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Abstract

Surface wave propagation along a metamaterial slab having negative permittivity
and permeability is analyzed. The dispersion relations are determined for the TM and
for the TE (odd and even) modes. The Brillouin diagrams are drawn and show that,
for odd modes, after cutoff, there is an initial frequency range for which there are
two possible propagation coefficients. All the even modes exhibit the same behaviour
except the first one. In this case, a band-pass region appears, suggesting that the

device could be used as a filter.
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1. Introduction

Wave propagation in materials whose permittivity and permeability are both negative
has been investigated by Veselago [1] who has shown that in media of this kind, the
Poynting vector is anti-parallel to the phase-velocity vector for a plane wave. These
materials have been variously termed as metamaterials, backward wave materials,
left-handed materials, etc. ... . Lindell et al. [2] have reviewed isotropic and uniaxi-
ally isotropic metamaterials, and Lakhtakia et al. [3] have made an overview covering
developments in the microwave range. Pendry [4] has shown that a slab possessing the
above-mentioned characteristics could resolve objects only a few nanometers wide in
the optical domain. Ziolkowsky et al. [5] have studied metamaterials both analytically
and numerically. Engheta [6] has made a theoretical analysis on thin subwavelength
cavity resonators using metamaterials. Shelby et al. [7] have presented experimental
data and numerical simulations for a two-dimensional isotropic material at X-band
microwave frequencies. Eleftheriades et al. [8] have presented experimental verifica-
tion of focusing using an implementation of artificial transmission line media in planar
form. Abu et al. [9] have studied the radiation from a traveling wave current sheet
at the interface between a conventional material and a metamaterial. Feise et al. [10]
have investigated the effects of surface waves on the behaviour of perfect lenses and

studied metamaterial slabs with transition layers on either side.

The present work analyzes the propagation of surface waves along a metamaterial
slab having negative permittivity and permeability. The Brillouin diagrams show
interesting characteristics such as the appearance of a band-pass region in the even

mode, suggesting that the device could be used as a filter.

2. The Electromagnetic Fields

The TM mode

The tangential electric and magnetic field components are given as follows (see Fig. 1)



for the TM odd and even modes (the e 7% factor has been omitted)
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The following notation has been adopted: kz1 = —jh, kgo = £, kg3 = jh, ky =0, k, =
B, where h, £ and § are real positive numbers. Therefore, since k; + kz; + k2, =
w?eip; = k2, (i = 1,2,3), we obtain:

0+ B2 = werpr = w(—|Kleo) (= po) = wW?|kleopo = [k[k§
—h? + 3% = w1 = w?esus = weopo = ki

(x < —t,xz >1)

Subtracting Eq. (3b) from Eq. (3a) we obtain:

()" + (ht)* = (kot)*(|s| — 1), (Is] > 1). (4)

We could retrieve 8 from Eq. (3a) or Eq. (3b).

It is very easy to show that, in the slab, the wave propagates in the z-direction,

while the z-component of Poynting’s vector points in the opposite direction.
Continuity of the E, component at x =t gives for the TM mode:

AP -sinft = |k|BR?e”™  (TM ODD)

Al? - costt = |k|Bh?e™™  (TM EVEN),



while continuity of the H, components at x = ¢ gives for the same mode

—Al-costt = Bhe ™ (TM ODD) (6a)

Al-sinft = Bhe™  (TM EVEN), (6b)

so that the dispersion relations are given as follows:
(£t) - tan(lt) = —|k|(ht) (TM ODD) (7a)

(6t) - cot(£t) = |k|(ht) (TM EVEN) (7h)

The TE mode
The analysis is similar for the TE mode. In this case, the dispersion relations are

given as follows:
(¢t) - tan(lt) = —(ht) (TE ODD) (8a)

(€t) - cot(£t) = (ht) (TE EVEN) (8h)

We observe that the dispersion relations for the TE mode are the same as for the
TM mode except for a |k| factor appearing in the TM mode. The right-hand side
of Egs. (7a),(7b),(8a),(8b) which apply to metamaterials has a sign opposite to the

right-hand side of the corresponding equations which apply to dielectric materials.

3. Numerical Results

The slab geometry is shown in Fig. 1. The following data have been used in our
analysis: 2t = 0.75 cm, €, = —2, p, = —1. The TM odd mode has been studied first.
The graphs of ht versus ¢t derived from Eq. (7a) are shown in Fig. 2. They will be

called “quasi-trigonometric curves” (QTC). The circles with radii kot\/|/£|7—1 given
by Eq. (4) have been superimposed upon them. The values of ht and ¢t defining the
various TM odd modes are given by the intersection of these two sets of graphs. It
is worth noting that the QTC derived from Eq. (7a) are the mirror images of the

corresponding curves which apply to dielectric materials (see Fig. 3). It follows that,



for any mode, for frequencies larger than its cutoff frequency, while there is always
only one intersection point between the circles and the QTC for dielectric materials,
there are two such points for metamaterials for an initial frequency range, and only
one for subsequent frequencies, as could be seen in Fig. 2. The limits of this initial
frequency range are given by the mode cutoff frequency (when the circles are tangent
to the QTC) and by mc/(2t\/|k| — 1), m = 1,2,3, ..., (obtained through Egs. (4)
and (7a) for ht = 0). The corresponding curves in the Brillouin St versus kot diagram

could be seen in Fig. 4.

The TM even mode has been studied next. The ht versus It graphs show that
the first mode exhibits a peculiar behaviour. Indeed, the curve describing the first

mode possesses a curvature opposite to that of all the other curves, and ranges from
(It =0, ht = 1/|k]) to (lt =7/2, ht = O), as could be seen in Fig. 5. Therefore,

circles with radii smaller than 1/|x| would not intersect this curve, and circles with

radii larger than 7/2 would not intersect it either. Consequently, from f; = 0 to

fa = ¢/ (2wt |k|/|k| — 1) there is no propagation. From fy = ¢/(27t || /|k| — 1) to

fs = ¢/(4t+/|k| — 1) there is a surface wave propagation along the metamaterial in

a frequency range Af = c(% - L)/(215 |k| — 1), which is large for small |k| and

]
small for large |k|. Again, there is no propagation from f; = ¢/(4t1/|x| — 1) to the
cutoff frequency fy of the second mode (circle tangent to the QTC). Thereafter the
behaviour of the slab in the even mode resembles its behaviour in the odd mode which
has been studied previously. The corresponding curves in the Brillouin St versus kot

diagrams could be seen in Fig. 6.

Due to the appearance of the very interesting frequency range Af, the device
could be used as a band-pass filter whose width can be determined by the value
of |k|. Moreover, wave propagation along adjacent slabs would be possible without
cross-talking by a judicious choice of their respective |x|. In our numerical example,
fi =0, fo, = 6.4GHz, f3 = 20GHz and f; = 53.5 GHz. For |k| = 2 we obtain
Af =13.6 GHz and for |k| = 10 we obtain Af = 6.2 GHz.

There are no significant changes for the TE modes, except that f, is larger by a

factor |k|, f3 remaining the same. There is moreover a certain change in fj.



4. Conclusion

Surface wave propagation along a metamaterial slab having negative permittivity and
permeability has been analyzed. The dispersion relations have been determined for
the TM and for the TE (odd and even) modes. The Brillouin diagrams have been
drawn and show that, for odd modes, after cutoff, there is an initial frequency range
for which there are two possible propagation coefficients. All the even modes exhibit
the same behaviour except the first one. In this case, a band-pass region appears,

suggesting that the device could be used as a filter.
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Figure Captions

Figure 1:
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Figure 4:
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Figure 6:

The slab geometry.

TM ODD mode: It versus ht. &, = —|k|leg = —2¢¢, pr = —po. Circles
with constant radii kgty/|k| — 1 = kot are superimposed upon the graphs.

TM ODD mode: It versus ht. €, = |k|leg = 2¢0, pr = po. Circles with
constant radii koty/|k| — 1 = kot are superimposed upon the graphs.

TM ODD mode: [t versus kot. &, = —|k|eg = —2¢0, pr = — 0.

TM EVEN mode: [t versus ht. &, = —|k|eg = —2¢¢, tr = —po. Circles
with constant radii koty/|k| — 1 = kot are superimposed upon the graphs.

TM EVEN mode: St versus kot. e, = —|k|eg = —2¢0, tr = —po.





