our channel we follow the results of Csiszar [6] and Csiszar-Narayan in [3, 4].

For a state distribution @ = (1 — g, g), consider the channel Wg : & — Y

Wa(1]0) = (1—q)soA + q(1 + s0)A +O0(A?) = A(so + g) + 0(A?)
WQ(].I].) = (1- Q)(l + 50)A + q(2+ SO)A + O(Az) =A(so+qg+ 1) + O(A2) .

Hence for an input distribution P = (1 — p,p) the mutual information I (P, Wg) denoted by I(p,q),
equals

I(p,q) = h(A(so + ¢+ p)) — (1 — p)h(A(so + q)) — Ph(A(so + ¢+ 1))

For the binary entropy function A(u) = —ulnu — (1 — u) In(1 — u) we have
h(u) — —ulnu+u+O0(u?),
h(u+O(u?) = h(u)+O(ullnu),
h(Ku) = —Kulnu— KulnK+Ku+0(u?), u—0.

Since later we assume that A — 0 we shall henceforth be interested in our computations up to O(A).
It is straightforward to show that

I(p;q) = Af1(p,q) (9)
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Furthermore, it can be easily verified by differentiation and using Jensen’s inequality, that I(p, q) is a
decreasing function of ¢, then ¢(Q) = g implies

I(P,A) * minl(p,q) = I(p, ) (10)

Next we determine Ag(P), namely the minimum of

> P@)U(s1]2)(s1) = (1 - p)U(1[0) + pU(1]1)

over the set of channels U : X — S that render the AVC symmetrizable, i.e

Z W(ylz, s1)U(s:]2') = Z W(ylz', 1)U (s1]x) . (11)

§1ES 31E€S

It suffices to consider (11) with y =1,z = 0,2’ = 1, then
S W0, s)U(s: L) = X WL s)U(s10)

S1E€S 91ES

implies the relation

which is satisfied by exactly those channels U for which U(1|1) =1 and U(0|0) = 1. That is, the state
strategy that symmetrizes the channel is the one that chooses state inputs identical to the message
inputs. Thus Ag(P) = p, Ag = maxp Ay(P) = 1, and since [4]

C(A)= max I(P,A) , if A< Ag

= ma
P:Ag(P)>A
we obtain for the deterministic-code capacity

C(A) = max I(p, A) (12)

On the other hand the random-code capacity C,(A) equals max, /(p, A) with no constraint on p.

Akin to the interpretation of the capacity expression for the ordinary arbitrarily varying OR channel

[4, section III], equation (9) offers a geometric interpretation which can be used to obtain I(p,A) as

shown in Fig. 1. Let A, B and D be points on the tlogt curve with ¢ = s +¢q, to = so+¢+1, and

= so+q-+p respectively. Then I(p, A) equals that part of the ordinate of D which lies below the secant

AB. Further, with increasing p, the point D moves from left to right. I(p, A) attains its maximum

iff the tangent to the tlogt curve at D is parallel to the secant AB. Denoting the maximizing p by
p* =p*(A, so) we have

0I(p, A) — In(sp+A+p)—1—(so+A)In(so+A)+ (so+A+1)In(sg+ A+ 1)

op
\ (50 + A + 1)sot+A+t
e(so + A)%o+A
Cr(Ays)  I(p,A)

—(s0+4A)




In summary
C(A) C.(A) if A<p*(A s0)
C(A) I(A,A) < C(A) if A>p*(A,so). (13)

Geometrically, the first or second case is obtained based on whether the tangent to the tlogt curve at
the point E, corresponding to 3 = so+2A, has a smaller (possibly equal) or a larger slope, respectively
than the secant AB. In other words, A < p*(A, so) iff

(So +A+ 1)‘9°+A+1
e(sog + A)so+A

This completes the proof of the direct part of Theorem 1 when I' > A and B = A.

80+2AS

B. Code Construction and Decoding Rule

To describe a single-user code with parameters T,M = [e®T], in which all code waveforms
{Mm(®)}, 1 < m < M take only the extreme values 0 and A, it suffices to construct the supports
bm = {t : Am(t) = A}. Our code is precicely Wyner’s code [19] that is - for a given p of the form

p=k/M,0<p<1let A= {an;} be the M x (f) binary matrix, the columns of which are the
(’ZI) binary M-vectors with exactly k ones (and (M — k) zeros). Divide the interval [0,T)] into (If)

subintervals A;, each of length T'/ (A,f) Put A; C by, iff aj = 1, i.e. the support by, consists of the
union of all subintervals A; such that an,; = 1. As we let T — 00, A (t) satisfies (henceforth u(B)
denotes Lebesgue measure of a measurable set B).

Q

;,,u{t Am(t) = A)

28 A () = A, Ay(6) =0} ~ p(1-p), my Ems

p

Decoder : Any hypothesis m defines two independent Poisson processes; the first with transmission
rate (n(t) = A+ Ag + Ay, (t) on the interval b,, where m is “active”, and the second with transmission
rate (m(t) = Ao + As, (t) on the interval where only the dark current and state input are active. The
conditional sample function density of the observation is given by (e.g. [27, 28, 29])

T n
Pri{v(2),0 <¢ < Tim] = exp| = [ Gn(9dt | [T Gn(ar)

where {ai,...,a,} is the realization of the observed point process in the interval [0, T'].
Since the integral

[ nlt)it = o+ o+ AT, g <A

does not depend on the message m, a maximum likelihood message decoder chooses m* such that [27]

m* € arg max ﬁ(m(az-) ) (14)

i=1



Unfortunately, the arbitrarily varying property of the channel prevents the use of the optimum likeli-

hood ratio P " ¢ (a)
m' _ m/\ Q4
P (al,...,an)—g @)’ (15)

since the decoder cannot determine the exact intensity at the realization moments. To this end for
1 <m < M the decoder observes v, computes

Vm = /b,,, dv(t) = {number of arrivals in b,,} ,

and then D(vf) = m* if

wm < wm‘ ]-Sm<m*:
Y < Ume m*<m<M. (16)

That is, v is decoded as that m which is “nearest” to the observed realization in the sense that
it maximizes ¥n. By (15) this decoding rule is also a maximum likelihood decoding rule, and its
performance has been analyzed in [19] wherin it is shown that as T — oo

P - Pr{D(ug‘) £ mlAn(-) is transmitted}
< eXP{—T [AEl(p, P)ls=so+q — pR} + O(T)} ,

where
] 1+p

1 i
Ei(0,p)|s=s0+q = Sotq+p— [(1 —p)(so+ @)™ +p(so + g+ 1)™*
Since

OF (P, P)ls=so+q
op

= fl(pa q)
0

p:
the capacity as claimed in Theorem 1 is achievable by Wyner’s encoder/decoder.

The fact that I' < A implies C = 0 follows by the well-known argument of Blackwell et. al. [8].
Namely if Aj,...,An is an arbitrary set of N code waveforms satisfying the average-power constraint,
then assuming I' < A consider the state input sequence that symmetrizes the channel - i.e. Ay, (¢) =
M, (1—1)T <t <iT,1 <1< N. In this case [9]

Pr{D(v5) #ilM 51 =35, A} — Pr{D(1g) # ilAj, s1 =, Ao}
> 1-Pr{D(r5) # j|\js 81 = i, Mo}
which implies that 1/N 2?:1 P.(sy = j) > 1/4 and consequently P.(s; = j) > 1/4 for at least one
j€{1,...,N} (see [5, Appendix]).

The cases B > A and B < A are relegated to Appendix I.

C. Converse Theorem



Given that the jamming strategy that minimizes the information capacity admits the form of an
independent constant-intensity process we provide two alternatives for proving the converse.
Set

S*(A) £ (A (t) : M) =NA, A'SA,0<E< T},

and let C* denote the capacity, under state constraint A, as claimed in Theorem 1. It can be verified
that if A; < Ay then C* < CM| and furthermore (cf. [10, section III Lemma 3.1))

N c*’=ct.
0<d<A
Consequently it suffices to show that for every 0 < é < A, the capacity under state constraint A is
bounded above by CA~%. Suppose R € C* then there exists a code with this rate and a decoder with
P, < e for all A;, € S*(A).
Consider a sequence S = (Sy,...,Sy,) of samples of a deterministic function A, (t) = (A —§)A. For

any given code with codewords Ay, ..., Ay and decoder D(v{),
1 & T
EP.(S) N S Pr{D(vy) # il i, (A = 6) A, Ao}
=t
z P 1t d
<, max Pesy)+ r{ PO AA} . (17)

Since A4, (t) = (A — 0)A the second term in the r.h.s. of (17) is zero and we obtain

LS PHDWR) # i (A— )4, X0} <.

i=1

Here the left side is the average error probability of the given code on the “ordinary” Poisson
channel with additive dark current of intensity Ag + (A —48)A = A(so+ A — ). Hence, by the converse
to the coding theorem for such channels, it follows that C*~% < Afi(p, A — 6). o

Alternatively, we adopt the approach outlined in [22] and further extended in [21] to obtain a sphere
packing lower bound on the error probability by means of which we derive a converse coding theorem.
For a given photon arrival count n and any hypothesis of transmitted message m, we consider the
corresponding configuration of counts (n;, ny) namely the arrival counts on b, and on ¢, (¢, denotes
the complement of &, on [0,7]). Each such configuration is associated with a “volume” which is a
function of n; and ¢;,7 =0, 1, where ¢{;, =p and { =1 — p.

Assume that a code {/\m()} of cardinality M and a decoding rule D(vJ) have been chosen.

Without loss of generality we may assume that each of the M signals \A,,(-) has support of Lebesgue
measure p on [0, T.

Remark : The optimality of equi-energy signaling from the error exponent aspect is proved in [20]
and (21, Appendix II).

Assume further that the observation space X is

o0
X:ZX,,,

n=0
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where the set &,,,n > 1, consists of all sequences 0 < z; < z3...< 2, < T and each z,,¢=1,...,n
represents the photon arriving moment. This implies that to each message 6;,7 = 1,..., M corresponds
aregion D;, C &y, n =1,... of making the decision in its favor, and the decision regions satisfy

UDin=& and DiuNDjp=0,i#j.
i=1

Following [22] introduce the “volume” |X,| of the space X,
T A
x:/.../ dzy ... dz, = — 2 o(n,T) .
%l 0<%; <z3...<Tn<T TG = v(n,T)

If ; is transmitted and v(T) = n the conditional distribution of the photon counts on the two slots
bm and b, is given by

Pr{l/),ln =ny, 2 = n —ny|6;, Xn} = (:)ﬂ“(l —m)t ™ A P(n1,n) , (18)
1
where
tl(l + §g + Q)
m - —
Sg+qg+p
and
n
Pr{y(T) = nlo,-} = (AT (® +%+p) g (sota+pIAT
n!
Notice that the conditional density p(zi,...,z,|0;,n1,n) is constant on the corresponding subset of

X,.. Thus we associate a corresponding “volume” to each configuration of counts - (n;,ng =n —mn;) -
as follows.

Xn N [0,', (nl, no)]‘ = 'v(nl, tlT)'U(TLo, toT)
Tmgm o (n

m

ni "no'

e teoton, )
2 u(ty,to,n1,m0,T) - (19)

Consider the volume |D;,| of making the decision in favor of 6;. This volume admits different values
based on the corresponding configuration (ni,ng) of the given realization of X, with respect to the
waveform message 6;. Thus, let |Df:1 ’"°)| denote the optimum |D;,| for a realization &, having config-
uration (n;,ng) then the conditional error probability (of ;) averaged over all possible configurations
is lower bounded by

i)

P(e|6i’Xn) 2 Z [1 B 'U(tl;tO;nl’no’T)

ni+no=n

} Pr{ml@,-, Xn} . (20)
+

This implies that the optimum distribution of {|D{"*™|} that minimizes the r.h.s. of (20) needs
to “cover” an average volume that equals at least the conditional expected value of v(¢1, to, 71,70, T)
w.r.t. the distribution P(n,n).

11



A lower bound on the average error probability is obtained by considering the contribution of all
possible messages 6;,7 = 1,...,M for a given A,,. Thus we should consider for each message the
correspondlng conﬁguratlon 1mp11ed by the realization &, and assign accordingly the optimal decision
regions D;, (r1m0) " Since all messages are equiprobable and exhibit the same statistical properties we can
associate w1th each message an equivalent volume that equals Epuv(ty,tp, n1,n9,T) and the optimal
decision regions assignment reduces to the issue of covering these expected values of message volumes
as economically as possible.

Let the volume v(n, ) associated with the message 6; be given by

v(n,i) — Epv(ty,to,n1,n0,T)

Y

> [EPvp(tlatO) ny, N, T)] ) 0 S p S 1 (21)
where Ep denotes expectation w.r.t. P(n;,n) and the last step follows by the Jensen inequality.

Following the same procedure as in [21, section IV] one can show that

[Epvp(tl,to,nl,no, ] {[Zt (Z,t nj)ﬁ?r%e}nv(n,T)
(n,i)v(n,T) (22)

where «; denotes the sum of peak intensities of all photon emissions at time slot j -i.e. kg = sp+¢,k; =
8¢+ g + 1, and we note that %(n, ?) is in fact independent of 1.

Let |'15,-,,| denote the equivalent volume of the decision set D;, associated with the average volume
v(n, 1) then using this notation the conditional error probability lower bound (20) can be stated as

|15in | ]

Plelfs, %) 2 [1 -zt s]

It follows that the average error probability P, (M, {ty)}, {ngi)}, {Din}) is lower bounded by

M {t(z)} {n(z)} {Dm} Z: (A'Z;' Z —(Zjt§i)"‘;‘))AT(zt§i)ﬁ§i))" [1 _ ~( |Pin|

M = i=1 ; (n,d)v(n,T) 1+

where we have associated with message 6;,7 = 1,..., M the parameters {tg-i)}, {ng-i)}.
Define the fractionals of the decision regions d;, by d;, = JD—J(""I), then a “good” packing set
{din} , n=0,1,... should satisfy

din < (n,) i=1,....M
M

Recall that we've assumed a fixed composition code for each of the users - i.e. {tg-i) h {ngi)} —
{t;}, {~;} Vi then the optimal {d;,} for this case are

d; = min {l/M,f)(n,i)} ;i=1,...,.M; n=0,1,..
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from which we conclude that

Pe(M, {ty} {KZJ} T)>e” Z tjr;)AT Z [ ZJ

n=0

tiki) AT [
n! M?7(n, i)

(23)

+

Lir
Let f(r) (EJ i E—t ]r) noting that [y, 1] is a probability vector then by [30, Appendix 3A

inequality (h)] f(r;) > f (r2) for 0 < r; < 7y thus f(r) is strictly decreasing. Next let 0 < § < 1 and
define u = 0r; + (1 — 6)r, then by [25, Appendix 5B]

F) S [F )Pl (r)]°
thus f(r) is log-convex on [0,00) and hence it is convex U [32, pp. 18].

For a defined as
A ~ o L K4 n P
U(n,i)» = t'( J ) ] ’
(i) = [Tt £t
we have InL = -1 ln f(1+ p), consequently it follows that

o1 _Olnf(1+p)| _ f'(1+0p)
lim In — p—o F(1+ p)

=0 dp
- —antjnJ Zt ik In ch ) (24)
J EJ iKi G

=f'(1+p)
p=0

p=0

Using the a definition we can write (23) as

M Zt_,ﬂ], > e Z tJ"J)ATZ [ E;t Kg AT]

n=0

25
[ M a"] (25)
Thus o reflects the eﬁ'ectlve pulse energy that in a non-dark-current situation would have generated
the same volume @(n, i) that is being experienced in our scenario (compare with [21, Appendix II}).
In particular, since we analyze rates close to and above capacity we need the limiting value of In(1/a)

at capacity (defined above as ¥).
In (22, section VI Lemma 2] it is shown that the following inequality holds

LN n—M\
D PEAS <I>( ) , 26
k=0 k! - \/X ( )
where ®(z) = (27)~1/2 [*_ e */?du .
Combining (25) and (26) we conclude that [22]
1 n— 3tk AT
e {1 o2 )
P.(M, Zt k;,T) > max {(1 n)@( L (27)

We assume now that R is greater than capacity, i.e. In M = AT fi(p, ¢)+avV AT = ¥, t;k;0AT+av AT
where a is an arbitrary positive constant. Since n is defined as the largest integer that satisfies Ma" =~ 1
we choose n as
ZJ tikiOAT + bV AT Z:J tik; VAT + bV AT
In(1/a)|p=0 v

13
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and get from (27)

b
Po(M, Y tjk;,T) > (1 — e~ (@"OWAT q>< ) ' 28
( ; i3, T) 2 ( ) \/Zj tik; 02 + bI(AT)~1/2 9

Following [22, section VI] we choose now b = a — (AT)~'/* and get from (28)

a
liminf P.(M,) tik;T)>® , 29
mint PO, ) (\/z,.tjn,.m) (29)

proving that the average error probability is bounded away from zero for rates exceeding capacity.
IV. Proof of the Two-User Result

To evaluate the capacity in this case we use (again) the DMC decomposition and Gubner’s inner
and outer bounds for the two-user capacity region [10], which are shown to coincide in the case at
hand. Then using the code construction of (21] and a suitable “minimum-distance” decoding rule we
evaluate an error exponent for this decoder and verify that the capacity as claimed is attainable via
this decoder.

A. Capacity Fvaluation via the DMC Decomposition
Subject to the assumptions a,b in section II the channel reduces to a user-user binary-input

binary-output discrete memoreless multiple-access arbitrarily varying channel with transition prob-
ability W (y|z,, 2, s1) given by

W(1(0,0,0) — seA+O(A?),

w(1/0,0,1) — W(1]0,1,0) = W(1|1,0,0) = (1 + sg)A + O(A?)

Ww(1|1,1,0) — W(1|1,0,1) = W(1|0,1,1) = (2 + s0)A + O(A?)

W(11,1,1) — (3+s0)A+0(A? (30)

Again, since the inputs’ and state alphabets are finite the results of [9, 10] are applicable.
For a state distribution @ = (1 — g, ¢), consider the channel W : &1 x &, = Y

Wo(1[0,0) (1 —g)soA +q(1+s0)A+O(A%) = A(so + ) + O(A?)
Wo(1]1,0) — Wg(1]0,1) = (1 — g)(1 + s0)A +g(2 + s0)A + O(A?) = A(sg + g+ 1) + O(A?)
Wo(1|1,1) — (1—¢)(2+ s0)A+q(3+ s0)A+O0(A% = A(sg + g+ 2) + 0(A?) .

Hence for input distributions P, = (1—p;,p;) , i = 1,2 the mutual information I(P;, P,, Wg) denoted
by I(plap% Q)’ equals

I(p1,p2,9) = h(A(so+q+p1+p2)) —(1—p1)(1 — p2)h(A(so +q))
= (p1 + p2 — 2p1p2)M(A(s0 + ¢ + 1)) — P1P2h(A(s0 + g + 2))
- Af(plamaQ) . (31)

14



Similarly, it can be easily verified that I(Py, P2, Wg|X1) A (p1, P2, 9| X1) = Ag(p1,pe, q). Further-
more, by differentiation and use of Jensen’s inequality, it can be verified that both I(p;,p,.q) and
I(p1, p2,q|X;) are decreasing functions of ¢, then £(Q) = ¢ implies

I;Iéi/l’\l](pl,pz,Q) = I(Pth,A):f(Pl,pz:A)
rllrgx{lI(pl:p2>Q|Xl) = I(p1,p2, A|X1) = Q(Pl,pz,A) . (32)

The random-code capacity as claimed in Theorem 2 follows straightforwardly from (32) via [11).

Turning to deterministic codes we consider the set of channels Uy, x,(W) AU X, x Xy — S that
satisfy

Z W(ylxlax% SI)U(Sllm'lax;) = z W(ylx’hx;’ Sl)U(31|$1,$2) ) fOI‘ all Z1, xlli T2, x,27 Y. (33)

81

It suffices to consider (33) with y = 1 and (z;,z2) = (0, 0), (1, 0) then it is easy to show that if U satisfies
(33) then U(:|0,0) = U(-|1,1) = 0 while U(0]0,1) = U(0]1,0) = 1— U(00,1) = 1-U(0|]1,0) = ¢, 0 <
t < 1. Since this is not a transition probability, the two-user OR channel (30) is nonsymmetrizable-
X1 X;. Consequently, ¥ ,, = co.

Next we determine 1% (p;), namely the minimum of

> Pu(z1)U(s1|z1)€(s1) = (1 = p1)U(1]0) + p,U(1]1)

T1,81
over the set of channels Uy, (W) 2 U: X, — S such that
ZW(y|$1,$2, s1)U(s1]z1) = E W (y|z1, 22, 1)U (s1]21) , for all 1,77,y . (34)

81

It suffices to consider y = 1,z; = 0,z] =1, then

> W(10,z2,51)U(s1]1) =Y W(1|1, 22, 51)U(51|0) ,

81

implies the relations

soU(0[1) + (1 +s0)U(1|1) — (1+ so0)U(0[0) + (2 + s0)U(1]0)
(14 s0)U(0]1) + (2+ s0)U(1]1) — (2 + s0)U(0]0) + (3 + s0)U(1]0)

which are satisfied when U(0]0) = U(1]1) = 1.

Thus ¥ (p1) = p1, and ¥ = max,, ¥ (p1) = 1. Consequently, if A < 1 the two-user capacity
region has a non-empty interior [10].

Let Py(z2) be any probability distribution on X, set (P.W)(y|z1,51) A Szs Po(22) W (y|21, T2, 51)
and let Uy, (P,, W) denote the set of channels U : X1 — S such that

Y (PW)(ylz1,81)U(s1lz)) = Y (PaW)(ylah, s1)U(s1]x1) , for all zy, 2!,y . (35)

81

It can be verified that for the OR channel (30) Ux, (P2, W) = Ux, (W). Consequently, by [10, Lemma 5.6
and Theorem 5.8] and [12] the rate region in Theorem 2 is achievable provided that the state constraint
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satisfies A < min{l¥, (p), % (p;)} = min{p;,p,}. Since this region equals:also to the upper bound
given by [10, Theorem 3.2] this establishes the deterministic-code capacity as claimed in Theorem 2.

B. Code Construction and Decoding Rule

We describe a family of two-user codes with parameters T', M, M, where the code waveforms satisfy
the peak and average power constraint p;,p,. To this end we set M; = [e®1T] |, My = [e®T], M =
M; + M,. Again it suffices to construct only the supports b; = {t : A\;i(t) = A}. Start with the
case p; = po = p and apply Wyner’s construction to obtain a simplex system of measurable supports
{b1,...,bar} C [0,T], then partition arbitrarily that system into two subsets {M;} = {by,...,bp}
and { Mz} = {bas,+1, - -, bar} of cardinalities M1, My, respectively. In the case p; = p, = p the subsets
{M;} and {M,} form the first and the second user codebooks, respectively. Denote a codebook of this
form by C(M,, M, p).

When p; # p, assume, without loss of generality, that p; < p,. Then we generate first C(M;, Mz, ps)
and modify the simplex system {M;} replacing it by another simplex system {M;} corresponding to
the parameter p;. Recall that the interval [0, 7] was partitioned on small subintervals A; where each
of the M supports {by,...,ba} could only contain complete (or didn’t contain any) subintervals A;.
Denote p = p;/p; < 1. Consider one subinterval A; and construct on it a new simplex system of
supports {b;j;} C A}, corresponding to the parameter p. Now for any b; € {M;} such that A; C b;
replace that A; with any arbitrary “refinement” b;;. This procedure is done for all A; and all b; € {M; }.
As a result we get a pair of simplex systems, corresponding to the parameters p;, p,, with the following
distance properties [21].

D1 m € {Ml}

Q

Il,u{t : Am(t) = A}
;u{tﬂm(t) =A} = p m € {Ma}
;“{t : /\ml (t) =A ’ ’\mz(t) = O} ~ pl(l —p2) y, My € {Ml},'fng € {Mz}

;p{t Am (8) =0, Am,(t) = A} = (1—p1)pz, my € {M},my € {Ms} .

Decoder : To define the decoder mapping D for the two-user code two cases should be considered.
Case I: Joint detection of both messages.

Any hypothesis m = (my, my) defines three independent Poisson processes; the first with transmis-
sion rate {,(t) = A+ Ao + Ay, (t) where only one codebook - m; or m, - is “active”, the second with
transmission rate (, (t) = 2A + Ag + Ay, (t) where both - m; and m, - are active, and the third with
transmission rate {n,(t) = Ao + A4, (£) where none of the users is active.

For m = (my, m2),1 < my < My, M; +1 < my < My + M; let (cf. Figure 2)

2 by, NS

0

Sm -
0 A

Sy bE,, N bm,

aN
S by N b,
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S 2 b, NG, .

The decoder observes ¥, computes the sufficient statistics vector (2, 1L %¢) defined as
- / dv(t) = {number of arrivals in S U S%}
S10usot

Vrm f N dv(t) = {number of arrivals in S}'}
Sm

¥ — n— (¢ +9L) = {number of arrivals in SO},

and D(f) =m ° (ma, mo) iff
o YL+ 9% >l + 40,
e No m' exists such that ¥}, > v}, and ¥, > 2.

That is, given the observation v the decoder decodes the message m that is “nearest” to the observa-
tion { and not dominated by any other message m’ with respect to both projections 92, and 9. The
reader familiar with the class of #-decoders defined in [3, 4] (see also the tutorial [14, section IV.6])
realizes that this decoding rule falls within this category.

Consequently,
P © Pr{D(]) = m'|m}
< Pr( U {h 205} 0 (0% 2 ¥i}m) * Pr( U Bulm), (36)
I#m m'#m

where E,, denotes the event {11, > ¥1L}n{¥% >y}

Case II: Detection of one message while the other is known.

Assume that the decoder knows ), and wishes to decode Ap,,. In this case the decoder treats the
known message A, as noise, on the interval where it is active, while decoding \,,,. Consequently the
decoding interval is split into two regions. For any M; +1 < my < M; + M, let

S° 2 {t€[0,T): Am, =0 and A, = A}
St {t€[0,T]: A, = A and A\, = A}
The decoder observes ¥ and computes
a _ ol QO
/; . dv(t) = {number of arrivals in S, }
2 / L av(t) = {number of arrivals in Sj,}
Sk

Then D(v3) = mj if ¥, < ¥2. and ¢}, < 1,b,1n; Vmy # m} - i.e. the decoder favors the message mj
which maximizes the number of arrivals on both intervals.

C. Error probability for detection of both users
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Let m = (my,my) be the transmitted message, m' = (m},m}) # m any other message. We
assume the support set S,, = Sy,, U S, of (/\ml('), /\mz(-)) as shown in Fig. 2. This implies that

the number of arrivals in [0, T] is the sum of three independent Poisson distributed random variables,
Wg = v(r2) —v(11), Wac = v(n1) + v(13) — v(72) and Wp = v(T) — v(13), with parameters Ay, A; and
Aq respectively, where

Ay (24 4+ gA + Ao)p1p2T = (2 + so + q)P1p2 AT
A — (A+gA+ ) (p1+p2 — 2p1p2)T = (1 + so + q) (1 + p2 — 2p1P2) AT
Ao @A+ X)1=p1)1 —p2)T = (s0+q)(1 = p1)(1 — p2) AT (37)

Thus v(T) is Poisson distributed with parameter A = Ag+A;+A2 = (So+g+p1+p3) AT. Furthermore,
given that v(T) = n , Wg, Wsc and Wp have the extended Bernoulli (multinomial) distribution

Pr{WAC =n1, W =19, Wp =n — n1 — 2| Amy, Am,, v(T) = n} =

(n) (n — nl)ﬂ?lﬂgz (1 - 7r2)n—n1—n2 é P(nl,nz, n) (38)
ny )
where
A :
A =1,2.
i AO + Al + A2 ’ ’

Thus the joint probability

PI'{WAC =Ny, WB = Na, WD =N —"1 — Ny, I/(T) = n])\ml, )\m2} =

—AAn —
€ (n) (n nl)n{“'ng“(l —m — )T 2 Q(n1,n9,m) (39)

n! \ny )
The code waveforms (/\m:1 (*)s Amy ()) define the corresponding subregions Ay, By and Cj defined as

Ay — by Nbo p(AY) = pi(1-po)
Co — b Nbm,  w(Co) =pa(1-p1)
By — bm Nbm  p(Bp) =pipa

Given that Wp = n, we are interested in how these arrivals are distributed on Aj, + Cg, By and
(Ap + Cy + Bg)e. Let Wyg, Wy, and Wiy denote the number of arrivals on (A} + Cf) N By, on ByN By
and on (Aj + Cy + B})° N By then (Wig, W11, Wig) are jointly distributed according to

—k
Pr{Wlo = ko, W11 = k1, Wig = ng — ko — kl} = (7’:2) (n2k 0) thothi(1 —t; — tp)m2ko~k - (40)
0 1

with t; = u(4) + Ch) = (p1 + p2 — 2p1p2) , t2 = u(Bg) = p1pe.
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Similarly, the n; arrivals on W4c and ng on Wp, are distributed on Af + Cy, By and (Ay + Cy+ By)©

according to

k1

Pr{Woo = ko, Wo1 = k1, Wop = ny — ko — kl} (Zl) (m - ko) PRtk (1 — 1, — gp)m—ko=k1
0

no—ko

PI'{W¢0 = ko,W¢1 = kl, W¢¢ =Ny — ko - kl} - (7’:;)) ( kl )t’fOtéﬂl (1 —t — tz)no_ko_kl (41)

Furthermore, we will also need the conditional distributions of the n, arrivals on Wz and ng arrivals on
Wp given that the n; arrivals on W are split to : koo on Ay +Cq, k1o on Bj and kgg on (Ag+Ch+ Bp)<,

namely

no — k tkl 1 — #; — o )2~ k10-k1
Pr{Wn = k1, Wig = ng — k1 — k1o|Who = km} = ( 2 10) 2' (1 —t — 1)

ky (1 — tl)"z"km
ny — koo £ (1 — ¢, — tp)mr—Foo—hn
Pr{Wol = k1, W0¢ =N — kl - k00|Woo = koo} — kl (1 2 tl)m -

iy — k tk1 (1 . tl _ t2)no—k¢o—k1
PI‘{W¢1 = kl; W¢¢ =nNg — kl - k¢0|W¢0 = k¢0 = ( kl ¢0> 2 (1 — tl)no—-k¢o

We define now the following two events A; and A, as

A

A (WOO + Wio +W¢0 -ny 2 Ol/\m1;’\mn3n2anlan>

A, °

Notice that A; N A; actually determines the sought for event Epy.
From (40), (41) and (42)

E(WOO + WlO + W¢0 - nll)‘mn/\mz)nlan%n) - ntl —m

E(Wm + Wiy + Wy1 — ng|Amy s Amg, 11, N2, 1y, Woo, Wi, W¢o) - (n—mny) — Ny

2]
1—-1¢

(42)

(Wm + Wi + Ws — ng 2 0|Amy, Amg, N2, 11, 1, Woo = koo, Wao = Ko, Weo = k¢o) . (43)

If the above expectations are negative, the probabilities Pr(A;) and Pr(Az) will be small. Hence we

define the following sets
Ay — {(nl,n):OSnl <n, ntl—n1<0}
A — {(ng,n) 0< e <n—ny, (n—n1)ts —ny(l —t;) < O} .
Next we have
Pr(Al) < E(e"(w°°+wl°+w¢°""‘)|/\ml,/\mz,nl,nz,n)
Using the distributions in (40) and (41), we obtain

Pr(.A1) < exp{m(n} =exp{nln(l —t; + t1e") — ni7} .
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171 (1) is tminimized when e” = ;;;gl—l;g, -ie. 7=1In ?Jﬂ;ﬁ% > 0if (ny,n) € Ag. Substituting this
value we ge

nP(1— )" 4
Pr(Al) S (TL _ nl)n—-nln’l"ll = Fl(nla T2, n) d (44)

In a similar way
Pr<A2> < E(eT(W°1+W‘1+W¢1‘"2)|/\m1, Mgy 71> M2, 7, Woa, Wio, W¢0)
Using the conditional distributions in (42) we obtain
Pr <A2> < exp{72(r)} = exp{(n — n1)[In(tze” + (1 — t1 — £2)) = In(1 = #1)] — na7} .

Y2(7) is minimized when e = "™ l_tl“t;'-’; ,-ie. 7=In Fﬂ%ﬁ% > 0 if (n1,n2,n) € A;. Substituting
this value we get

(n—m)™™ (1=t — )P,
PI'(.A2> < (1—t)"™ 1 (n—ng —ng)-m-n2 Ta(n1, m2,m) (45)

Combining (44) and (45) we conclude that

n"t?ltgz(l - tl et tg)n_nl —n2 é
Pr<A1) P (A2) = ning?(n — ng —ng)PMTm P, n2,)
In summary we have
Pem S PI‘( U Em’|/\m1)’\m2)
m!'#m
Z Q(n11n2)n) PI‘( U Em'l’\mn )‘mza WAC’ =n, WB = nz,U(T) = n)
ni,n2,n m’#m

< > Q(n1,n2,n) %? P(n1,n2,n)]p

(n1,m2,n)EA9NA1L

+ > QR(n1,n2,n) [mgm F1(n1,n2,n)]p

(n1,m2,n) €EAoNA§

+ > Q(n,nyn) LZ 1“2<”1’"’2’”)r

(n1,n2,n)EASNAL '£m

+ Z Q(n1, ng, n)

(n1,n2,n)EAGNAS
Pem (1) + Perm(2) + Pem(3) + Fem(4) (46)

Consider the term

Pem(1) — > Q(ny, ng,n) [ > T (ny, ng, n)]p

(n1,m2.m)EAQNAL (mf,m})#(m1,m2)

1>

n n—n;

< MMEY S S Qs ) [Tl )]

n=1n;=0 no=0
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Now for a given n,

n-mni

Z Z Q Ny, N2, (77/1,17,2,’)7,) =

n1=0ny=0

e MAr " n\n—n nem—ma [T 852 (1 — £y — o)™ "2 1P
Z Z( )( o 1)“1 T2l ~my — ) 2[1n12n£ L~ ) iy ]

! o P n-—n n
T p=0np=0 \™1 ny'ng® (n — ny — ng)nmmmm2

Let &, = ny/n, & = ny/n so that

n—-ni

Z Z Q(n1,n2,n)I*(ny,ng,n) =

n1=0 ng=0

"‘A" ST} (r-an) e e t85 (1 — 81 — ta)' 6~% 1m
n famiy o (1_51_52)n[ 113 1— 12 J
Cap > (s)( JRRCC R FIErE I

n1=0 na=0 §2n

Using the fact (can be derived in the same way as Example 12.1.3 in [31])

( n ) (n - Eln) < e‘n’H(El 1£2!1"§1-€2)
&in &an
— exp{—n[&iIn&+ &I+ (1—6 —&)In(l - & - &)},

(47) becomes

n—-ni

Z Z Q nlan2: (nlan2an)

n1=0 no=0
—AA" T 1y 5y . (1 -1t —t)P(1 — m — m2)
—AAn
< Sn(n- 1)exp{ (1+ ), max_ (61,6
where
Benl Boq_e U
@(&1,&) =& ln£—1 +&1n & +(1-&—-&)n g6 (48)

and we’ve used the notation o = (t{’wl)rlv , 8= (tgﬂz)“l‘ﬂ y ¥ =[1—t —t)P(1 —m — )]s+
The function g(&, &) is a concave function in £; and & and is maximized for &; = a/(a+ 8+ ) and
= /(e + B+ <) and the maximum is In(a + 8 + 7), this yields

n n-n; e—A n

Z Z Q n,n2,n (nl,n2,n) S —_ '(a+ﬁ+r~y)"(1+l’)
71 =0 na=0 (n - 2).
from which we get
00 e-A n
Pen(1) < MIMJD (@ + B+ )+
n=1 (n - 2)
0 (1+p)(n—2) An—2
—  MPMPA2 2(1+p) | _ala+8+7)
MYMSA (@+B+7) nz=:1e (n—2)!
M{MEA (o + B + )20+ exP{—A +Al+B+ fy)(“/’)} (49)
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Noting that

1

T 1+s9+¢ T+p
08! = (¢ +pz~2pp2)( )
(1 ' So+q+p+Dp2

'-—6-_ 24s0+¢q '1_41-5
(271'2) = plpz( )

So+q+p+p2

e L
T+p So+ ¢ T+p
= {l=g 1—p2( )

( 1)( ) So+q+p+ Do

((l—tl—tg 1—7!'1—77'2)
the exponent in the right member of (49) is
—A+Aa + B+ )0+
—TA{(So +q+p1+p2) — [(Pl + p2 — 2p1p2) (1 + 50 + @) o

o 1+p
+p1p2(2 + 50+ @)™+ + (1 — p1) (1 — p2)(s0 + @) ‘i"] }

A
= _TAE12(pap1’p2)Q) (50)

In Appendix II we show that the terms P (i) , i = 2,3 are bounded by B;e"T(AEi=PR) where E; >

Ey,. Furthermore, it is also shown there that Pen,(4) < e BT and E, > maxo< <1 E12(p, p1,2,9) =
Ei2(1,p1,D2,9). Thus the average error probability of our “minimum distance” decoder satisfies

1 My M+M;
Po= ) Y Y P <en{-T[4Bulomma)- Bl +om} (1)
Ay My mi=1ma=M+1

which establishes the joint decoding error exponent lower bound. Since

BEIQ(p)phPQ; Q)
op

the rate-sum capacity as claimed in Theorem 2 is achievable by this code and decoding rule.

_ = f(plap2aq)

p=0

D. Error probability for detection of one user

In this case it is assumed that the decoder is informed on the code waveform A,;,. Consequently,
the decoding of A, is split into two intervals; 77 the interval over which A, = 0 and T3 the interval
over which A, = A. As each of these decoding tasks is a single-user decoding task we can apply the
results of section II to evaluate the corresponding error exponent.

On T; the decoder decodes A, with background noise of Ag + A, (£) hence the probability of
erroneous decision on this interval is upper bounded by

P(1) < exp{-TiA[(so+ g+ 22) = (L= p)lso + )™ 4 malso+ g+ 1)) | + TopRa}  (52)

On T the decoder decodes A,, with background noise of Ay + A + A,, (¢) hence the average probability
of error on this interval is upper bounded by

a0 o 1+p
P.(2) < exp{—TgA[(so+q+p2+1)— ((1—p2)(so+q+ 1)1+p+p2(so+q+2)1+n) ]+T2pR2} (53)

22



Substituting 7} = (1 — p;)T and T = p;T and recalling that the decoder will make an error if
and only if on both intervals its decision is in favor of my # my - i.e. Pey = Po(1) - Po(2), we get
the error exponent for decoding one user while the other is known. Let this exponent be defined as
Evi(p,p1,p2,09), ie. Pe(1) - Pe(2) < exp{-TAE1(p,p1,P2,q) + TpR,}.

Since

aEll (p’plu Do, Q) |

9 oo™ 9(p1,P2,9)

the capacity region as claimed in Theorem 2 is achievable by our code and decoding rules.
V. Summary and Conclusions

We study the capacity of the Poisson single-user and two-user (multiple-access) arbitrarily varying
channel, subject to input and state constraints. Using a DMC decomposition for the non-bandwidth-
limited Poisson channel in combination with the general results of Csiszar-Narayan (for the single-user
case) and Gubner (for the two-user case) the deterministic-code capacities of these channels have been
obtained. An essential result due to Frey, which determines the optimal jamming strategy in the
Poisson regime for the case at hand, has been used to obtain a converse.

We’ve also considered decoding rules that attain the aforementioned capacities. Specifically, in the
single-user case Wyner’s [19] minimum distance decoder is shown to have a positive error exponent
for all rates not exceeding capacity. In the two-user case we suggest a minimum distance decoder
that belongs to the class of S-decoders introduced in (3, 4] for deterministic codes on the (single-
user) AVC. This decoder is shown to exhibit a positive error exponent everywhere inside the two-user
deterministic-code capacity region.

Appendix I

Proof of Theorem 1; the cases B > A and B < A.

Consider the case B > A while 1/T [ A, (t)dt = AA. Using simple function approximation and
passage to the DMC limit as A — 0 establishes the optimality of binary signaling for both the encoder
and state inputs [20, 22]. A state sequence with constant intensity and average power AA can be
generated as follows.

The jammer limits its peak to A where A < A < B then it forms a refinement partition of the
intervals A;, say A;; and chooses to transmit A on U; Aj; C A such that

(LlJA-,,)/Aj - A% <1.

A decoder that observes vJ on the partition defined by A; cannot distinguish the above state sequence
and that which adopts A = A and transmits with peak A4 on |, Aji/Aj = A. Consequently, Theorem
1 holds for this case.

Consider now the case B < A. Here the most the state input can do is transmit with peak B

(which is strictly smaller than A) over A;. Let § 2 B/A and write for this case
W(lIO, 0) = SOA
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W(1|1,0) (14 s0)A
w(1/0,1) (s0 +6)A
W(1|1,1) (1+s0+06)A
We consider now the set of channels U : X — S that render the AVC symmetrizable, i.e
Y Wilz,s)U(sile) = 3 Wle', s)Usila) - (54)
$1ES
It suffices to consider (54) with y =1,z = 0,2’ = 1, then

> W1 0,5)U(s1|1) = Y W(11, s1)U(s0) ,

S1ES $1ES
implies the relation
50U (0]1) + (so + B)U(1|1) = (1 + s0)U(0]0) + (1 + so + B)U(1/0) (55)
The only U that satisfies (55) is U = 0, which is not a transition probability, hence the AVC is
non-symmetrizable and its deterministic-code capacity equals the random-code capacity. )

Appendix II

In this appendix we upper bound each of the terms Pem(i),7 = 2...4 in (46). To simplify the

. . Py
expressions we use the notation s = sq + q.
Consider the term

Per(2) = > Q(nl,nz,n)[ > Pl(nl,nz,n)]p

(n1,n2 ,n)EAnnAf m' #m

< > Q(ny,na,n) %: Pl(nl,nz,n)r

(n1,n2,n)EAS

> Q(nl,ng,n)x(nl,ng,n)[ > I‘l(nl,ng,n)r

(nl N2 yn) ml#m
— t —
< Mszp Z Q(nlanZan)eT[(n )= nz]P’l’(nlanz,"),
(nlyn21n)
where
1 if (ny,ng,n) € AS
x(n1,m2,m) ={ 0 otl(lerwise ) '

and the last inequality follows since x(n;,ng,n) < exp{7[(n — nl) - no)}.
Now for a given n,

n—n;

Z z Q(nhn n) il m)l ¥ nz]Pp(nl,nZ, )—'

n1=0 na=0

_.A n n n-n n
PR E ) e

n1=0 na=0 g

‘r-—iz— n—ni-ng t7111(1 _tl)n—nlnn p
[(1 — T “"71'2)e 1 tl] [ (n—-nl)n—mn?l ]
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To proceed further let us consider first the inner sum

n—ny s t ng t, 1N—TN1—N2
Z (n nl) [71‘26'7(1_1_'2‘7)] [(1 e 7r2)eTT12tT]

no=0 L
t t n—ni
= [ m - m)e ™ 4 e O 2 e (56)

To obtain the tightest bound we minimize h(7), setting the derivative to zero

Oh i L2 t —r(1-t
E=(1_7r1_7r2)1_2t161'1_zl _7|-2(1__1T2t1+e (1 T—le)=0,

we get
. m(l—ti—t) 2+s
T (=7 = m)ty s
Note that 7 =1n[(2 + s)/s] > 0, as required. Combining these results we obtain

AT
W(r) = (b + 1) 5745 (2 + 5) ot

Turning back to Pen,(2),

00 L,—AAnm T ni(q _ n—n1,nqp
Pem(Z) % M{’Mé’ze = Z (:I)W?l[h*(T)]n_nl[tl (1 tl) 1"]

* (n =)

n=1 . n1=0

o0 -—AAn ks n(1+p)
< v 3 S nftm) ™ + (- () ™|

n=1 *

—_ Bze-T(Aég-pR) ’
where
B - 21{1 - [(t‘l’vrl)l‘17 + ((1 - tl)"h*(r)> &"]H”}
- /;\T = [+ 80 + (o + 1) (575 2+ )77 ) ‘%"] "

To prove that E;5 < Ez it remains to show that

1
t t T3o
105 + 15(2 + 8) ™% — (to + tz)(s?afﬁ(z + s)Wﬂ“L‘z'> >0

Let p= hﬁﬁh and t = (2_—7—_&)1’:_# then as s increases from 0 to oco ¢ increases from 0 to 1. Using these
definitions we have to show that

For 0 < p <1 the function g(¢) = t? is concave and g(1) =1, ¢’(1) = p. Hence the graph of g(t) lies
below its tangent line at (1, g(1)) : 1 —p+ pt (see (19, Appendix II)).
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Consider the term

Per(3) = > Q(nl,n2;n)[ > Pl(nl,n%n)r

(n1,m2,m)EAFNA; ! £m
S M{,Mﬁo E Q(nh Ny, n)eT(ntl—nl)Pg(nla na, n)

(n1,m2,n)

For a given n,

n n-nj —AAn n n-nj n
Z Z Q(nl,nzan)eT(ntl_nl)Flz’(nl,nz,n) Z Z ( )[ —T(I_t‘)] lhl(l,nz)

n1=0 no=0 ' n1=0 ne=0

A l B llpn2(1 _ p)l—nz P
ha(l, n2) = <n2) uy 7" [ngz (I — ng)i—m2 ] )

and u 2 me™ | v 2 (1—m —m)e™ , p étg/(l —t), 1 Sn—m.
First we maximize hy(l, nz) w.r.t. ny which yields,

where

4511 1+0)
%, hi(l,ng) = [(ppu)ﬁ + ((1 _ p)pv) x+p] 2 i1+

n—mni

Upper bounding >°7-73 hi(l,n2) by (n — 1) - maxo<n,<i h1(l,n2) we can now proceed with the outer
sum

n n ni n
Z ( ){ﬂ_le—-r(l—ﬁ)] (T1+p)n—n1 — (,n.le—'r(l—tl)_'_rl-{-p)

n1=0 n
To get the tightest bound we optimize the term inside the brackets namely

T T+ 14+p
g(T) = ,R.le—‘r(l—tl) + [(pPWQ)T-%?eTEF + ((1 __p)p(l — 7y - 7l'2)> 14p e_-f-L]
Tt1

(1—1t1)~

Equating the derivative of g(7) to zero and solving for 7 we obtain

1 T(1-11) = - e A
= ¥ {t1(1 +s)e TV 4 t2(2+ 8)™ + tosHP] . (57)

l_tl ]1+p

(58)
t2(2 + s)l'i'ﬁ + tos T

= (1+3)|

By Jensen’s inequality and the fact that practically we shall consider average energy constraints (for

each of the users) in the range 0 < p; < 1/2,7 = 1, 2 and recalling that ¢t = (1 —p;)(1 —p2) , 2 = piP2

it follows that :
[ to L ta _1_] 1+p to to

s 24 s)M+ < s+ 24s)<1+s,
io + 1o to+t2( ) ’ Tl + 1 to+t2( )
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1+p
so 7 =1In(1+s)/ [tOSFthigﬂlth.

Combining (58) and (57) we have

> 0 as required.

AT [tos-l‘i'_ﬂ + t2(2 + 3) Hl-p ] (1+p)(to+t2)

* 1 t1
g (T) A t0+t2 ( +3) H

- ie. Ppn(3) < Bye~T(AEs—pR) , where

% A
%—ﬁ‘[

tosT + to(2 + s)ri—p] (1-+0)(to+t2)

8 88 g e
Ty + s) 2(to, 22, 8) . (59)

AT

To prove that Eg > Fi, we need to show that

hg(to,tz, S) S [tosﬁ? + t2(2 + S)'i‘:'_” -+ tl(l -+ 3)1.}__,]1+p -'é‘ h3(t0,t2,5) 8

Let ¢ = tosﬁztigéwl‘f# . ( I)F , so that ¢ increases from tot}_tz 9T to 1 as s increases from 0 to co.
1+s)1te
We have

1 T+

[1 + sh2(t°’t2’s)] C =

1 1

1 s o8 +15(2 + )T+

[1 h3(t0,t2,8)] * = 0 2( 1 ) +t1 = (l—tl)t+t1
+ s (1 + 3) 1+p

which completes the proof.

Finally we turn to Pep(4),
Pen(4) = >, Q(n1,n2,n)

(n1,m2,n)EAGNAS

Z Q(n1, 2, 1) Xo (1, M2, N) X1 (721, N2, M)

(n1ma2,n)
< Z Q(ny,ng,n)em™ (nty~n1) a((n—n1) 1%1 —na]
(nl M2 ,n)

where xo(n1,7m2,7m) , X1(n1,n2,n) are the indicator functions of the sets A§ and A$ respectively.
For a given n

n n-n t
_ ) t2.
3 3 Q(m, ng, n)en tr-mnl T el
n1=0 ne=0
—AAn n ni
e 'A Z (Tb)[ﬂ_le_n(l-tl)} eTltl(n“nl)
n- n1=0 nl
n—-n - t ne ¢ n—mi—n2
n n - PP 2%, - -
> ( 1) {me el l—tx)] [(1 — 1 —mp)e” Hl]
ny=0 N2
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Since the inner sum identifies with [h(72)]* ™™ in (56) its optimized value is
to tg
h*(72) = +(to + t2)s%+%= (2 + 5)™+z. We consider now the outer sum

i (n) [me_n(l—t‘)]m (h*(’rz)eTltl)n—m = [Wle'”(l“l) + h*(1p)e™™ " P (60)
n1=0 nl
Setting the derivative of v w.r.t. 7; to zero yields

0 ml—=%) 1+s
O r———

(61)

By [30, Appendix 3A inequality b]

s'to_t-eﬁ(2 +3)t_ot-£ﬁ < tos + t2(2 + )

<(1+s
- to + i ( )

hence 7, > 0 as required. Substituting (61) into (60) we obtain v = 4Ls"(1 + s)%1(2 + 5)* so
Pon(4) < e784T where By = A/T — Asto(1+ s)t (2 + s)*.

To show that Ej is not less than Ey5(p, p1, P2, q) — pR it suffices to show that By > Ei5(1,p1, pe, q)-
Let t = s/(1 + s) and consider the pair of functions f and g defined by

[tot? + t2(2 — )7 + t,)2

g ° th(2—1¢)n
We have
FI(E) = [tot? +12(2— )7 + ty)[tet™% — t5(2 — £)77)
g') — ttTH (2 —t)" —tat(2—2)2!
F10) = Lltoth — ta(2— )82 = Sttt + (2 — )% + b1l E + tp(2 — 1)
J'(t) — to (to — 1)8072(2 — 1) — 25852071 (2 — )21 + 1y (tp — 1)t00(2 — t)t2~2
Now, f(1) =g(1) =1, f'(1) = ¢'(1) = (to — t2) while g"(1) = (to — t2)® — (to +t2) = 2/"(1) <O.

Next f(0) = (vV2t; + tl) , 9(0) =0-ie f(0) > g(0)andast — 0 g'(t) = O(t‘“‘t")) while

f'i) = O(t“% hence f'(0) > ¢'(0) since 1/2 < tp < 1for 0 < p; < 1/2,4 = 1,2. Furthermore,
g"(t) <0, f"(t) < 0,0 <t <1 whence both functions are concave. These facts imply that the graph

N—"

of f(t) lies above that of g(¢) and since Ba- Eﬁ%&ﬁ) = f(t) — g(t) the proof is complete. o
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Figure 1: Geometrical interpretation of I(p,A). t;, =so+¢q, ta =8 +qg+1,t=s1+q+p
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Figure 2: Schematic diagram of a two-user code waveforms.
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