
Asymptotic Performance Analysis of QML
Multichannel Blind Deconvolution

Alexander Bronstein1, Michael Bronstein2, Michael Zibulevsky1, and
Yehoshua Y. Zeevi1

1Technion - Israel Institute of Technology, Department of Electrical
Engineering, 32000 Haifa, Israel.

2Technion - Israel Institute of Technology, Department of Computer
Science, 32000 Haifa, Israel.

March 18, 2004

Abstract

We derive simple closed-form expressions for the asymptotic estima-
tion error in multichannel quasi maximum likelihood (QML) blind decon-
volution. The asymptotic performance bounds coincide with the Cramér-
Rao bounds, when the true ML estimator is used. Special cases of single-
channel blind deconvolution and instantaneous blind source separation are
highlighted. Conditions for asymptotic stability of the QML estimator are
derived.

Notation

A tensor notation is adopted in this work. Signals are represented as tensors and
the Einstein summation convention is used, according to which repeated indices,
one lower and one upper, are implicitly summed over:

a j
i bjk =

∑

j

aijbjk.

Multi-channel time signals are denoted as second-rank tensors,xit, wherei stands
for the channel number andt is a discrete time index. Cross-talk kernels are ex-
pressed as third-rank tensors,hijτ , denoting cross-talk from channelj to channeli
at timeτ .

Definition 1. The discrete Fourier transform ofhijτ is defined by

h̄ij(θ) = F {hijτ} (θ) = h τ
ij eτ (θ),
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where

eτ (θ) = exp {−ıτθ} .

The Fourier transform is always calculated w.r.t. the time index.

Definition 2. Convolutive mixture between two cross-talk kernelsaijτ andbijτ is
defined as

cijτ = aijτ ∗ bijτ = a kτ ′
i bkj,τ−τ ′ ,

or, in the Fourier transform domain,

c̄ij(θ) = ā k
i (θ) · b̄kj(θ).

Definition 3. Standard (non-mixing) convolution between two kernelsaijτ andbijτ

is defined as

cijτ = aijτ ? bijτ = a τ ′
ik bkj,τ−τ ′ ,

or, in the Fourier transform domain,

c̄ij(θ) = āik(θ) · b̄kj(θ).

Definition 4. Lethijτ be a kernel and leth−1
ijτ be such a kernel that

h−1
ijτ ∗ hijτ = δijδτ .

Then,h−1
ijτ is termed the inverse kernel ofhijτ , andhijτ is termed invertible.

In the Fourier domain,

h̄−1
ik (θ) · h̄k

j(θ) = δij ,

i.e., the inverse kernel̄h−1
ik (θ) is the matrix inverse of̄hik(θ), for everyθ.

1 Introduction

Multichannel blind deconvolution arises in various applications related to acous-
tics, optics, medical imaging, geophysics, communications, control, etc. In comu-
nications, the termblind channel equalizationis more common, as the main inter-
est lies in retrieving the data transmitted over a dispersive communication channel
[20, 5, 14, 24]. In control, blind deconvolution is usually known asblind identifi-
cation, since the main interest lies in obtaining a model of the system [23, 25, 18],
whereas in acoustics, optics and geophysics the termblind deconvolutionis more
adequate, since the goal is to ”undo” the influence of a convolution system by find-
ing its stable inverse.
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In the noiseless setup of multichannel blind deconvolution, the observed sensor
signalsxit (i = 1, ..., N ) are created from thesource signalssit passing through a
convolutive mixing system, described by a matrix of input responses,wijτ , some-
times termed as thecrosstalk matrix:

xit = wijt ∗ sit.

The diagonal elements ofwijτ are responsible for convolution of each channel,
whereas the off-diagonal elements result in cross-talk between the channels. The
setup is termedblind if only x are accessible, whereas no knowledge onw ands is
available.

Blind deconvolution attempts to find such a deconvolution (or restoration) ker-
nelhijτ , that produces a an estimate ofs, up to a possible delay and permutation:

ŝit = hijt ∗ xit ≈ ci · sπi,t−∆i ,

where ci are scaling factors,∆i is an integer shift andπi is a permutation of
{1, ..., N}. Equivalently, theglobal system responseshould be approximately an
identity, up to scale factor, shift and permutation:

hijτ ∗ wijτ ≈ ciπijδτ−∆i ,

whereπij is a perturbed identity. A commonly used assumption is thats are non-
Gaussian.

Asymptotic performance of ML parameter estimation in blind system identifi-
cation and deconvolution problems was addressed in many previous studies (see,
for example, [4, 21, 12, 22, 27, 15, 26]). In all these studies, the Cramér-Rao lower
bound (CRLB) for the system parameters are found, and lower bounds on signal re-
construction quality are derived. However, sometimes the true source distribution
is either unknown, or not suitable for optimization, which makes the use of ML es-
timation impractical. In these cases, a common solution is to replace the true source
PDF by some other function, leading to aquasi MLestimator. Such an estimator
generally does not achieve the CRLB and a more delicate performance analysis
is required. In [19, 11], asymptotic performance analysis of QML estimators for
blind source separation was presented. Single-channel QML blind deconvolution
was studied in [10, 9].

In this study, we derive asymptotic performance bounds for a QML estimator
of the restoration kernel in the multi-channel blind deconvolution problem, and
state the asymptotic stability conditions. We show that in the particular case when
the true ML procedure is used, our bounds coincide with the CRLB, previously
reported in literature.

2 QML blind deconvolution

Let hijτ be the restoration kernel. Under the assumption thatdet h̄ij(θ) has no
zeros on the unit circle, and the source signal is real and i.i.d., the normalized
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minus-log-likelihood function of the observed signalxit in the noise-free case is
[1, 2, 17]

`(x;h) = − 1
2π

∫ π

−π
log

∣∣det h̄ij(θ)
∣∣ dθ +

1
T

T−1∑

t=0

N∑

i=1

ϕi (yit) , (1)

where

yit = h jτ
i xj,t−τ

is a source estimate,ϕi(s) = − log pi (s) andpi(s) is the probability density func-
tion (PDF) of thei-th source. We will henceforth assume that the restoration tensor
hijτ has a finite impulse response, supported onτ = −M, ...,M . We also assume
without loss of generality that the sources are zero-mean. Cost function (1) can be
also derived using negative joint entropy [1, 2] and information maximization [3]
considerations.

Consistent estimator can be obtained by minimizing`(x;h) even whenϕi(si)
is not exactly equal to− log pi (si). Such quasi-ML estimation has been shown
to be practical in instantaneous blind source separation [19, 30, 29, 16] and blind
deconvolution [2, 7, 10] when the source PDF is unknown or not well-suited for
optimization. For example, when the source is super-Gaussian (e.g. it is sparse or
sparsely representable), a smooth approximation of the absolute value function is
a good choice forϕ(s) [13, 30]. It is convenient to use a family of convex smooth
functions, e.g.

ϕλ(s) = |s| − λ log
(

1 +
|s|
λ

)
(2)

with λ being a positive smoothing parameter, to approximate the absolute value
[28]. ϕλ(s) → |s| asλ → 0+. In the limit λ → 0+, this choice yields a super-
efficient QML estimator of sources withP (s = 0) > 0 [9].

In case of sub-Gaussian sources, the family of functions

ϕµ(s) = |s|µ (3)

with the parameterµ > 2 is usually a good choice forϕ(s) [2, 7]. For example,
when sources are uniformly distributed, an increase in the value ofµ refines the
approximation and in the limitµ → ∞, ϕµ(s) approaches− log p(s). In the limit
µ →∞, this choice yields a super-efficient QML estimator of sources, whose PDF
vanishes outside an interval [9].

2.1 Equivariance

A remarkable property of the QML estimatorĥ(x) of a restoration kernelhijτ

given the observationx, obtained by minimization of̀(x; h) in (1), is itsequivari-
ance, stated in the following proposition:
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Proposition 1. The estimator̂h(x) obtained by minimization of̀(x;h) is equiv-
ariant, i.e., for every invertiblea, ĥ(a ∗ x) = a−1 ∗ ĥ(x).

Proof. Observe that for an invertiblea,

`(a ∗ x; a−1 ∗ h) =

− 1
2π

∫ π

−π
log

∣∣∣det
(
ā−1

ik (θ)h̄k
j(θ)

)∣∣∣ dθ +
1
T

T−1∑

t=0

N∑

i=1

ϕi

(
a−1 ∗ a ∗ h ∗ xit

)

= − 1
2π

∫ π

−π
log

∣∣det h̄ij(θ)
∣∣ dθ +

1
T

T−1∑

t=0

N∑

i=1

ϕi (yit)

− 1
2π

∫ π

−π
log

∣∣∣det ā−1
ij (θ)

∣∣∣ dθ

= `(x; h)− 1
2π

∫ π

−π
log

∣∣∣det ā−1
ij (θ)

∣∣∣ dθ.

Let h = argmin `(x; h). Then

`(a ∗ x; a−1 ∗ h) = `(x; h) + const,

that is,h is a minimizer of`(a ∗ x; a−1 ∗ h) as well. Consequently,̂h(a ∗ x) =
a−1 ∗ ĥ(x).

Equivariance implies that the parameters to be estimated (in our case, the co-
efficients,hijτ , specifying the restoration kernel) form a group. This is indeed the
case for invertible kernels with the convolution operation. In view of equivariance,
we may analyze the properties of`(h ∗ x; δijδτ ) instead of̀ (x; h).

2.2 The gradient and the Hessian of̀(x; h)

The gradient of the first term of̀(x; h) in (1), containing the integral of log spec-
trum, is given by

∂

∂hijτ

(
− 1

2π

∫ π

−π
log

∣∣det h̄mn(θ)
∣∣ dθ

)
=

− 1
2π

∫ π

−π
tr

(
d log

∣∣det h̄mk(θ)
∣∣

dh̄mk(θ)
∂h̄ k

n (θ)
∂hijτ

)
dθ

= − 1
2π

∫ π

−π
tr

(
e−ıτθ · h̄−1

km(θ)δn−iδ
k−j

)
dθ

= − 1
2π

∫ π

−π
e−ıτθ · h̄−1

ji (θ)dθ

= −h−1
ji,−τ . (4)
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The gradient of the second term of`(x; h), containing the sum ofϕ’s, is given by

∂

∂hijτ

(
1
T

T−1∑

t=0

N∑

k=1

ϕi (ykt)

)
=

1
T

T−1∑

t=0

N∑

k=1

ϕ′k (ykt)
∂ykt

∂hijτ
, (5)

where

∂ykt

∂hijτ
=

∂

∂hijτ

(
h j′τ ′

k xj′,t−τ ′
)

= xj,t−τδik.

Combining (4) and (5), yields

∂`

∂hijτ
= −h−1

ji,−τ +
1
T

T−1∑

t=0

N∑

k=1

ϕ′k (ykt)xj,t−τδik

= −h−1
ji,−τ +

1
T

T−1∑

t=0

ϕ′i (yit) xj,t−τ (6)

Differentiatingh−1
ji,−τ w.r.t. hi′j′τ ′ yields

∂h−1
ji,−τ

∂hi′j′τ ′
=

1
2π

∫ π

−π
e−ıτθ · ∂ tr

(
h−1

mkδ
k−iδn−j

)

∂hi′j′τ ′
dθ

=
1
2π

∫ π

−π
e−ıτθ · tr

(
d tr

(
h−1

mkδ
k−iδl−j

)

dh−1
mk

∂(h−1)l
n

∂hi′j′τ ′

)
dθ

=
1
2π

∫ π

−π
e−ıτθ · tr

(
δm−iδk−j(h−1)k

l

∂hl
r

∂hi′j′τ ′
(h−1)r

n

)
dθ

=
1
2π

∫ π

−π
e−ı(τ+τ ′)θ · tr

(
δm−iδk−j(h−1)k

lδ
l−i′δr−j′(h−1)r

n

)
dθ

=
1
2π

∫ π

−π
e−ı(τ+τ ′)θ · h−1

ji′ (θ)h
−1
j′i (θ)dθ

= h−1
ji′,−(τ+τ ′) ∗ h−1

j′i,−(τ+τ ′). (7)

Differentiating the second term of (6), containing the sum, yields

∂

∂hi′j′τ ′

(
1
T

T−1∑

t=0

ϕ′i (yit) xj,t−τ

)
=

1
T

T−1∑

t=0

ϕ′′i (yit) xj,t−τxj′,t−τ ′ · δii′ . (8)

Combining (7) and (8), yields

∂2`

∂hijτ∂hi′j′τ ′
= h−1

ji′,−(τ+τ ′) ∗ h−1
j′i,−(τ+τ ′) +

1
T

T−1∑

t=0

ϕ′′i (yit) xj,t−τxj′,t−τ ′ · δii′ . (9)
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2.3 Asymptotic Hessian

At the solution point, wherehijτ = ciw
−1
ijτ , it holds thathijt ∗ xit = cisit. Conse-

quently the Hessian of̀(cisit; δijδτ ) is

(∇2`
)
ijτi′j′τ ′ = δij′δji′δk,−k′ +

δii′

T

T−1∑

t=0

ϕ′′i (cisit) cjsj,t−τ cj′sj′,t−τ ′ .

For a large sample sizeT , the average

1
T

T−1∑

t=0

ϕ′′i (cisit) cjsj,t−τ cj′sj′,t−τ ′

approaches the expected value

IEϕ′′ (cisit) cjsj,t−τcj′sj′,t−τ ′ .

Since each sourcesit is assumed to be zero-mean i.i.d., and two distinct sources are
independent, the following structure of the Hessian at the solution point is obtained
asymptotically:

(∇2`
)
ijτi′j′τ ′ =





αi + 1 : i = i′ = j = j′, τ = τ ′ = 0,
γiσ

′2
j : i = i′, j = j′, τ = τ ′,

1 : i = j′, i′ = j, τ = −τ ′,
0 : otherwise.

(10)

where

σ2
i = IEs2

i

σ′2i = (ciσi)2

αi = IEϕ′′i (cisi)(cisi)2

γi = IEϕ′′i (cisi).

Such Hessian structure suggests that the relative Newton algorithm [28, 7, 10],
which uses the asymptotic Hessian approximation at the solution point, can be
performed in a block-coordinate manner, as it has been previously done in the
context of blind source separation [8]. Observe that the Newton system decouples
into N independent linear equations, additional1

2N(N−1)+MN systems of size
2× 2, and1

2MN(N − 1) systems of size4× 4 .

2.4 The scaling factorsci

In order to find the scaling factorsci, observe that the gradient of`(cisit; δijδτ ) is
given by

(∇`)ijτ = −δijδτ +
1
T

T−1∑

t=0

ϕ′i (cisit) cjsj,t−τ ,
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hence,

IE (∇`)ijτ = −δijδτ + IEϕ′i (cisit) (cjsj,t−τ )
= −δijδτ + δijδτζi,

where

ζi = IEϕ′i (cisi) (cisi)

Demanding IE(∇`)ijτ = 0, one obtains the set of equations

ζi = 1, (11)

from where the scaling factorsci can be found.

3 Asymptotic error covariance tensor

We present now an asymptotic analysis of the QML estimation error. Let the
restoration kernel,h, be estimated by minimizing the minus log likelihood func-
tion `(x; h) defined in (1), where the true− log pi(si) of the sources are replaced by
some other functionsϕi(si). We assume thath has sufficient degrees of freedom to
accurately approximate the inverse ofw. For analytic tractability, we assume that
γi, σ2

i , σ′2i , αi, βi = IEϕ′2i (cisi), ζi = IEϕ′i(cisi)(cisi) andθi = IEϕ′2i (cisi)(cisi)2

exist and are bounded. Note that the expected values are computed with respect to
the true PDFs ofsi.

Let h∗ijτ = ciw
−1
ijτ be the exact restoration kernel (up to scaling). It can be

shown thath∗ satisfies [16]

h∗ = argmin
h

IEx`(x; h).

Let ĥ be the estimate of the exact restoration kernelh∗, based on the finite realiza-
tion of the datax,

ĥ = argmin
h

`(x; h).

Note that∇`(x; ĥ) = 0, whereas∇`(x; h∗) 6= 0; yet IE∇`(x;h∗) = 0. Denote the
estimation error as∆h = h∗ − ĥ. Then, assuming‖∆h‖ is small, second-order
Taylor expansion yields

(∇`(x;h∗))ijτ ≈ (∇2`(x; h∗)
) i′j′τ ′

ijτ

(
h∗i′j′τ ′ − ĥi′j′τ ′

)

=
(∇2`(x; w−1)

) i′j′τ ′

ijτ
∆hi′j′τ ′ .

Due to the equivariance property, the former relation can be rewritten as

(∇`(h∗ ∗ x; δijδτ ))ijτ ≈ (∇2`(h∗ ∗ x; δn)
) i′j′τ ′

ijτ
∆hi′j′τ ′ .
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Sinceh∗ijτ = ciw
−1
ijτ , we can substituteh∗ijt ∗ xit = cisit, and obtain

(∇`(cisit; δijδτ ))ijτ ≈ (∇2`(cisit; δijδτ )
) i′j′τ ′

ijτ
∆hi′j′τ ′ .

For convenience, we will denote the gradient and the Hessian at the solution point
as

gijτ = (∇`(cs; δn))ijτ

Hijτi′j′τ ′ =
(∇2`(cs; δn)

)
ijτi′j′τ ′ ,

and rewrite the former equation as

gijτ ≈ H i′j′τ ′
ijτ ∆hi′j′τ ′ . (12)

For a large sample size, the asymptotic Hessian structure (10) can be used, allowing
to split (12) into the following three sets of problems:

1. Fori = j, τ = 0:

gii0 = (ai + 1)∆hii0 (13)

2. Fori = j, τ 6= 0:

giiτ = γiσ
′2
i ∆hiiτ + ∆hii,−τ

gii,−τ = γiσ
′2
i ∆hii,−τ + ∆hii,τ (14)

3. Fori 6= j, τ 6= 0:

gijτ = γiσ
′2
j ∆hijτ + ∆hji,−τ

gij,−τ = γiσ
′2
j ∆hij,−τ + ∆hjiτ

gjiτ = γjσ
′2
i ∆hjiτ + ∆hij,−τ

gji,−τ = γjσ
′2
i ∆hji,−τ + ∆hijτ , (15)

or, alternatively, in terms of∆h,

1. Fori = j, τ = 0:

∆hii0 =
1

ai + 1
gii0 (16)

2. Fori = j, τ 6= 0:
(

∆hiiτ

∆hii,−τ

)
=

1
γ2

i σ′4i − 1

(
γiσ

′2
i −1

−1 γiσ
′2
i

)(
giiτ

gii,−τ

)
(17)
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3. Fori 6= j, τ 6= 0:




∆hijτ

∆hij,−τ

∆hjiτ

∆hji,−τ


 =

1
γiγjσ′2i σ′2j − 1




γjσ
′2
i −1

γjσ
′2
i −1

−1 γiσ
′2
j

−1 γiσ
′2
j







gijτ

gij,−τ

gjiτ

gji,−τ


 (18)

Consequently, the asymptotic covariance tensor of∆h has the following separable
structure

(Σ∆h)ijτi′j′τ ′ = IE (∆hijτ − IE∆hijτ )
(
∆hi′j′τ ′ − IE∆hi′j′τ ′

)

= IE∆hijτ∆hi′j′τ ′

=





IE∆hijτ∆hijτ ′ : i = i′, j = j′, τ = ±τ ′,
IE∆hijτ∆hjiτ ′ : i = j′, i′ = j, τ = ±τ ′,
0 : otherwise.

This implies that the covariance terms, for which(Σ∆h)ijτi′j′τ ′ = 0, decrease in
the order of1/T 2 asT →∞.

Let us now evaluate the covariance tensor(Σ∆h)ijτi′j′τ ′ . For i = j, τ = 0, we
obtain:

IE∆h2
ii0 =

1
(αi + 1)2

IEg2
ii0. (19)

Neglecting second-order terms, the second moment ofgii0 is

IEg2
ii0 ≈ −1− 2IEϕ′i(cisi)(cisi) + IE2ϕ′i(cisi)(cisi)

+
1
T
· (IEϕ′2i (cisi)(cisi)2 − IE2ϕ′(cisi)(cisi)

)

= (ζi − 1)2 +
ϑi − ζ2

i

T
=

ϑi − 1
T

,

where

ζi = IEϕ′i(cisi)(cisi) = 1
ϑi = IEϕ′2i (cisi)(cisi)2.

Hence,

(Σ∆h)ii0 ii0 ≈ ϑi − 1
T (αi + 1)2

.
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For i = j, τ 6= 0, we obtain:
(

IE∆hiiτ∆hiiτ IE∆hiiτ∆hii,−τ

IE∆hii,−τ∆hiiτ IE∆hii,−τ∆hii,−τ

)
=

1(
γ2

i σ′4i − 1
)2 ·

(
γiσ

′2
i −1

−1 γiσ
′2
i

)(
IE∆giiτ∆giiτ IE∆giiτ∆gii,−τ

IE∆gii,−τ∆giiτ IE∆gii,−τ∆gii,−τ

)

·
(

γiσ
′2
i −1

−1 γiσ
′2
i

)
(20)

Neglecting second-order terms,

IEg2
iiτ ≈ 1

T
IEϕ′2i (cisi)IE(cisi)2 =

βiσ
′2
i

T
,

IEgiiτgii,−τ ≈ 1
T

IE2ϕ′2i (cisi)(cisi) =
ζ2
i

T
=

1
T

,

where

βi = IEϕ′2i (cisi).

Substituting the covariance ofgiiτ into the covariance of∆hiiτ , after some alge-
braic manipulations, one obtains

(Σ∆h)iiτiiτ ≈ βiσ
′2
i

(
γ2

i σ′4i + 1
)− 2γiσ

′2
i

T (γ2
i σ′4i − 1)2

(Σ∆h)iiτii,−τ ≈ γiσ
′2
i

(
γiσ

′2
i − 2βiσ

′2
i

)
+ 1

T (γ2
i σ′4i − 1)2

.

For i 6= j, τ 6= 0, we obtain:



IE∆hijτ∆hijτ IE∆hijτ∆hij,−τ IE∆hijτ∆hjiτ IE∆hijτ∆hji,−τ

IE∆hij,−τ∆hijτ IE∆hij,−τ∆hij,−τ IE∆hij,−τ∆hjiτ IE∆hij,−τ∆hji,−τ

IE∆hjiτ∆hijτ IE∆hjiτ∆hij,−τ IE∆hjiτ∆hjiτ IE∆hjiτ∆hji,−τ

IE∆hji,−τ∆hijτ IE∆hji,−τ∆hij,−τ IE∆hji,−τ∆hjiτ IE∆hji,−τ∆hji,−τ


 =

1(
γiγjσ′2i σ′2j − 1

)2




γjσ
′2
i −1

γjσ
′2
i −1

−1 γiσ
′2
j

−1 γiσ
′2
j


 ·




IE∆gijτ∆gijτ IE∆gijτ∆gij,−τ IE∆gijτ∆gjiτ IE∆gijτ∆gji,−τ

IE∆gij,−τ∆gijτ IE∆gij,−τ∆gij,−τ IE∆gij,−τ∆gjiτ IE∆gij,−τ∆gji,−τ

IE∆gjiτ∆gijτ IE∆gjiτ∆gij,−τ IE∆gjiτ∆gjiτ IE∆gjiτ∆gji,−τ

IE∆gji,−τ∆gijτ IE∆gji,−τ∆gij,−τ IE∆gji,−τ∆gjiτ IE∆gji,−τ∆gji,−τ




·




γjσ
′2
i −1

γjσ
′2
i −1

−1 γiσ
′2
j

−1 γiσ
′2
j


 (21)
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Neglecting second-order terms,

IEg2
ijτ ≈ 1

T
IEϕ′2i (cisi)IE(cjsj)2 =

βiσ
′2
j

T
,

IEgijτgji,−τ ≈ 1
T

IEϕ′2i (cisi)(cisi)IEϕ′2j (cjsj)(cjsj) =
ζiζj

T
=

1
T

,

IEgijτgij,−τ ≈ 0.

Substituting the covariance ofgijτ into the covariance of∆hijτ , after some alge-
braic manipulations, one obtains

(Σ∆h)ij,−τ,ij,−τ = (Σ∆h)ijτijτ ≈
σ′2i

(
γ2

j βiσ
′2
i σ′2j − 2γj + βj

)

T
(
γiγjσ′2i σ′2j − 1

)2

(Σ∆h)ijτji,−τ = (Σ∆h)ij,−τ,jiτ ≈ γiγjσ
′2
i σ′2j − σ′2i σ′2j (γiβj + γjβi)− 1

T
(
γiγjσ′2i σ′2j − 1

)2 .

Combining the previous results, the following asymptotic covariance tensor of the
estimation error is obtained:

(Σ∆h)ijτi′j′τ ′ ≈

1
T
·





ϑi−1
(αi+1)2

: i = i′ = j = j′, τ = τ ′ = 0,
βiσ

′2
i (γ2

i σ′4i +1)−2γiσ
′2
i

(γ2
i σ′4i −1)2

: i = j′ = i′ = j, τ = τ ′ 6= 0,

γiσ
′2
i (γiσ

′2
i −2βiσ

′2
i )+1

(γ2
i σ′4i −1)2

: i = j′ = i′ = j, τ = −τ ′ 6= 0,

σ′2i (γ2
j βiσ

′2
i σ′2j −2γj+βj)

(γiγjσ′2i σ′2j −1)2 : i = i′ 6= j = j′, τ = τ ′,

γiγjσ′2i σ′2j −σ′2i σ′2j (γiβj+γjβi)−1

(γiγjσ′2i σ′2j −1)2 : i = j′ 6= j = i′, τ = −τ ′,

0 : otherwise.

(22)

Observe that for everyτ, τ ′,

(Σ∆h)iiτjkτ ′ = 0 : i, j 6= k
(Σ∆h)iiτjjτ ′ = 0 : i 6= j,

which implies lack of correlation between the estimates of the diagonal and off-
diagonal elements ofhijτ for everyτ . Therefore, the asymptotic error covariance
tensor decouples into the source separation terms (hijτ for i 6= j), determining the
quality of cross-talk elimination, and theN independent single-channel deconvo-
lution terms (hiiτ ). Observe also that for everyτ, τ ′, andi 6= j, (Σ∆h)ijτi′j′τ ′ 6= 0
only for i′ = j, j′ = i. Therefore, the source separation terms are further decoupled
into independent2× 2 terms (hijτ , hjiτ ). This decoupling has been previously ob-
served in the special case of true ML multichannel blind deconvolution [26]. Since
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for everyi, (Σ∆h)iiτiiτ ′ 6= 0 only for τ = ±τ ′, each of the single-channel blind
deconvolution terms in the covariance tensor also decouples intoN independent
2 × 2 terms (hiiτ , hii,−τ ) and one1 × 1 term (hii0). The latter property is rather
surprising, since combined with asymptotic normality of the estimation error, it
implies that∆hiiτ are statistically independent for allτ ≥ 0.

3.1 Particular cases

In several particular cases, the asymptotic error covariance tensor (22) can be sig-
nificantly simplified. We discuss here the cases of single-channel blind deconvolu-
tion, the instantaneous blind source separation, and the true ML deconvolution. We
also highlight two special cases of Gaussian sources and sources allowing super-
efficient deconvolution.

3.1.1 Single-channel blind deconvolution

In the case ofsingle-channelblind deconvolution (N = 1), the asymptotic covari-
ance reduces to

(Σ∆h)ττ ′ ≈ 1
T
·





ϑ−1
(α+1)2

: τ = τ ′ = 0,
βiσ

′2(γ2σ′4+1)−2γσ′2

(γ2σ′4−1)2
: τ = τ ′ 6= 0,

γσ′2(γσ′2−2βσ′2)+1

(γ2σ′4−1)2
: τ = −τ ′ 6= 0,

0 : otherwise.

This result coincides with the asymptotic covariance derived in [10, 9] for the
single-channel case.

3.1.2 Instantaneous blind source separation

In the case ofinstantaneousblind source separation (K = 0), the asymptotic co-
variance reduces to

(Σ∆h)iji′j′ ≈

1
T
·





ϑi−1
(αi+1)2

: i = i′ = j = j′,
σ′2i (γ2

j βiσ
′2
i σ′2j −2γj+βj)

(γiγjσ′2i σ′2j −1)2 : i = i′ 6= j = j′,

γiγjσ′2i σ′2j −σ′2i σ′2j (γiβj+γjβi)−1

(γiγjσ′2i σ′2j −1)2 : i = j′ 6= j = i′,

0 : otherwise.

This result is equivalent to the asymptotic performance estimate for QML blind
source separation derived in [19].
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3.1.3 True ML restoration

True ML restoration is obtained forϕi(s) = − log pi(s). In this case,ci = 1,
σ′2i = σ2

i , and under the assumption thatlimsi→±∞ p′i(s)s = 0,

γi = IEϕ′′i (s) = −
∫ ∞

−∞

p′i(s)pi(s)− p′2i (s)
p2

i (s)
pi(s) ds

= − p′i(s)
∣∣∞
−∞ +

∫ ∞

−∞

p′2i (s)
p2

i (s)
pi(s) ds = IEϕ′2i (s) = βi.

Observe that differentiating the equation
∫ ∞

−∞
pi(s)s2ds = σ2

i

w.r.t. s yields

0 =
∫ ∞

−∞
p′i(s)s

2ds + 2
∫ ∞

−∞
pi(s)sds

=
∫ ∞

−∞

p′i(s)
pi(s)

s2pi(s)ds + 2IEsi

= −
∫ ∞

−∞
ϕ′i(s)s

2pi(s)ds.

Differentiating again w.r.t.s, we obtain, using integration by parts,

0 =
∫ ∞

−∞

(
ϕ′′i (s)s

2 + 2ϕ′i(s)s
)
pi(s)ds +

∫ ∞

−∞
ϕ′i(s)s

2p′i(s)ds

= IEϕ′′i (s)s
2 −

∫ ∞

−∞

(
2p′i(s)s +

(
p′i(s)
pi(s)

)2

s2pi(s)

)
ds

= IEϕ′′i (s)s
2 − IEϕ′2i (s)s2 − 2pi(s)s|∞−∞ + 2

∫ ∞

−∞
pi(s)ds

= IEϕ′′i (s)s
2 − IEϕ′2i (s)s2 + 2 = αi − θi + 2.

Hence,θi = αi + 2. Let us also define

Li = σ2
i · IEϕ′2i (s) = βiσ

2
i

Si = cum
{
ϕ′i(si), ϕ′i(si), si, si

}
+ Li + 1 = θi − 1.

Li andSi are known as Fisher’s information for location and scale parameters,
respectively. Substitutingσ′2i = σ2

i , γi = βi, θi = αi + 2, θi − 1 = Si and
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βiσ
2
i = Li into (22), we obtain

(Σ∆h)ijτi′j′τ ′ ≈

1
T
·





1
Si

: i = i′ = j = j′, τ = τ ′ = 0,
Li

L2
i−1

: i = j′ = i′ = j, τ = τ ′ 6= 0,
1

(1−Li)(1+Li)2
: i = j′ = i′ = j, τ = −τ ′ 6= 0,

σ2
i

σ2
j
· Lj

LiLj−1 : i = i′ 6= j = j′, τ = τ ′,

− 1
LiLj−1 : i = j′ 6= j = i′, τ = −τ ′,

0 : otherwise.

This result coincides with the CRLB onhijτ developed in [26].

3.1.4 Gaussian sources

Let us assume that the source is Gaussian, i.e.,

p(s) =
(
2πσ2

)− 1
2 · exp

{
− s2

2σ2

}
.

Under mild assumption onϕ(s), using integration by parts one obtains

γ =
∫ ∞

−∞
ϕ′′(cs)p(s)ds =

ϕ′(cs)
c

p(s)
∣∣∣∣
∞

−∞
−

∫ ∞

−∞

ϕ′(cs)
c

p′(s)ds

=
1

cσ2

∫ ∞

−∞
ϕ′(cs) p(s)sds =

1
(cσ)2

∫ ∞

−∞
ϕ′(cs)cs p(s)ds,

from where by the condition on the scaling factorζ = 1, it follows thatγσ′2 = 1.
Hence, for a Gaussian source, the denominator of the covariance tensor in (22)
vanishes, resulting in infinite variance of the estimation error, which implies the
well-known fact that deconvolution of Gaussian sources is impossible.

3.1.5 Super-efficient deconvolution

Let us now consider the particular case ofsparsesources, such sources that take the
value of zero with some non-zero probabilityρ = P (sn = 0) > 0. An example of
such distribution is the Gauss-Bernoully (sparse normal) distribution [10]. When
ϕ(s) is chosen according to (2),ϕ′λ(s) → sign(s) andϕ′′λ(s) → 2δ(s) asλ → 0+.
Hence, for a sufficiently smallλ,

γ ≈ 1
cλ

∫ +λ

−λ
p (s) ds ≈ ρ

cλ
,
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whereasβ andc are bounded. Consequently,

plim
T→∞

T (Σ∆h)iiτiiτ ≤ βi

γ2
i σ′2i

≤ const · λ2 τ 6= 0,

plim
T→∞

T (Σ∆h)ijτijτ ≤ βi

γ2
i σ′2j

≤ const · λ2, i 6= j.

Observe that

lim
λ→0+

plim
T→∞

T (Σ∆h)iiτiiτ = 0 τ 6= 0,

lim
λ→0+

plim
T→∞

T (Σ∆h)ijτijτ = 0, i 6= j,

that is, the estimator̂hijτ of hijτ is super-efficientin the limit λ → 0+.
Similar result is obtained for the sub-Gaussian quasi ML estimatorϕµ(s) de-

fined in (3), with the uniform distribution. Let us assume thats ∼ U [−a, a], for
a > 0. By the condition on the scaling factor, we obtain

1 = ζ = IEϕ′(cs)(cs) = c

∫ ∞

−∞
µ|cs|µ−1sign(s)s p(s)ds

=
µcµ

2a

∫ a

−a
|s|µds =

µcµ · aµ

µ + 1
,

from where

c =
(

µ + 1
aµµ

)1/µ

.

Consequently,

γ = IEϕ′′(cs) =
∫ ∞

−∞
µ(µ− 1)|cs|µ−2p(s)ds

= a2(µ− 1)
(

µ

µ + 1

)2/µ

.

For a sufficiently largeµ, γ ≈ a2µ, hence,

plim
T→∞

T (Σ∆h)iiτiiτ ≤ βi

γ2
i σ′2i

≤ const · 1
µ2

τ 6= 0,

plim
T→∞

T (Σ∆h)ijτijτ ≤ βi

γ2
i σ′2j

≤ const · 1
µ2

, i 6= j.

Consequently, we obtain

lim
µ→∞ plim

T→∞
T (Σ∆h)iiτiiτ = 0 τ 6= 0,

lim
µ→∞ plim

T→∞
T (Σ∆h)ijτijτ = 0, i 6= j,

that is, the estimator is super-efficient in the limitµ →∞. The latter result can be
simply generalized for distributions, whose PDF vanishes outside some interval.
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4 Asymptotic restoration quality

The quality of the restored signal is degraded by crosstalk due to imperfect channel
separation, and from distortions caused by imperfect deconvolution of the channel
itself. A common measure of the signal reconstruction quality is the interference-
to-signal (ISR) power ratio. Consider thei-th output, for whichsit is the desired
output, andsjt, j 6= i, are the interfering signals. Denoting the global system
response bygijτ = hijτ ∗ wijτ , the average power of the desired signal is

Pii = IE ‖giit ? sit‖2
2 ≈ ciσ

2
i = σ′2i ,

whereas the average power of thej-th interferer is

Pij = IE‖gijt ? sjt‖2
2 = IE‖∆hijt ? sjt‖2

2 ≈ σ2
j ·

∑
τ

(Σ∆h)ijτijτ

≈
(2M + 1)σ2

j σ
′2
i

(
γ2

j βiσ
′2
i σ′2j − 2γjζiζj + βj

)

T
(
γiγjσ′2i σ′2j − 1

)2 .

Since the sources are assumed to be independent,

ISRi =
∑

j 6=i

Pij

Pii
≈ 2M + 1

T
·
∑

j 6=i

σ2
j

(
γ2

j βiσ
′2
i σ′2j − 2γjζiζj + βj

)

(
γiγjσ′2i σ′2j − 1

)2 .

Observe that for the true ML deconvolution, the latter expression reduces to

ISRi =
2M + 1

T
·
∑

j 6=i

Lj

LiLj − 1
,

which corresponds to the bound reported in [26].
Another commonly used measure for restoration quality is themean square

error (MSE), given by

MSEi = IE (yit − cisit)
2 =

∑

j

IE ‖gijt ? sjt − ciδt‖2
2 =

∑

j

σ2
j · IE ‖∆hijt‖2

2

≈
∑

j

σ2
j ·

M∑

τ=−M

(Σ∆h)ijτijτ

≈ (2M + 1) ·
∑

j 6=i

σ2
j σ
′2
i

(
γ2

j βiσ
′2
i σ′2j − 2γjζiζj + βj

)

T
(
γiγjσ′2i σ′2j − 1

)2

+2M · βiσ
2
i σ
′2
i

(
γ2

i σ′4i + 1
)− 2γiσ

′2
i ζ2

i

T (γ2
i σ′4i − 1)2

+
σ2

i

(
ϑi − ζ2

i

)

T (αi + 1)2
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5 Asymptotic stability

The estimator̂h(x) of h∗, obtained by minimization of̀(x; h), is asymptotically
stableif h = h∗ is a local minimizer of̀ (x; h) for infinitely large sample size. Any
consistent estimator is asymptotically stable. Asymptotic error analysis, presented
in Section 3, is valid only when the QML estimator is asymptotically stable.

Proposition 2. Let ĥ(x) be the QML estimator ofh. ĥ(x) is asymptotically stable
if for all i, j, the following conditions hold:

γi > 0,

γiγjσ
′2
i σ′2j > 1,

αi + 1 > 0. (23)

ĥ(x) is asymptotically unstable if there existi, j, for which one of the following
conditions hold:

γi < 0,

γiγjσ
′2
i σ′2j < 1,

αi + 1 < 0. (24)

Proof. The QML estimator is asymptotically stable if in the limitT →∞, h = h∗

is a local minimizer of̀ (x; h), or due to equivariance,hijτ = δijδτ is a local
minimizer of`(cisi; h). The first- and the second-order Karush-Kuhn-Tucker con-
ditions [6]

plim
T→∞

∇`(cisi; δijδτ ) = 0 (25)

plim
T→∞

∇2`(cisi; δijδτ ) Â 0 (26)

are the necessary and the sufficient conditions, respectively, for existence of the
local minimum.

The necessary condition (25) requires that∇` = 0 as the sample size ap-
proaches infinity. By the law of large numbers,

plim
T→∞

gijτ = IEgijτ = 0,

by choice ofci. The sufficient condition (26) requires that∇2` Â 0 as the sample
size approaches infinity, that is, for allxijτ 6= 0,

plim
T→∞

xijτH i′j′τ ′
ijτ xi′j′τ ′ > 0.
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Using the asymptotic Hessian given in (10), this condition can be rewritten as:
∀xijτ 6= 0,

xijτH i′j′τ ′
ijτ xi′j′τ ′ =

∑

i

(αi + 1)x2
ii0 +

∑

i,τ 6=0

(
γ2

i σ′2i x2
iiτ + xiiτxii,−τ

)
+

∑

i 6=j,τ

(
γ2

i σ′2j x2
ijτ + xijτxji,−τ

)

=
∑

i

(αi + 1)x2
ii0 +

∑

i,τ>0

(
xiiτ

xii,−τ

)T (
γiσ

′2
i 1

1 γiσ
′2
i

)(
xiiτ

xii,−τ

)

+
∑

j 6=i

(
xij0

xji0

)T (
γiσ

′2
j 1

1 γiσ
′2
j

)(
xij0

xji0

)

+
∑

j 6=i,τ>0




xijτ

xij,−τ

xjiτ

xji,−τ




T 


γiσ
′2
j 1

γiσ
′2
j 1

1 γjσ
′2
i

1 γjσ
′2
i







xijτ

xij,−τ

xjiτ

xji,−τ


 > 0.

The latter holds if and only if for alli, j

ai + 1 > 0(
γiσ

′2
j 1

1 γiσ
′2
j

)
Â 0




γiσ
′2
j 1

γiσ
′2
j 1

1 γjσ
′2
i

1 γjσ
′2
i


 Â 0,

which holds if and only if conditions (23) are satisfied. The necessary second-order
condition for existence of local minimum of` is

plim
T→∞

∇2`(cisi; δijδτ ) º 0.

Hence, if one of conditions (24) hold, the estimator is asymptotically unstable.

6 Discussion and conclusion

In order to be in a position to utilize the QML estimator of the restoration kernel in
multichannel blind deconvolution, and to gain insight into the effect of the source
distribution and the choice ofϕi(s), it is important to quantify the asymptotic per-
formance and establish stability conditions. For this purpose we derived simple
closed-form expressions for the asymptotic estimation error, and showed that its
covariance tensor has a simple separable form. An asymptotic estimate of the
restoration quality in terms of SIR was also presented. The main conclusion from
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the performance analysis is that the asymptotic performance depends on the choice

of ϕi(s) essentially through the ratiosIEϕ′2i (si)

IE2
ϕ′′i (si)

of non-linear moments of each of

the sources. This provides insight of how to choose a ”good” functionϕi(s), and
can be also used to predict the performance degradation (compared to the CRLB)
due to choice of a sub-optimalϕi(s). We demonstrated that in the special cases
of single-channel blind deconvolution and instantaneous blind source separation,
our asymptotic performance analysis coincide with the results previously reported
in literature. We also demonstrated that for the true ML estimator, our asymptotic
performance bounds coincide with the CRLB.

The explicit stability conditions on the QML estimator show that asymptotic
stability is fully determined by the signs of

IEϕ′′i (cisi),
IEϕ′′i (cisi)IE(cisi)2 · IEϕ′′j (cisj)IE(cjsj)2 − 1,

and

IEϕ′′i (cisi)(cisi)2 + 1,

whereci are scaling factors, obtained from the solution of IEϕ′i(cisi)(cisi) = 1.
Extension of these results to the case of multi-dimensional sources is straighfor-
ward.
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