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Abstract

We derive bounds on the asymptotic density of parity-check matrices and the achievable rates of binary
linear block codes transmitted over memoryless binary-input output-symmetric (MBIOS) channels. The
lower bounds on the density of arbitrary parity-check matrices are expressed in terms of the gap between the
rate of these codes for which reliable communication is achievable and the channel capacity, and the bounds
are valid for every sequence of binary linear block codes. These bounds address the question, previously
considered by Sason and Urbanke, of how sparse can parity-check matrices of binary linear block codes
be as a function of the gap to capacity. Similarly to a previously reported bound by Sason and Urbanke,
the new lower bounds on the parity-check density scale like the log of the inverse of the gap to capacity,
but their tightness is improved (except for a binary symmetric/erasure channel, where they coincide with
the previous bound). The new upper bounds on the achievable rates of binary linear block codes tighten
previously reported bounds by Burshtein et al., and therefore enable to obtain tighter upper bounds on the
thresholds of sequences of binary linear block codes under ML decoding. The bounds are applied to low-
density parity-check (LDPC) codes, and the improvement in their tightness is exemplified numerically. The
upper bounds on the achievable rates enable to assess the inherent loss in performance of various iterative
decoding algorithms as compared to optimal ML decoding. The lower bounds on the asymptotic parity-check
density are helpful in assessing the inherent tradeoff between the asymptotic performance of LDPC codes

and their decoding complexity (per iteration) under message-passing decoding.

Index Terms: Block codes, channel capacity, error probability, iterative decoding, linear codes,
low-density parity-check (LDPC) codes, maximum-likelihood (ML) decoding, thresholds.

1 Introduction

Error correcting codes which employ iterative decoding algorithms are now considered state of the
art in the field of low-complexity coding techniques. The graphical representation of these codes is
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used to describe their algebraic structure, and also enables a unified description of their iterative
decoding algorithms over various channels. These codes closely approach the capacity limit of many
standard communication channels under iterative decoding. By now, there is a large collection of
families of iteratively decoded codes including low-density parity-check (LDPC), turbo, repeat-
accumulate and product codes; all of them, demonstrate a rather small gap (in rate) to capacity
with feasible complexity. In [6], Khandekar and McEliece have suggested to study the encoding
and decoding complexities of ensembles of iteratively decoded codes on graphs as a function of
their gap to capacity. They conjectured that if the achievable rate under iterative message-passing
decoding is a fraction 1 — ¢ of the channel capacity, then for a wide class of channels, the encoding
complexity scales like In % and the decoding complexity scales like % In % The only exception is the
binary erasure channel (BEC) where the decoding complexity behaves like ln% (same as encoding
complexity) because of the absolute reliability of the messages passed through the edges of the
graph (hence, every edge can be used only once during the iterative decoding process).

LDPC codes are efficiently encoded and decoded due to the sparseness of their parity-check
matrices. In his thesis [4], Gallager proved that right-regular LDPC codes (i.e., LDPC codes with a
constant degree (ar) of the parity-check nodes) cannot achieve the channel capacity on a BSC, even
under optimal ML decoding. This inherent gap to capacity is well approximated by an expression
which decreases to zero exponentially fast in ag. Richardson et al. [11] have extended this result,
and proved that the same conclusion holds if ag designates the mazimal right degree. Sason and
Urbanke later observed in [13] that the result still applies when considering the average right degree.
Gallager’s bound [4, Theorem 3.3] provides an upper bound on the rate of right-regular LDPC codes
which achieve reliable communications over the BSC. Burshtein et al. have generalized Gallager’s
bound for a general MBIOS channel [1], and the work in [13] relies on their generalization.

Consider the number of ones in a parity-check matrix which represents a binary linear code,
and normalize it per information bit (i.e., with respect to the dimension of the code). This quantity
(which will be later defined as the density of the parity-check matrix) is equal to % times the
average right degree of the bipartite graph that represents the code, where R is the rate of the code
in bits per channel use. In [13], Sason and Urbanke considered how sparse can parity-check matrices
of binary linear block codes be, as a function of their gap to capacity (where this gap depends in
general on the channel and on the decoding algorithm). An information-theoretic lower bound
on the asymptotic density of parity-check matrices was derived in [13, Theorem 2.1] where this
bound applies to every MBIOS channel and every sequence of binary linear block codes achieving a

fraction 1 — ¢ of the channel capacity with vanishing bit error probability. It holds for an arbitrary

. . . . Ki14+KoIn 2
representation of parity-check matrices for these codes, and is of the form %28115 where K;

and Ky are constants which only depend on the channel. Though the logarithmic behavior of
this lower bound is in essence correct (due to a logarithmic behavior of the upper bound on the
asymptotic parity-check density in [13, Theorem 2.2]), the lower bound in [13, Theorem 2.1] is not
tight (with the exception of the BEC, as demonstrated in [13, Theorem 2.3], and possibly also the
binary symmetric channel (BSC)). The derivation of the bounds in this paper was motivated by
the desire to improve the results in [1, Theorems 1 and 2] and [13, Theorem 2.1] which are based
on a two-level quantization of the log-likelihood ratio (LLR).

In [7], Measson and Urbanke derived an upper bound on the maximum-likelihood (ML) thresh-
olds of LDPC ensembles when the codes are transmitted over the BEC. Their general approach
relies on EXIT-like functions and the area theorem. This bound coincides with the ML threshold
determined by Montanari et al. using the replica method, showing that the bound is in fact tight.
In [8], Montanari presented a new approach for the analysis of codes on graphs under maximum
a posteriori probability (MAP) decoding. His approach is based on statistical mechanics, and the
resulting expressions are related to the density evolution analysis of belief propagation decoding.



Motivated by the heuristic statistical mechanics results, it was conjectured in [8] that the bounds
on the asymptotic achievable rates of LDPC codes are tight.

We derive in this paper improved bounds on the achievable rates and the asymptotic parity-
check density of sequences of binary linear block codes. The bounds in [1, 13] and this paper
are valid for every sequence of binary linear block codes, in contrast to a high probability result
which was previously derived for the binary erasure channel (BEC) from density evolution analysis
[14]. Shokrollahi proved in [14] that when the codes are communicated over a BEC, the growth
rate of the average right degree (i.e., the average degree of the parity-check nodes in a bipartite
Tanner graph) is at least logarithmic in terms of the gap to capacity. The statement in [14] is a
high probability result, and hence it is not necessarily satisfied for every particular code from this
ensemble. Further, it assumes a sub-optimal (iterative) decoding algorithm, where the statements
in [1, 13] and this paper are valid even under optimal ML decoding.

The significance of the bounds in this paper is demonstrated in two respects. The new upper
bounds on the achievable rates of binary linear block codes tighten previously reported bounds
by Burshtein et al. [1], and therefore enable to obtain tighter upper bounds on the thresholds of
sequences of binary linear block codes under ML decoding. They are applied to LDPC codes, and
the improvement in their tightness is exemplified numerically. Comparing the new upper bounds
on the achievable rates with thresholds provided by a density-evolution analysis gives rigorous
bounds on the inherent loss in performance due to the sub-optimality of iterative message-passing
decoding (as compared to soft-decision ML decoding). The new lower bounds on the asymptotic
parity-check density tighten the lower bound in [13, Theorem 2.1]. Since the parity-check density
can be interpreted as the complexity per iteration under iterative message-passing decoding, then
tightening the reported lower bound on the parity-check density [13] gives insight on the tradeoff
between the asymptotic performance and decoding complexity of LDPC codes.

In this paper, preliminary material is presented in Section 2, and the theorems are introduced
and proved in Sections 3 and 4. The derivation of the bounds in Section 3 was motivated by
the desire to generalize the results in [1, Theorems 1 and 2] and [13, Theorem 2.1]. A two-level
quantization of the log-likelihood ratio (LLR), in essence replacing the arbitrary MBIOS channel
by a physically degraded binary symmetric channel (BSC), is modified in Section 3 to a quantized
channel which better reflects the statistics of the original channel (though the quantized channel
is still physically degraded w.r.t. the original channel). The number of quantization levels of the
LLR for the new channel is an arbitrary integer power of 2, and the calculation of these bounds is
subject to an optimization of the quantization levels, as to obtain the tightest bounds within their
form. In Section 4, we rely on the conditional pdf of the LLR of the MBIOS channel, and operate
on an equivalent channel without quantizing the LLR. This second approach finally leads to bounds
which are uniformly tighter than the bounds we derive in Section 3. It appears to be even simpler
to calculate the un-quantized bounds in Section 4, as their calculation do not involve the solution
of any optimization equation (in contrast to the quantized bounds, whose calculation involves a
numerical solution of optimization equations w.r.t. the quantization levels of the LLR). Fortunately,
the multi-dimensional integral obtained in the derivation of the bounds in Section 4 is transformed
to a rapidly convergent infinite series of one-dimensional integrals; this issue is crucial in facilitating
the calculation of the bounds in Section 4. We note that the significance of both the quantized
and un-quantized bounds in Sections 3 and 4, respectively, stems from a comparison between these
bounds which gives insight on the effect of the number of quantization levels of the LLR (even if
they are optimally determined) on the achievable rates, as compared to the ideal case where no
quantization is done. Numerical results are exemplified and explained in Section 5. Finally, we
summarize our discussion in Section 6 and present interesting issues which deserve further research.
Four appendices provide further technical details referring to the proofs in Sections 3 and 4.



2 Preliminaries

We introduce here some definitions and theorems from [1, 13] which serve as a preliminary material
for the rest of the paper. Definitions 2.1 and 2.2 are taken from [13, Section 2].

Definition 2.1 (Capacity-Approaching Codes). Let {C,,} be a sequence of codes of rate R,
and assume that for every m, the codewords of the code C,, are transmitted with equal probability
over a channel whose capacity is C. This sequence is said to achieve a fraction 1 — e of the channel
capacity with vanishing bit (block) error probability if lim,, .o Rm = (1 —€)C, and if there exists a
decoding algorithm under which the average bit (block) error probability of the code C,, tends to
zero in the limit where m — oo.

Definition 2.2 (Parity-Check Density). Let C be a binary linear code of rate R and block
length n, which is represented by a parity-check matrix H. We define the density of H, call it
A = A(H), as the normalized number of ones in H per information bit. The total number of ones
in H is therefore equal to nRA.

Definition 2.3 (Log-Likelihood Ratio (LLR)). Let py|x(:|-) be the conditional pdf of an
arbitrary MBIOS channel. The log-likelihood ratio (LLR) at the output of the channel is

PY|X(?J’X = 0))

LLR(y) £ In ( .
(@) PY|X(y|X =1)

Throughout the paper, we assume that all the codewords of a binary linear block code are

equally likely to be transmitted. Also, we use the notation ho(-) for the binary entropy function to
base 2, i.e., ha(:) = —xlogy(z) — (1 — x) logy(1 — ).

Theorem 2.1 (An Upper Bound on the Achievable Rates for Reliable Communication
over MBIOS Channels). [1, Theorem 2|: Consider a sequence {C,} of binary linear block codes
of rate R,,, and assume that their block length tends to infinity as m — oco. Let H,, be a parity-
check matrix of the code Cy,, and assume that dj,, designates the fraction of the parity-check
equations involving k variables. Let

di, £ liminf dg,,, R = liminf R,. (1)

m—o0 m—0o0

Suppose that the transmission of these codes takes place over an MBIOS channel with capacity C
bits per channel use, and let

w5 [ win(s).5-0) dy )

—0o0

where f(y) = py|x (y|X = 1) designates the conditional pdf of the output of the MBIOS channel.
Then, a necessary condition for vanishing block error probability as m — oo is
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Theorem 2.2 (Lower Bounds on the Asymptotic Parity-Check Density with 2-Levels
Quantization). [13, Theorem 2.1]: Let {C,,} be a sequence of binary linear codes achieving a
fraction 1 — ¢ of the capacity of an MBIOS channel with vanishing bit error probability. Then, the
asymptotic density (A,,) of their parity-check matrices satisfies

K+ KyInl
limianm>172n€

m—o0 1—¢

(3)
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and w is defined in (2). For a BEC with erasure probability p, the coefficients K; and K» in (4)
are improved to

(4)

_ _ p
K = ; Kg_(l—p)ln<11p>' (5)

Using standard notation, an ensemble of (n, A\, p) LDPC codes is characterized by its length n,
and the polynomials \(z) = > 0%, hizi™! and p(x) = Y02, pir' ™!, where \; (p;) is equal to the
probability that a randomly chosen edge is connected to a variable (parity-check) node of degree i.
The variables (parity-check sets) are represented by the left (right) nodes of a bipartite graph which
represents an LDPC code.

3 Approach I: Bounds Based on Quantization of the LLR

In this section, we introduce bounds on the achievable rates and the asymptotic parity-check density
of sequences of binary linear block codes. The bounds generalize previously reported results in [1]
and [13] which were based on a symmetric two-level quantization of the LLR. This is achieved by
extending the concept of quantization to an arbitrary integer power of 2; to this end, our analysis
relies on the Galois field GF(2™). In Section 3.1, we demonstrate the results and their proofs for
four-level quantization. In Section 3.2, we extend the results to a symmetric quantization with a
number of levels which is an arbitrary integer power of 2. This order of presentation was chosen since
many concepts which are helpful for the generalization in Section 3.2 are written in a simplified
notation for the four-level quantization, along with all the relevant lemmas for the general case
which are already introduced in the derivation of the bound with four-level quantization. This also
shortens considerably the proof for the general quantization in Section 3.2.

3.1 Bounds for Four-Levels of Quantization

As a preparatory step towards developing bounds on the parity-check density and the rate of binary
linear block codes, we present a lower bound on the conditional entropy of a transmitted codeword
given the received sequence at the output of an arbitrary MBIOS channel.

Proposition 3.1. Let C be a binary linear block code of length n and rate R. Let x = (x1,...x,)
and y = (y1,...,yn) designate the transmitted codeword and received sequence, respectively, when
the communication takes place over an MBIOS channel with conditional pdf py|x(:|-). For an
arbitrary positive [ € RT, let us define the probabilities pg, p1, p2, p3 as follows:

po = Pr{LLR(Y) > | X =0}

p1 = Pr{LLR(Y) € (0,]] | X =0} + %Pr{LLR(Y) =0|X =0}

p2 = Pr{LLR(Y) € [-,0) | X =0} + %Pr{LLR(Y) =0]X =0}

p3 2 Pr{LLR(Y) < —1 | X = 0}. (6)



For an arbitrary parity-check matrix of the code C, let dj designate the fraction of the parity-checks
involving k variables. Then, the conditional entropy of the transmitted codeword given the received
sequence satisfies

H(X|Y
XY 5 o).
, 2p2 \t 2p3 \k—t
k 1—(1- 1—
Z dy, Z (t> (p1 +p2)t(p0 +p3)k7th2 ( P1+p2 )2( p0+p3) )
k t=0

Proof. Considering an MBIOS channel whose conditional pdf is given by py|x(|-), we introduce a
new physically degraded channel. It is a binary-input, quaternary-output symmetric channel (see
Fig. 1). To this end, let I € R* be an arbitrary positive number, and let « be a primitive element of
the Galois field GF(22) (so a? = 1+ «). The set of the elements of this field is {0, 1, a, 1+ a}. Let
X, and Y; designate the random variables referring to the input and output of the original channel
py|x (") at time i (where i = 1,2,...,n). We define the degraded channel as a channel with four
quantization levels of the LLR. The output of the degraded channel at time %, z;, is calculated from
the output y; of the original channel as follows:

If LLR(y;) > I, then 2 = 0.

If 0 < LLR(y;) <, then z = a.

If =l <LLR(y;) <0, then z; =1+ a.
If LLR(y;) < —I, then z; = 1.

If LLR(y;) = 0, then 2; is chosen as o or 1 + o with equal probability (3).

O—
T

Figure 1: The channel model in the left plot is a physically degraded channel used for the derivation
of the bound with four levels of quantization. The element o denotes a primitive element in GF(22).
This channel model is equivalent to a channel with an additive noise in GF(22) (see right plot).

From the definition of the degraded channel in Fig. 1, this channel has an additive noise and is
also binary-input output-symmetric. It follows that the transition probabilities given in (6) can be
expressed in an equivalent way by

p=Pr(Z=0|X=0)=Pr(Z=1|X=1)
p=Pr(Z=a|X=0)=Pr(Z=14+a| X =1)
p=Pr(Z=14+a|X=0)=Pr(Z=a|X=1)
ps=Pr(Z=1|X=0)=Pr(Z=0| X =1)



where the symmetry in these transition probabilities holds since the original channel is MBIOS.

Since C is a binary linear block code of length n and rate R, and the codewords are transmitted
with equal probability then

H(X) = nR. (8)

Also, since the channel Py|x(-|-) is memoryless, then

H(Y|X) = nH(Y|X). 9)

We designate the output sequences of the original channel and its degraded version by Y and Z,
respectively. Since the mapping from Y; to the degraded output Z; (i = 1,2,--- ,n) is memoryless,
then H(Z|Y) =nH(Z|Y), and

H(Y) = H(Z)- H(Z|Y)+ H(Y|Z)
= H(Z)—nH(Z|Y) + H(Y|Z) (10)

H(Y|Z) < zn: H(Y;|Z;)
i=1
= nH(Y|Z2)

= nlHY)-H(Z)+ H(Z|Y)]. (11)
Applying the above towards a lower bound on the conditional entropy H(X|Y), we get

H(X|Y) = HX)+H(Y|X)—-H(Y)
= nR+nH(Y|X)-H(Y)
= nR+nH(Y|X) - H(Z) -
> nR+nHY|X)—-H(Z)—n[HY)—-H(Z)+ H(Z|Y)| + nH(Z|Y)

— nR— H(Z)+nH(Z) —n[H(Y > H(Y|X)]

nR— H(Z)+nH(Z) —nl(X;Y)

nR—H(Z)+nH(Z)—nC (12)

H(Y|Z) +nH(Z|Y)

v

where the second equality relies on (8) and (9), the third equality relies on (10), the first inequality
relies on (11), and I(X;Y) < C is used for the last transition (where C' designates the capacity
of the non-degraded channel). In order to obtain a lower bound on H(X][Y) from (12), we will
calculate the exact entropy of the random variable Z, and find an upper bound on the entropy of
the random vector Z. This will finally provide the lower bound in (7).

Since C is a binary linear block code, then the input X is equally likely to be zero or one. The
output Z of the degraded channel in Fig. 1 has the following probability law:

Pr(Z=0) = Pr(Z=0,X=0)4+Pr(Z=0,X=1)
= Pr(Z=0]X=0)Pr(X=0)+Pr(Z=0]X=1) Pr(X =1)
Ppo + p3
2

and in a similar manner,

Pr(Z =1) = po;p?’, Pr(Z = a) = Pr(Z = 1 4+a) = PLEP2



The entropy of the random variable Z is therefore equal to

Po + p3 2 ) <p1+p2> ( 2 )
H(Z) = 2 lo +2 lo
2) < 2 ) 82 <p0 + p3 2 &2 p1+ P2

1 1
= 1+ (po+p3)lo + (p1 +p2)lo
(po + p3) logy <p0+p3> (p1 + p2) log, (p1+p2>

= 1+ ha(p1 +p2) (13)

where the last transition follows from the equality pg + p1 + p2 + p3 = 1. We now derive an upper
bound on the entropy H(Z). To this end, let

Zi=0;+®;,a, 1=1,2,...,n (14)

where ® = (01,02,...,0,) and ® = (P, Pg,...,P,) are random vectors over {0,1}". From the
composition of Z; into a pair of two binary components (©;, ®;), it follows from Fig. 1 that

Pr(®;=0)=p1+p2, Pr(®;i=1)=po+ps=1—(p1+p2), i=12,...,n. (15)
Based on (14) and (15), it is easy to verify the following chain of equalities:

H(Z) = H(Z1,Z2,...,%y)

01,09,...,0,,01,P9,...,P,)
((I)l,q)g,...,q)n)—f—H(@l,@Q,...,@n’q)l,q)g,...,q)n)

= nhg(pl—i—pQ)—I-H(G)l,@Q,...,@n|(I)1,(I)2,...,(I>n) (16)

T X

where the last equality follows from (15) and since the degraded channel in Fig. 1 is memoryless.
Let us define the syndrome at the output of the degraded channel as

S£(01,0,...,0,)HT

where H is a parity-check matrix of the binary linear block code C. We note that the calculation
of the syndrome only takes into account the first components in the composition of the vector Z
in (14). Note that the transmitted codeword x € C only affects the ©-components of the vector
Z in (14), and also xHT = 0 for any such a codeword. Let us define L as the index of the vector
(©1,04,...,0,) in the coset referring to the syndrome S. Since each coset has exactly 2" elements
which are equally likely, then H(L) = nR, and

H(©1,0,...,0, | &1, ®y,...,®,) = H(S,L|®y, &y, ..., 5,)
< H(L)+ H(S|®,®s,...,,)
= nR+H(S|®,®s,...,9,). (17)

Considering a parity-check equation involving k variables, let {i1,i2,...,it} be the set of indices
of the variables involved in this parity-check equation. The relevant component of the syndrome S
which refers to this parity-check equation is equal to zero or one if and only if the components of
the sub-vector (0;,,0;,,...,0;,) differ from the components of the sub-vector (X;,, X,,...,Xj,)
in an even or odd number of indices, respectively. It is clear from Fig. 1 that for an index ¢ for
which ®; = 1, the random variables X; and ©; are different in probability pllfm; as a result of the
symmetry of the channel, this probability is independent of the value of X;. Similarly, for an index
i for which ®; = 0, the random variables X; and ©; are different in probability —22— which again

.. po+p3’
is independent of the value of Xj.




Given that the Hamming weight of the vector (®;,, ®;,,...,®;, ) is ¢, then the probability that
the components of the two random vectors (0;,,0;,,...,0;,) and (X, Xi,, ..., X;,) differ an even
number of times is equal to

a(t,k) g2t k) + (1 — qu(t, k) (1 — q2(t, k)
where q;(t, k) designates the probability that among the ¢ indices ¢ for which ®; = 1, the random
variables X; and ©; differ an even number of times, and ¢s(t, k) designates the probability that
among the k — t indices i for which ®; = 0, the random variables X; and ©; differ an even number
of times. Based on the discussion above, it follows that

i1 (1- 2 )t
" (t k‘) _ Z t P2 _ p1+p2
’ i) \p1+Dp2 2

1 even

i 14 (1 — s )kit
(t k) _ Z k—1t D3 _ Po+p3
=i i ) \po+m 2

1 even

so the probability that the two vectors (0;,,0;,,...,0;,) and (X, Xj,, ..., X;,) differ in an even

number of indices is
t k—t
_ _2p2 _ _2ps
1+ (1 p1+p2) (1 Po+p3)

2

ql(ta k) QQ(t> k) + (]— - Q1(t7 k)) (1 - QZ(ta k)) =

We conclude that given a vector ® € {0,1}* of Hamming weight ¢

t
14+ (1 _ _2p2 ) ( _ _2p3 )
H(Si ‘ ((I)’h?(piZ) B -,q)ik) :@) — hy P1+p2 5 po+p3

This yields that if the calculation of a component S; (i =1,...,n(1 — R)) in the syndrome S relies
on a parity-check equation involving k variables, then

H(S; | ®1,®9,...,8,) = H(S;|®;y, Byy,..., B;,)
= > Pr((®i,Piy,..., i) =) - H(Si | (D4, iy ..., Py) = D)

20,1}k
—t
k H(l_ﬂ) (1_2¢)
k _ + +p:
= ) (t>(p1 +p2) (o + p3)* ' ha e
t=0

k 1_0_&) (1_2¢) !
_ Z <IZ> (p1 +p2)t(po —I—pg)k_thg p1+p2 5 po+p3

t=0
where the third equality turns to averaging over the Hamming weight of ® = (®;,, ®;,,...,®;, ), and
the last equality follows from the symmetry of the binary entropy function (where ho(z) = ha(1—1x)
for z € [0,1]). Let dj designate the fraction of parity-check equations in the arbitrary parity-check
matrix which involve k variables, so their total number is n(1 — R)dj and

H(S| ®1,P,...,P,)

n(1—R)
< ) H(Si | 91,P,..., D)
=1
k 2p2 \t 2p3 \k—t
k L (=) (1)
:n(l—R)Z dp. Z<t>(p1+p2)t(p0+p3)k thg Pp1+p2 5 Po+p3 .(18)
k t=0



By combining (16)—(18), an upper bound on the entropy of the random vector Z follows:

H(Z) < nR+ nha(p1 + p2)

- (1= ) (1 )

k
+n(1 — R) Z de (?) (p1 +p2) (po + p3)*F"he 5 Po+p3 (19)
% =0

The substitution of (13) and (19) in (12) finally provides the lower bound on the conditional entropy
H(X|Y) in (7). O

The following theorem tightens the lower bound on the parity-check density of an arbitrary
sequence of binary linear block codes given in [13, Theorem 2.1]:

Theorem 3.1 (“Four-Level Quantization” Lower Bound on the Asymptotic Parity-Check
Density of Binary Linear Block Codes). Let {C),} be a sequence of binary linear block codes
achieving a fraction 1 — ¢ of the capacity of an MBIOS channel with vanishing bit error probability.
Then, the asymptotic density (4A,,) of their parity-check matrices satisfies

K|+ K;lnl
liminf A,, > % (20)
m— 00 1—¢
where
1 1-C 1-C
K1 = K2 In ( ) s KQ = — (21)
21n(2 C (p1—p2)? | (po—ps3)?
n( ) ¢ ln((p11+P22) + 1?0-0—;3 )

and po, p1,p2, p3 are defined in (6) in terms of [ € RT. The optimal value of [ is given implicitly
by the equation
pi+e'nt _ pi+e g (22)
(p1+p2)*  (po+ps)?

where such a solution always exists.!

Proof. Derivation of the lower bound in (20) and (21):

Lemma 3.1. Let C be a binary linear block code of length n and rate R. Let B, designate
the average bit error probability of the code C which is associated with an arbitrary decoding
algorithm and channel, and let X and Y designate the transmitted codeword and received sequence,
respectively. Then

HX|Y
EIRID @
Proof. The lemma is proved in Appendix A.1. O

Lemma 3.2. hy(z) <1— % (3 —2)*for 0<z < 1.

Proof. The lemma is proved in [13, Lemma 3.1]. O

Tt was observed numerically that the solution ! of the optimization equation (22) is unique when considering the
binary-input AWGN channel. We conjecture that the uniqueness of such a solution is a property which holds for
MBIOS channels under some mild conditions.

10



Referring to an arbitrary sequence of binary linear block codes {C,,} which achieves a fraction
1 — € to capacity with vanishing bit error probability, then according to Definition 2.1, there exists
a decoding algorithm (e.g., ML decoding) so that the average bit error probability of the code C,,
tends to zero as m goes to infinity, and lim,, oo Ry = (1 —€)C. From Lemma 3.1, we obtain that
lim,y, 00 H(X:Zirly’”) = 0 where X,, and Y,, designate the transmitted codeword in the code C,,
and the received sequence, respectively , and n,, designates the block length of the code C,,. From

Proposition 3.1, we obtain

H(X|Ym
(n’ )21—0—(1—Rm)-
k 2py \t 2p3 \k—t
k t k—t 1- (1 B p1+p2) (1 B P0+p3)
Zk: die,m ;(J (p1 4+ p2)" (Po 4+ p3)" "h 5

By letting m go to infinity, then

k k _ (p1*p2)t(p0*p3)k*t
1-C-(1-(1-2)0)) @EZQym+mmem9“%z DLpa It <0
k t=0

and the upper bound on hs(:) in Lemma 3.2 gives

1-C-(1-(1-¢)C)-

5 LS () et 2 (2 (o)
F ¢ TR0 TS 2In2 \p1 + p2 Po + D3

k t=0

}<0@@

Since pg + p1 + p2 + ps = 1 (i.e., the transition probabilities of the channel in Fig. 1 sum to 1),
then
Lk k 1 (p—p2\" (po—ps\**
d T o) (po + ps)* |1 ( ) < )
Zk:{ ‘ ;(J(m P2) (po +p3) [ 2In2 \p1 +p2 po+ps3
k k—
L P Z(’“) ((m —p2>2>t ((Po —p3>2> t
- 21n2t:0 t p1+ P2 Do + D3
k 2\ t 2\ k—t
1 1 3 dkz(k> <(p1—p2) ) <(p0—p3) )
2In2 t P1+ D2 Po + p3

k t=0
1 )2 a2\ F
- 11— Z dy ((pl p2) + (po — ps3) >
2In2 - P14+ p2 Do + D3
1 _ 2 _ 2\ 2R
2In2 D1+ P2 Po + p3

where ag = i kdy, designates the asymptotic average right degree of the bipartite graphs which
refer to the sequence of linear block codes {C,,}, and the last transition follows from Jensen’s
inequality. Combining (24) and (25) gives

1 (p1 —p2)? (o —P3)2>GT
1-C—-(1-(1-¢e)C) |1 - + <0.
(1-0=9 )[ 2In2 ( p1+ P2 po + p3 -

This yields the following lower bound on the asymptotic average right degree:

1
ar > K1+ Kyln <> (26)
£

11



where

1 1-C
Ki:_ 1n(2ln2T) Ké:_ 1 (27)
(p1—p2)? | (po—p3)?\ ’ (p1—p2)% | (po—p3)?\’
ln( p1+p2 + Po+p3 ) ln< p1+p2 + Po+p3 )

According to Definition 2.2, the density (A) of a parity-check matrix is equal to the number of
edges in the corresponding bipartite graph normalized per information bit, while the average right
degree (aR) is equal to the same number of edges normalized per parity-check node. These different
scalings of the number of the edges in a bipartite graph therefore imply that

1-R

A:
R

aR (28)

where R is the rate of a binary linear block code. By our assumption, the asymptotic rate of the
sequence of code {C,,} is equal to a fraction 1 —¢ of the capacity. Therefore, by combining (26) and
(28) with R = (1 — ¢)C, we obtain a lower bound on the asymptotic parity-check density which is
of the form
K+ Ksln (%)
1—¢
where
1-C
C
and K, are introduced in (27). This completes the proof of the lower bound in (20) with the
coefficients K1 o in (21).

K= K, (29)

Derivation of the optimization equation (22): We refer the reader to Appendix A.2, where we
also show the existence of such a solution. O

Discussion: It is required to show that we achieve an improved lower bound on the parity-check
density, as compared to the one in [13, Theorem 2.1]. To this end, it suffices to show that

(p1 — p2)? n (po — p3)?

> (1—2w)2 (30)
p1+ P2 po + p3

For a proof of this inequality, we refer the reader to Appendix A.3.

This therefore proves that the new lower bound is tighter (i.e., larger) than the original bound
in [13, Theorem 2.1] (which corresponds to a two-level quantization of the LLR, as compared to
the new bound which is based on a four-level quantization of the LLR).

Based on the proof of Theorem 3.1, we prove and discuss an upper bound on the asymptotic
rate of every sequence of binary linear codes for which reliable communication is achievable. The
bound refers to soft-decision ML decoding, and it is therefore valid for any suboptimal decoding
algorithm. Hence, the following result also provides an upper bound on the achievable rate of
ensembles of LDPC codes under iterative decoding where the transmission takes places over an
MBIOS channel. The following bound improves the bounds stated in [1, Theorems 1 and 2]:

Corollary 3.1 (“Four-Level Quantization” Upper Bound on the Asymptotic Achievable
Rates of Sequences of Binary Linear Block Codes). Let {C),} be a sequence of binary linear
block codes whose codewords are transmitted with equal probability over an MBIOS channel, and
suppose that the block length of this sequences of codes tends to infinity as m — oo. Let dj ,,, be
the fraction of the parity-check nodes of degree k in an arbitrary representation of the code Cp,

12



by a bipartite graph.? Then a necessary condition for this sequence to achieve vanishing bit error
probability as m — oo is that the asymptotic rate R of this sequence satisfies

1-C

i 2p2 \! 2p3 \k—t
k 1—(1- 1—
Z dkz<t>(p1 + p2)t(po —|—p3)k_th2< ( PH—pz) ( po+p3) )

2
k t=0

2
(p2 + p3) . } (31)
1= dy (1 —2(p2 +p3))

i

I

Rﬁl—max{

where pg, p1, p2, ps are introduced in (6), and di and R are introduced in (1).

Proof. The first term in the RHS of (31) follows from (7) in Proposition 3.1 and (23) in Lemma 3.1.
It follows directly by combining both inequalities, and letting the bit error probability P, go to
zero. The second term in the RHS of (31) follows from the proof of [13, Corollary 3.1] which is
based on the erasure decomposition Lemma [11]. O

Considering ensembles of LDPC codes, we note that the fraction di of nodes of degree k is
calculated in terms of the degree distribution p(-) by the equation

[ oy

3.2 Extension of the Bounds to 2¢ Quantization Levels

=R

dy, = (32)

Following the method introduced in Section 3.1, we commence by deriving a lower bound on the
conditional entropy of a transmitted codeword given the received sequence.

Proposition 3.2. Let C be a binary linear block code of length n and rate R. Let x = (z1,...%y,)
and y = (y1,...,Yyn) designate the transmitted codeword and received sequence, respectively, when
the communication takes place over an MBIOS channel with conditional pdf py|x(-[-). For an
arbitrary d > 2 and 0 < lpa1_ < ... <l <1 < £ 50, let us define the set of probabilities

{ps}gi_ol as follows:

Pr{ls;1 < LLR(Y) <5 | X =0} 5=0,...,2¢71 -2
) & Pr{O <LLR(Y) <lga-1_; | X =0} + s Pr{LLR(Y) =0 | X =0} s=2%"1-1 (33)
’ Pr{—ly1_; <LLR(Y) <0| X =0} + 1 Pr{LLR(Y) =0 | X =0} s = 2%~
Pr{—lyi_(s41) <LLR(Y) < —lpa_ | X =0} s=20"141,...,2¢ 1.

For an arbitrary parity-check matrix of the code C, let dj. designate the fraction of the parity-checks
involving k variables. Then, the conditional entropy of the transmitted codeword given the received

*For a sequence of ensembles of binary linear codes {Cn,}, we denote by d,, the probability of picking (with
uniform distribution) a parity-check node of degree k from a bipartite graph which represents the code Cp,.
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sequence satisfies

H(szl—C—(l—R)Z{dk
k

n

k
D <k0,...,k2d_11> '

24711 1 2d-1_1 o1\
H (Pi + Paa_1 )" ha B 1- H (1—w> } (34)

i—0 i—0 Di +Dod_1_

Proof. Following the proof of Proposition 3.1, we introduce a new physically degraded channel. It
is a memoryless binary-input 2%-output symmetric channel (see Fig. 1 for d = 2). To this end, let
Iy >1ls > ... >lga-1_; € RT be arbitrary non-negative numbers, and denote lg = co. The output
alphabet of the degraded channel is defined to be GF(2%) whose elements form the set

Zaj o st (ag,ai,...,aq_1) € {0,1}¢

Fors=0,1,...,2%1—1, let us denote the d—1-bit binary representation of s by (ags), ags), ceey aé“i)l

i.e.

&

-1

_ (s) ]1
s = a; 2
1

<.
Il

Let X; and Y; designate the random variables referring to the input and output of the original
channel py|x (+|-) at time i (where i = 1,2,...,7n). As a natural generalization of the channel model
in Fig. 1, we introduce a channel with 2¢ quantization levels of the LLR. The output of the degraded
channel at time 4, z;, is calculated from the output y; of the original channel as follows:

If Is41 < LLR(y;) < I for some 0 < s < 2971 — 1, then z; = ZJ La gs) o,

If 0 < LLR(y;) < lya-1_y, then z = Y9 o,

If —lpa-1 ; < LLR(y;) <0, then z; = 1 + Y97} o/,
If —Iy < LLR(y;) < —ls41 for some 0 < s < 2971 — 1, then z; = 1 + Z] 145 (8) i

If LLR(y;) = 0, then z; is chosen as Z] tador 1+ ZJ 1 of with equal probability ().

From (33), the transition probabilities of the degraded channel are expressed in an equivalent way
by

d—1 d—1
ps=Pr(Zz=) dY o/ | X=0)=Pr(Z=1+> a I | X =1)
j=1 j=1
d—1 A d—1
pri g =Pr(Z2=1+Y dY o/ | X=0)=Pr(z=) dY o/ | X =1) (35)
j=1 j=1

where s = 0,1,...,2971 — 1. The symmetry in these equalities holds since the channel is MBIOS.
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Equations (8)-(12) hold also for the case of 2%-level quantization. Thus, we will calculate the
entropy of the random variable Z, and an upper bound on the entropy of the random vector Z.
This will finally provide the lower bound in (34).

Since X is equally likely to be zero or one, the output of the degraded channel, which is
symmetric, satisfies the following probability law for s = 0,1,...,2¢7 1 —1:

d—1 d—1
Pr(Z=1+ Zag.s) od) =Pr(Z = Zags) o)
j=1 j=1

d—1 d—1
=Pr(Zz=) d o/ | X=0) Pr(X=0)+Pr(Z=) a? o/ | X =1) Pr(X =1)
i=1 i=1
_ Ps +Paa_j_g
2
The entropy of Z is therefore
Y pe 2
Ds T Pod_1—s
H@ =2 8;) 2 o8 (ps +p2d13>

20-1_1
1
Y o () w

p Ps t Pod_1—s
d
where the last transition follows from the equality Zizal ps = 1.

We now derive an upper bound on the entropy of the random vector Z. To this end, let
d—1 '
Zi=0;+Y ®ijol, i=12...n (37)
j=1

Denoting ®; = (®;1,Pi2,...,P®i4-1), we have that ® = (01,0,,...,0,,) is a random vector over
{0,1}*, and ® = (®1,®>,...,®,) is a random vector over {0,1} 1" From the decomposition
of Z; in (37), it follows from (35) that

Pr (@ = @{,... ,aﬁfﬂl)> —psdPyi g i=1,2...,m, s=0,1,...,2°1 1. (38)
From (37) and (38), and the same chain of equalities leading to (16), it follows that

2d-1_1
H(Z) = n Z (ps + Daa_1_) logy <1>

=0 Ds T Pod_1_g
—{—H(@l,@g,...,@n ‘ (I)l,q)g,...,(I’n). (39)
As in the proof of Proposition 3.1, we define the syndrome as S = @ H” where H is a parity-check

matrix of the code C. As before, the transmitted codeword x € C only affects the ©@-components of
the vector Z in (37). In parallel to (17), we obtain

H(@l,@g,...,(an|<I>1,<I>2,...,<I>n)§nR+H(S]<I>1,<I>2,...,<I>n). (40)

Considering a parity-check equation which involves k variables, let {i1,i2,...,ir} be the set of
indices of the variables involved in this parity-check equation. The component of the syndrome
S which refers to this parity-check equation is zero if and only if the components of the sub-

vector (©;,,0;,,...,0;,) differ from the components of the sub-vector (X, Xj,,...,X;,) in an

even number of indices. It is clear from (35) that for an index i, where ®; = (a,gs) , aés), e ,aﬁl‘i)l)

for some s = 0, ...,2971 —1, the random variables X; and ©; are different in probability ﬁ%.
s 2¢—-1—s
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Lemma 3.3. Given that (®;,, ®;,,...,®;,) has k, elements of the type (ags), ags), e a&s_)l) (where
5=0,...,2971-1), the probability that the components of (6;,,0,,,...,0;.) and (X, Xi,, - - -, Xi,)
differ in an even number of indices is equal to

2d—171 k
1 2poa_q1_g °
ST (i

Ps + Dod_1_g

Proof. The lemma is proved in Appendix B.1. O

Based on Lemma 3.3 and the discussion above, it follows that given that the vector (®;,, ®;,, ..., ®;,)
has ks elements of the type (ags), ags), ... ,a&s_)l) then

1 2011 2 ks
H(S; | ®;,Pi,,..., P, )=ho | = |1- <1_2—1—s)
( l’ ! " Zk) 2 g] Ps +p2d_1_s

For a component S; (1 <i < n(l — R)) of the syndrome S which refers to a parity-check equation
involving k variables

H(S; | ®1,®s,...,P,)

=H(S; | i, Pi,...,P;5)

= Y Pr((®i, @iy, Bi,) =) H(S; | (Bi), ®iy,.... 0;,) = D)
Qe{()’l}(dfl)k

k 24-1_1
- T (. ) I G

- k d—1__
ko oskyd—1_4 2 /' s=o0
Y, ks=k

24-1_1 k
1 2pga_1-s
-ha B 1- | | <1 -

0 Ps + Pod_1_s

The number of parity-check equations involving k variables is n(1 — R)dy, hence

H(S| ®,,®,...,%,)
n(1—R)
< Y H(S | ®1,®,,...,9,)
=1

k 2d-1_1
=n(1-R)Y_ {dk > (ko, B ) [T (s +poay)®

k koykipd 1, kg1
2 ks=k
2d—1_1 k
1 2 s
ho | = [1— H <1_p2dls> ] (41)
2 0 Ps t Pod_1_s
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By combining (39)—(41), an upper bound on the entropy of the random vector Z follows:

24-1—1
1
H(Z) <nR+n E 4+ Pod_1_4) lo <)
( ) s=0 (ps Pai 5) 82 Ds +p2d,1,s

k 2d-11
+n(1 - R) Z {dk Z (ko ) H (Ps + Paa_1_s)"

& ko,...,k‘2d7171 ey k‘2d71_1 s—0
s ks=k
2d71_1 k
1 2 s
ho | = [1— H (1_]?2d—1—3> ) (42)
2 =0 Ps + D1

The substitution of (36) and (42) in (12) finally provides the lower bound on the conditional entropy
H(X|Y)in (34). O

Discussion: The calculation of the lower bound in the RHS of (34) becomes more complex
as the value of d is increased. However, for optimally chosen quantization levels, we show that

as the value of d is increased (thus, increasing the number of quantization levels), this bound is
d

9 léd)fl_l)

and their symmetric values around zero denote the optimal choice for a 2%-level quantization. Let

p(()d), pgd), el pgfi)_l denote the transition probabilities, as defined in (33), which are associated with

monotonically increasing. To this end, let d > 2 be an arbitrary integer, and let (lgd), e

the optimal 2% quantization levels. In order to show the above monotonicity property, we prove in
Appendix B.2 that there exist sub-optimal 2¢+! quantization levels Iy, o, . . ., l~2d_1 (together with
their symmetric values around zero) so that even with this sub-optimal 29*!-level quantization,
the bound in the RHS of (34) is already better than the one which is calculated from the optimal
choice of a 2%-level quantization.

Theorem 3.2 (“2%-Level Quantization” Lower Bound on the Asymptotic Parity-Check
Density of Binary Linear Block Codes). Let {C),} be a sequence of binary linear block codes
achieving a fraction 1 — ¢ of the capacity of an MBIOS channel with vanishing bit error probability.
Then, the asymptotic density of their parity-check matrices satisfies

K|+ Kylni
liminf A, > L2 0E (43)
m—00 1-—¢
where
1 1-C 1-C

Ki=KoIn|—— — Ko =— . 44
! 2 (21n(2) C ) ’ 2 2d-1_1 2 (44)

O In (Pi — Paa_1_;)

o Pit D21

Here, d > 2 is an arbitrary integer and the probabilities {p;} are introduced in (33) in terms
ofly > ... > lya1_4; € R, The optimal vector of quantization levels (ly,...,lsa-1_1) is given
implicitly by the set of 29~ — 1 equations

2 —1; 42 2 —1; 2
p2d,1,i + € Zpi . de,i + € quj_l

(pi + Poa_1_;)* B (Pi—1 + poa_;)?

i=1,...,27 1. (45)

where such a solution always exists.?

3See the footnote to Theorem 3.1 in p. 10.
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Proof. For an arbitrary sequence of binary linear block codes {C,,} which achieves a fraction 1—¢ to
capacity with vanishing bit error probability, we get from Lemma 3.1 that lim,, . H(X’;L’inllY’") =0
where X,,, and Y,, designate the transmitted codeword in the code C,, and the received sequence,

respectively, and n,, designates the block length of the code C,,. From Proposition 3.2, we obtain

H(Xon[Yom)

Nm

>1-C—(1-Rn)-

k 2d-1_1
Z {dk;m Z <k0 k:zd—11> H (ps + Paa_1-5)"

k koy...skyd—1_4 s=0
S, ke=k
2d—1_1 L
1 2 . s
(L] <1 _ Wls) '
2 =0 Ds +Pod_1_g

Similarly to the proof of Theorem 3.1, by letting m tend to infinity and using the upper bound on
ha(-) from Lemma 3.2, we get

I 20-1 1
1-C—(1-(1-¢)0) Z{dk 3 (ko > [T s +paaio)™

k Kos, lﬂ2d_1 . 5. ..,]’C2d—1,1 5—0
> ka=k
1 9d—1_1 2ks
- D —Paicis <o. (46)
2In2 =0 Ds +p2d,175

Since >, dp =1 and Ziif)l ps = 1, the sum in the LHS of (46) is equal to

1 i 9d—1_1 (p — Dod )2 ks
P LD IR ) I (55
2In2 zk:: ko k‘z(; ) k?(), cey de—l_l g Ds + Pod_1_g¢
e —L
ZS ks=k
k
2d—1_1 2
1 (ps - p2d—1—s)
=1- d
2In2 Z F Z Ds + Pad_1_;
k s=0
2d-1_1 2\ “®
1 _
<1- Z (Ps — Poa 1) (47)
2In2 Ds + Pod_1_g

where ag £ > i kdj, designates the asymptotic average right degree, and the last transition follows
from Jensen’s inequality. Combining (46) and (47) gives

9d-1_1 R

1 (ps _deflfs)Q
1-C—-(1-(1-¢)C) |1- <0.
( ( ) ) 21n2 ; Ps +p2d_1_8 -

This yields the following lower bound on the asymptotic average right degree:

1
ar > K1+ Kyln <8> (48)
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where

1 1-C
K = _ In (575 °%°) K — _ 1
e 9d-1_1 2\ B 2d-1_1 5
m( Y P Pai_1—s) I (Ps — Paa_1-s)
s—o Ps + Pod_1-s —o Ps + Pod_1

By combining (28) and (48) with the asymptotic rate R = (1 — ¢)C, we obtain a lower bound on
the asymptotic parity-check density which is of the form
K+ Ksln ( %)
1—-¢
where

This completes the proof of the lower bound in (43) and (44). The derivation of the set of opti-
mization equations in (45) follows along the lines of the derivation of (22). In the general case of
2¢ quantization levels, it follows from (44) that we need to maximize

2d—1_1

Z (ps — pzd—l—s)2
o PstPaaig
To this end, we set to zero all the partial derivatives w.r.t. I, where s = 1,...,2¢71 — 1. Since from

(33) only ps, ps—1, paa_s and pea_,_; depend on I, then

K2 { (Ps—1 —p3e_s)” (P _p24—3—1)2} 0
ps—l +p2475 pS + p2d7571

Ol

We express now the probabilities ps, ps—1, pai_, and pya_,_; as integrals of the conditional pdf
a(-) of the LLR, and rely on the symmetry property where a(l) = e'a(—I) for I € R. In a similar
manner to the derivation of (22), this gives the set of equations in (45). Their solution provides
the quantization levels Iy, ..., ly-1_; (where according to Proposition 3.2, the other 2771 — 1 levels

are set to be symmetric w.r.t. zero). O

Based on the proof of Theorem 3.2, we derive an upper bound on the asymptotic rate of every
sequence of binary linear codes for which reliable communication is achievable. The bound refers
of soft-decision ML decoding, and it is therefore valid for any sub-optimal decoding algorithm.

Corollary 3.2 (“2d-Level Quantization” Upper Bound on the Asymptotic Achievable
Rates of Sequences of Binary Linear Block Codes). Let {C),} be a sequence of binary linear
block codes whose codewords are transmitted with equal probability over an MBIOS channel, and
suppose that the block length of this sequences of codes tends to infinity as m — oo. Let dy ,, be
the fraction of the parity-check nodes of degree k in an arbitrary representation of the code C,,
by a bipartite graph. Then a necessary condition for this sequence to achieve vanishing bit error
probability as m — oo is that the asymptotic rate R of this sequence satisfies

k 24-1_1
R < 1-—max {(1 -C) { de Z </<;0 ) . H (pi + poa_q_)"
p .

. koa—
ko,..kya—1_4 r a1 i=0
2 ki=k

2d_1

1 20-1_1 9 k. -1 2 Z pi
Dod_1_; ’ i=2d—1
ho | = [1— ) e , 49
|2 H ( Pi+p2d—1—i> } 20-1 k} (49)
a2y n)
k

i=2d-1
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where d > 2 is arbitrary, the probabilities {p;} are introduced in (33), and dy and R are introduced
in (1).

Proof. The concept of the proof is the same as the proof of Corollary 3.1, except that the first term
in the RHS of (49) relies on (34). O

4 Approach II: Bounds without Quantization of the LLR

Similarly to the previous section, we derive bounds on the asymptotic achievable rate and the
asymptotic parity-check density of an arbitrary sequence of binary, linear block codes transmitted
over an MBIOS channel. As in Section 3, the derivation of these two bounds is based on a lower
bound on the conditional entropy of a transmitted codeword given the received sequence at the
output of an arbitrary MBIOS channel.

Proposition 4.1. Let C be a binary linear code of length n and rate R transmitted over an
MBIOS channel. Let x = (z1,22,...,2,) and y = (y1, Y2, . .., yn) be the transmitted codeword and
the received sequence, respectively. For an arbitrary representation of the code C by a parity-check
matrix, let di designate the fraction of the parity-check equations of degree k. Then the conditional
entropy of the transmitted codeword given the received sequence satisfies

00 k
H(im >1-C—(1-R) (1 - 21;(2) p(2p1_ 3 Zk:dk (/0 a()(1 + e7') tanh? <é> dl) )
(50)

where a(-) denotes the conditional pdf of the LLR given that the transmitted symbol is zero.

[e.e]

p=1

Proof. We consider a binary linear block code C of length n and rate R whose transmission takes
place over an MBIOS channel. Let us assume that x € C is the transmitted codeword, and the
0’ and 1’ symbols of the codeword are mapped to +1 and —1, respectively. The input alphabet
to the channel is {+1,—1}, and the LLR as a function of the observation y at the output of the
MBIOS channel gets the form

LLR(y) = ln< Prix( X =1) ) , yeR.

pyix (Y| X =-1)

For the continuation of the proof, we move from the mapping of the MBIOS channel X — Y
to an equivalent representation of the channel X — Y, so that the conditional entropies of the
transmitted codeword given the received sequences at the outputs of both channels are equal, i.e.,
H(X|Y) = H(X]Y). The basic idea for showing the equivalence between the original channel and
the one which will be introduced shortly is based on the following two facts: Firstly, the LLR forms
a sufficient statistics of the channel, and secondly, denoting the output of an MBIOS channel by
y then, from the symmetry of the channel, LLR(—y) = —LLR(y). This means that the absolute
value of the LLR doesn’t change when the channel output is flipped, but then the sign of the LLR
alternates.

For the characterization of the equivalent channel, let a(-) designate the conditional pdf of
the LLR given that the transmitted symbol is 0 (i.e., given that the channel input is 1). For
i=1,2,...,n, we randomly generate an i.i.d. sequence {l;}}*; w.r.t. the conditional pdf a(-), and
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define

+1 if ;>0
wié|li|, Olé -1 if ;<0
+lwp. 5 if ;=0

The output of the equivalent channel is defined to be the sequence y = (1, .. .,9,) where
ﬂi:(@,wi), i:1,2,...,n

and ¢; = 0;x;. The output of this equivalent channel at time ¢ is therefore the pair (¢;,w;) where
¢; € {+1,—1} and w; € RT. This defines the memoryless mapping

XY 2(,0)

where ® is a binary random variable which is affected by X, and 2 is a non-negative random
variable which represents the absolute value of the LLR and whose pdf is

fﬂ(w) = CL(O) if w=0 (51)

{ aw)+a(-w)=(1+e %) aw) if w>0
We note that the transition in case w > 0 follows from the symmetry property of a(-), and the
random variable 2 is clearly statistically independent of X. Following the lines which lead to (12),

we obtain B B
HX|[Y)>nR—H(Y)+nH(Y) —nC. (52)

In order to get a lower bound on H(X[Y), we will calculate exactly the entropy of Y and obtain
an upper bound on the entropy of Y. The calculation of the first entropy is direct

=

HY) = H(®,Q)

= H(Q)+ H(®|Q)

= H(Q)+ E, [H(®|Q =w)
(@) +1

= H(Q) (53)

where the last transition is due to the fact that given the absolute value of the LLR, its sign is
equally likely to be positive or negative. We note that H(2) is not expressed explicitly as it will
cancel out later.

We will now derive an upper bound on H(Y).

H(Y) = H((®1,...,Pn), (Q1,...,%))
= H,....Q) +H{(®1,...,P0) | (Q,...,Q))
= nH(Q)+H((P1,...,Pp) | (U,...,Q)). (54)

Let us introduce the assignment f : {+1,—1} — {0,1} where +1 and —1 are mapped back to 0
and 1, respectively, and define ®; = f(®;). Since &; = 0,;X;, then we obtain

E)z:éz—i-)?z, 1=1,....n

where the last addition is modulo-2. Define the syndrome vector

S=(®,...,0,)H"
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where H is an arbitrary parity-check matrix of the binary linear block code C, and let L be the
index of the vector (®1,...,®P,) in the coset which corresponds to S. Since each coset has exactly
2"R elements which are equally likely then H (L) = nR, and we get

H((®1,...,Pn), | (Q1,...,Q%)) = H(S,L|(Q1,...,0))
H(L) +H(S \ (Ql,...,Qn))
nR+H(S | (Ql,...,Qn))

IN

n(l1—R)
< nR+ Y H(S | (Q1,....0)) (55)
j=1
Since (71,...,Z,) is the original transmitted codeword in C (i.e., before the conversion of the

symbols of the transmitted codeword to +1), then
S = (B,...,0,)HT
= (041,...,0,)HT + (Xy,...,X,)H"
(©1,...,0,)HT.
Let us look at the j-th parity-check equation which involves k variables, and assume that the set

of indices of the active variables in this parity-check equation is {i1,...,it}. Then, the component
S; of the syndrome is equal to 1 if and only if there is an odd number of ones in the random vector

(©i),...,04,).

Lemma 4.1. If the j-th component of the syndrome S involves k active variables in its parity-check
equation whose indices are {i1,19, ..., }, then

k o
Pr(S; =11 (U, D%,) = (o1, ow)) = !1 11 <1 - fjeam)] . (56)

Proof. The lemma is proved in Appendix C.1. O

We therefore obtain from Lemma 4.1 that

k —am,
H(SJ’(Q“,,Q%) = (al,...,ak)) :hg (; [1— H <1_12—f€_0‘m>]>

m=1

and by taking the statistical expectation over the k random variables €;,,...,$;, , we get

H(S;|(Qy,---,Q4))

/ / h2< [1—n£[ <1—12f_:7;n)]> f[lfg(ai) dardos ... dag, — (57)

1

=1-— 211122 2p—1 </ fao(a tanh2p< )da)k

where the equality in the last transition is proved in Appendix C.3. Hence, if di designates the
number of parity-check equations of degree k, then

n(1—R)

> H(S[(,- ., )

=1

=n(l-R 1_ﬂz Z 2p_1 </ fala tanh2p( )m)k. (58)
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By combining (51), (54), (55) and (58), we get the following upper bound on H(Y):

H(Y) < nH(Q) +nR
k

+n(l—R l—mz Z 2p—1 (/Ooa(a)(1+e )tanh2p< )da) (59)

Finally, the equality in (53) and the upper bound on H(Y) given in (59) are substituted in the
RHS of (52). This provides the lower bound on the conditional entropy H(X|Y) given in (50), and
completes the proof of this proposition. O

Remark 4.1. For the particular case of a BEC with erasure probability p, C' = 1 — p, and the
conditional pdf of the LLR is independent of the transmitted symbol. It is equal to

a(l) = pAo(l) + (1 — p)Axs(l)

where A,(-) designates the Dirac delta function at the point a. We obtain from (50)

1= d(1 —p)’“] : (60)
k

This lower bound on the conditional entropy for the BEC coincides with the result proved in [13,
Eqgs. (33) and (34)]. The result there was obtained by the derivation of an upper bound on the

rank of Hg which is a sub-matrix of H whose columns correspond to the variables erased by the
BEC.

H(X]Y) _

Discussion: Since the proof of Proposition 4.1 relies on the analysis of an equivalent channel,
rather than a degraded (quantized) channel, it is suggested that the lower bound in the RHS of
(50) should be tighter than the one in the RHS of (34). In order to prove this property, it is enough
to show that for any integer d > 2 and any choice of quantization levels ly,...,lya-1_1, we have

_ 215(2) piog {p(2p1 0 Zk:dk (/000 a(l)(1 4 e7!) tanh? <;) dl)k}

a2 (o5 )

ko
Korvhipd—1_, Rl
2 ki=k
20-1_1 2d-1_1 ks
1 2D9d_1_; t
ki 2¢—1—1

Ditpga_i )i he | = |1 <1—> 61
[T e mwacton (5 1= T (1522 (o1
where py, . .., pea_; are the transition probabilities associated with Iy, ..., lsa—1_1, as defined in (33).

This inequality is proved in Appendix D.1, using the power series expansion of the binary entropy
function, hs(-), derived in Appendix C.2.

Theorem 4.1 (“Un-Quantized” Lower Bound on the Asymptotic Parity-Check Density
of Binary Linear Block Codes). Let {C),} be a sequence of binary linear codes achieving a
fraction 1 — ¢ of the capacity C' of an MBIOS channel with vanishing bit error probability. Then,
the asymptotic density of their parity check matrices satisfies

K Ko(z)Int
liminf A,, > sup 1(z) + Ko(a)In g
m—0o0 z€(0,A4] l—-e¢

(62)
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where

1—0111((150)) 1-Cc 1
K K = — 63
1(35) C In (l) ) 2($) C In (7) ( )
and
(1—e )2 N for a BEC
A2 / 1Ll d, &= { 211}(2) otherwise - (64)

Proof. From the lower bound on H(Xn‘ Y) in Eq. (50) and Lemma 3.1 (see p. 10), we obtain that

if {C,,} is a sequence of binary linear block codes which achieves a fraction 1 — ¢ of the channel
capacity with vanishing bit error probability, then

2p —1) </000 a(l)(1+ ') tanh? (;) dl>k <0.

(65)
Since ), kdj, = ag is the average right degree, then from the convexity of the exponential function,
we obtain by invoking Jensen’s inequality that

1-C—(1-(1-¢)0)

o0

1-C—(1-(1-¢)C) |1- 215(2);]9(2; ) </Oooa(l)(1—i—el)tanh2p (i) dl) i < 0. (66)

We will now derive two different lower bounds on the infinite sum in the RHS of (66), and
compare them later. For the derivation of the lower bound in the first approach, let us define the
positive sequence

s 1 1
~ In(2)2p(2p—1)°
From (C.1) in the appendix, the substitution of z = 0 in both sides of the equality gives that
Z;O:1 ap = 1, so the sequence {oy,} forms a probability distribution. We therefore obtain that

p=12... (67)

Qp

o0

2111(2) Z p<2p1— ) (/ooo o)1+ e~) tanh? ( ! ) dl) "

- i% (/OOO a(1)(1 + ¢') tanh? <;> dl)aR

: (/OO (+e™ Zaptanh2p( ) N
(/Oooa(l)(l—i-e_l) [1_h2 (] e @D] dl)

a))a)

car (68)

aRr

,\
T
N

I
7 N
c\

8
=
—
=
—_
+
m\
| —
—_
|
>
(V)
N
—_
+
L

where inequality (a) follows from Jensen’s inequality, equality (b) follows from (67) and (C.1),

equality (c) follows from the identity tanh(z) = %, and equality (d) follows from the relation
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between the capacity of an MBIOS channel and the pdf of the absolute value of the LLR (see [12,
Lemma 3.13)).

For an alternative derivation of the lower bound of the infinite series, we can truncate the
infinite sum in the RHS of (66) and take into account only the first term in this series. This gives

21n Z p@p 5 (/OOO a()(1 + e7%) tanh? <é> dl) :

p=1

o] l aRr
</ a(l)(1 + e7!) tanh? () dl>
0 2
e 1—e 1\ "
- )(1 =l
21n (/0 a(l)(1+e )<1+€_l> dl)

AR
~ 2In(2)

| V

(69)

where the last transition follows from (64).

In order to compare the tightness of the two lower bounds in (68) and (69), we first compare
the bases of their exponents (i.e., A and C'). To this end, it is easy to verify that

1—e\? 1
<1+el) 21_h2<1+el> tel0.c0)

with an equality if and only if [ = 0 or | — oo. Hence, from (68) and (69), this gives A > C with
equality if and only if the MBIOS channel is a BEC. Therefore, up to the multiplicative constant
the second lower bound is tighter than the first one. However, we note that for the BEC,

1
21n(2)’
the first bound is tighter. It gives an improvement by a factor of 21n(2) ~ 1.386.

We will therefore continue the analysis based on the second bound in (69), and then give the
potential improvement which follows from the first bound in (68) for a BEC. From (66) and (69),

we obtain that
1-C-(1-(1-¢)0C) (1- A™ <0
2In(2) ) —

Hence, one can replace A (where 0 < A < 1) in the last inequality by an arbitrary = € (0, 4], and
obtain that the asymptotic average right degree, ag, satisfies the lower bound

. In (21n( 5 (1+ % ))
.o n (3) '

By dropping the 1 inside the logarithm in the numerator, we obtain that for = € (0, A]

1
ar > K{(z) + Kj(z)In <€) (70)
h / _ 1“(21111(2) 1E‘C) / 1
where Ki(z) = —wl) and Ky(z) = Ty Finally, since the parity-check density and

average right degree are related by the equality A = ( R) ar, then we obtain the following lower
bound on the asymptotic parlty—check density:

1—5 1
lim inf A,, K In( -
minf Ay > 1_5 ( )+ H )<>>
Ki(x) + Ka(z)In %)
1—¢

, Yxze(0,A4] (71)
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where Kja(z) £ 1€ K 5(z). For the BEC, this lower bound can be improved by using the first
bound in (68). In this case, A = C' = 1 — p where p designates the erasure probability of the BEC,
so the additive coefficient K7 in the RHS of (62) is improved to

Kl(x):pw ze (0,1 pl.

This concludes the proof of this theorem. ]

Remark 4.2. For a BEC with erasure probability p, the maximization of the RHS of (62) yields
that the maximal value is achieved for = 1 — p when & < £ (otherwise, if € > £, the lower
bound is useless as it becomes non-positive). Hence, the lower bound on the asymptotlc parity-
check density stated in Theorem 4.1 coincides with the bound for the BEC in [13, Eq. (3)]. This
lower bound was demonstrated in [13, Theorem 2.3] to be tight. This is proved by showing that
the sequence of right-regular LDPC ensembles of Shokrollahi [14] is optimal in the sense that it
achieves (up to a small additive coefficient) the lower bound on the asymptotic parity-check density
for the BEC.

For a general MBIOS channel (other than the BEC), we show in the proof above that the
preferable logarithmic growth rate of the lower bound on the parity-check density is achieved by
using the bound which follows from (69) (even in the particular case where z = A). However, we
note that the lower bound on the parity-check density which follows from (68) is universal w.r.t.
all MBIOS channels with the same capacity.

Remark 4.3. The lower bound on the parity-check density in Theorem 4.1 is uniformly tighter
than the one in [13, Theorem 2.1] (except for the BSC and BEC where they coincide). For a proof
of this claim, the reader is referred to Appendix D.2.

Based on the proof of Theorem 4.1, we prove and discuss an upper bound on the asymptotic rate
of every sequence of binary linear codes for which reliable communication is achievable. The bound
refers of optimal ML decoding, and is therefore valid for any sub-optimal decoding algorithm. Hence
the following result also provides an upper bound on the achievable rate of ensembles of LDPC
codes under iterative decoding, where the transmission takes places over an MBIOS channel.

Corollary 4.1 (“Un-Quantized” Upper Bound on the Asymptotic Achievable Rates of
Sequences of Binary Linear Block Codes). Let {C),} be a sequence of binary linear block
codes whose codewords are transmitted with equal probability over an MBIOS channel, and assume
that the block lengths of these codes tend to infinity as m — oo. Let dj,, be the fraction of the
parity-check nodes of degree k for arbitrary representations of the codes C,, by bipartite graphs.
Then a necessary condition on the achievable rate (R) for obtaining vanishing bit error probability
as m — oo is

R<1-— 1-C (72)

< _ { de </ (1) (1 +¢Y) tanh? <é) dl)k}

where dj, and R are introduced in (1).

Proof. This upper bound on the achievable rate follows immediately from Lemma 3.1 (see p. 10)
and the lower bound on the conditional entropy in Proposition 4.1. The upper bound on R follows
since the bit error probability of the sequence of codes {C,, } vanishes as we let m tend to infinity. [
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Remark 4.4. We note that the upper bound on the achievable rate in the RHS of (72) doesn’t
involve maximization, in contrast to the bound in the RHS of (49). The second term of the
maximization in the latter bound follows from considerations related to the BEC where such an
expression is not required in the RHS of (72). The reader is referred to Appendix D.3 for a proof
of this claim.

Corollary 4.2 (Lower Bounds on the Bit Error Probability of LDPC Codes). Let C be
a binary linear block code of rate R whose transmission takes place over an MBIOS channel with
capacity C. For an arbitrary parity-check matrix H of the code C, let dj; designate the fraction of
parity-check equations that involve k variables. Then, under ML decoding (or any other decoding
algorithm), the bit error probability (P}) of the code satisfies

C, 1-R <& 1 e l g
ho(P) 21— =4 ——— —_— d (1 “Htanh? | = ) dl (7
J(R) > R+21n(2)R;{p(2p_1)§kj ([ a0 e () ar) } (73)
Proof. This follows directly by combining (23) and (50). O

We now introduce the definition of normalized parity-check density from [13], and derive an
improved lower bound on the bit error probability (as compared to [13, Theorem 2.5]) in terms of
this quantity.

Definition 4.1 (Normalized parity-check density [13]). Let C be a binary linear code of rate
R, which is represented by a parity-check matrix H whose density is A. The normalized density of
H, call it t = t(H), is defined to be t = %.

In the following, we clarify the motivation for the definition of a normalized parity-check density.
Let us assume that C is a binary linear block code of length n and rate R, and suppose that it can
be represented by a bipartite graph which is cycle-free. From [13, Lemma 2.1], since this bipartite
graph contains (2 — R)n — 1 edges, connecting n variable nodes with (1 — R)n parity-check nodes
without any cycles, then the parity-check density of such a cycle-free code is A = % — %. Hence,
in the limit where we let n tend to infinity, the normalized parity-check density of a cycle-free code
tends to 1. For codes which are represented by bipartite graphs with cycles, the normalized parity-
check density is above 1. As shown in [13, Corollary 2.5], the number of fundamental cycles in
a bipartite graph which represents an arbitrary linear block C grows linearly with the normalized
parity-check density. The normalized parity-check density therefore provides a measure for the
number of cycles in bipartite graphs representing linear block codes. It is well known that cycle-
free codes are not good in terms of performance, even under optimal ML decoding [15]; hence, good
error-correcting codes (e.g., LDPC codes) should be represented by bipartite graphs with cycles.
Following the lead of [13], providing a lower bound on the asymptotic normalized parity-check
density in terms of their rate and gap to capacity gives a quantitative measure for the number of
fundamental cycles of bipartite graphs representing good error correcting codes. In the following,
we provide such an improved bound as compared to the bound given in [13, Theorem 2.5]. In the
continuation (see Section 5.2), the resulting improvement is exemplified.

First, we note that from Definition 4.1, it follows that the relation between the normalized
parity-check density and the average right degree is

; 1-R
=(—=]a
2-R) "
so the normalized parity-check density grows linearly with the average right degree (which is directly

linked to the decoding complexity per iteration of LDPC codes under message-passing decoding)
where the scaling factor depends on the code rate R.
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Since ), kd, = ar, then by applying Jensen’s inequality to the RHS of (73), we get the
following lower bound on the bit error probability:

(2—R)t

C 1-R & 1 > N l R
ha(By) > 1= 5 + 2111(2)1%; SETI) (/0 a(l)(1 4 e7!) tanh? <2> dl> . (T4)

This lower bound on the bit error probability is tighter than the bound given in [13, Eq. (23)] because
of two reasons: Firstly, by combining inequality (69) with the inequality proved in Appendix D.2,
we obtain that

1 00 1 I (2=R)t (1 9 )2(2—R)t
o 1—-R — 2w 1-R
D(1+e Htanh? | - ) dl >~ =7
21n<2>p§ p(2p—1) (/o a1 +e7) tan <2> ) = 2m2

Secondly, the further improvement in the tightness of the new bound is obtained by dividing the
RHS of (74) by R (where R < 1), as compared to the RHS of [13, Eq. (23)].

The bounds in (73) and (74) become trivial when the RHS of these inequalities are non-positive.
Let the (multiplicative) gap to capacity be defined as e £ 1 — g. Analysis shows that the bounds
in (73) and (74) are useful unless € > ¢¢ (see Appendices D.4 and D.5). For the bound in the RHS
of (73), o gets the form

(1-0)B

= - 2 1§ ! OOa e~!) tanh? ! '
0= Ci-B) B‘2ln<2>z{p<2p—1>§k:d’“</o W+t ()l } (7%)

p=1

and for the bound in the RHS of (74), ¢ is the unique solution of the equation

(2=(1—¢g)C)t

—eoC + W; p(2pl—1) </ooo a(l)(1 + e!) tanh? (é) dl) T o, (76

For a proof of (75) and (76), the reader is referred to Appendices D.4 and D.5, respectively.
Similarly to [13, Eq. (25)], we note that g in (76) forms a lower bound on the gap to capacity for
an arbitrary sequence of binary linear block codes achieving vanishing bit error probability over
an MBIOS channel; the bound is expressed in terms of their asymptotic rate R and normalized
parity-check density ¢t. It follows from the transition from (73) to (74) that the lower bound on
the gap to capacity in (76) is looser as compared to the one given in (75). However, the bound in
(76) solely depends on the normalized parity-check density, while the bound in (75) requires full
knowledge of the degree distribution for the parity-check nodes.
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5 Numerical Results

In this section we present numerical results for the information-theoretic bounds on the limitations
of binary linear block codes transmitted over MBIOS channels. These results refer to Theorems 3.1,
3.2 and 4.1 and Corollaries 3.1, 3.2, 4.1 and 4.2. As expected, they significantly improve the
numerical results presented in [1, Section 4] and [13, Section 4]. This improvement is attributed to
the fact that, in contrast to [1, 13], in the derivation of the bounds in this paper, we do not perform
a two-level quantization of the LLR which in essence converts the arbitrary MBIOS channel (whose
output may be continuous) to a BSC. Throughout this section, we assume transmission of the codes
over the binary-input AWGN channel.

5.1 Thresholds of LDPC Ensembles under ML Decoding

The following results (see Tables 1-3) provide bounds on the thresholds of LDPC ensembles under
ML decoding. They also give an indication on the inherent loss in performance due to the sub-
optimality of iterative message-passing decoding.

LDPC Capacity 2-Levels 4-Levels 8-Levels | Un-Quantized Upper DE
Ensemble Limit Bound [1] Bound Bound Lower Bound | Bound [5] | Threshold
(3,6) +0.187 dB | +0.249 dB | +0.332 dB | +0.361 dB +0.371 dB +0.673 dB | +1.110 dB
(4,6) —0.495 dB | —0.488 dB | —0.472 dB | —0.463 dB —0.463 dB —0.423 dB | +1.674 dB
(3,4) —0.794 dB | —0.761 dB | —0.713 dB | —0.694 dB —0.687 dB —0.510 dB | +1.003 dB

Table 1: Comparison of thresholds for Gallager’s ensembles of regular LDPC codes transmitted
over the binary-input AWGN channel. The 2-level lower bound on the threshold of b refers to
ML decoding, and is based on [1, Theorem 1] (see also [13, Table II]). The 4-level, 8 level and
un-quantized lower bounds apply to ML decoding, and are based on Corollaries 3.1, 3.2 and 4.1,
respectively. The upper bound on the threshold of Eb holds under ’typical pairs’ decoding [5] (and
hence, also under ML decoding), and the DE thresholds are based on density evolution for iterative
message-passing decoding [10].

The upper bounds on the achievable rates derived in [1] and Corollaries 3.1, 3.2 and 4.1 provide
lower bounds on the == thresholds under ML decoding. For Gallager’s regular LDPC ensembles,
the gap between the thresholds under ML decoding and the exact thresholds under the sum-product
decoding algorithm (which are calculated using density-evolution analysis) are rather large. For
this reason, we also compare the lower bounds on the % thresholds under ML decoding with upper

bounds on the b thresholds which rely on ”typical pairs decoding” [5]; an upper bound on the

thresholds under an arbitrary sub-optimal decoding algorithm (e.g., “typical pairs decoding”) also
forms an upper bound on these thresholds under optimal ML decoding. It is shown in Table 1 that
the gap between the thresholds under iterative decoding and the bounds for ML decoding (see the
columns referring to the DE threshold and the upper bound based on “typical pairs decoding”)
is rather large. This is attributed to the sub-optimality of belief propagation decoding for regular
LDPC ensembles. On the other hand, it is also demonstrated in Table 1 that the gap between
the upper and lower bounds on the thresholds under ML decoding is much smaller. For example,
according to the numerical results in Table 1, the inherent loss in the asymptotic performance due
to the sub-optimality of belief propagation for Gallager’s ensemble of (4,6) regular LDPC codes
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(whose design rate is % bits per channel use) ranges between 2.097 and 2.137 dB.

For irregular LDPC ensembles, the calculation of similar upper bounds based on “typical pairs”
decoding [5] is based on the calculation of the asymptotic growth rate of the distance spectra of such
ensembles. For a given pair of degree distributions (), p), the calculation of the asymptotic growth
rates of the distance spectrum for the (n, A, p) LDPC ensemble (where we let n tend to infinity)
is tractable (see [2, 17]). However, we avoid calculating these upper bounds in Tables 2 and 3 due
to the fact that the gap between the DE thresholds under belief propagation and the improved
lower bounds on the ﬁ thresholds derived in this paper is already rather small (see Tables 2 and
3). The rather small gap between the DE thresholds and the un-quantized lower bounds on the
thresholds under ML decoding also indicate that for the degree distributions which are provided by
the LDPC optimizer [16], the asymptotic degradation in performance due to the sub-optimality of
belief propagation is marginal (it is observed from Tables 2 and 3 that for several LDPC ensembles,
this degradation in the asymptotic performance is at most in the order of hundredthes of a decibel).

A(z) p(x) 2-Levels | 4-Levels | 8-Levels | Un-Quantized DE

Bound [1] | Bound Bound Lower Bound | Threshold

038354z 0042372 + 1 0241230+ | 960 a3 | 0370 dB | 0404 dB | 0417 dB | 0.809 dB

0.57409x 0.75877z°

0.23802x + 0.20997z% +

3 4

8:8?;2?;10%3408105;31 8:3?8;%;* 0.201 dB | 0.226 dB | 0.236 dB |  0.239 dB 0.335 dB

0.37627x

0.21991x + 0.23328z2 +

0.02058x3 4+ 0.08543z° + | 0.6485427+

0.065402°% +0.047672" 4 | 0.34747284 | 0.198 dB | 0.221 dB | 0.229 dB 0.232 dB 0.310 dB

0.0191228+0.080642 %+ | 0.003992°

0.22798z19

0.19606x + 0.24039x2 +

0.00228z° + 0.055162% 4+ | 0.00749z"+

0.16602z" +0.040882% + | 0.9910128+ | 0.194 dB | 0.208 dB | 0.214 dB 0.216 dB 0.274 dB

0.010642740.002212%"+ | 0.00150x”

0.28636229

Table 2: Comparison of thresholds for rate one-half ensembles of irregular LDPC codes transmitted
over the binary-input AWGN channel. The Shannon capacity limit corresponds to % = 0.187 dB.
The 2-level, 4-level, 8-level and un-quantized lower bounds on the threshold refer to ML decoding,
and are based on [1, Theorem 2|, Corollaries 3.1, 3.2 and 4.1, respectively. The degree distributions
of the ensembles and their DE thresholds are based on density evolution under iterative message-
passing decoding [10], and are taken from [11, Tables 1 and 2].

The plots in Figure 2 compare different lower bounds on the b_threshold under ML decoding
of right-regular LDPC ensembles. The plots refer to a right degree of 6 (left plot) or 10 (right plot).
The following lower bounds are depicted in these plots: the Shannon capacity limit, the 2-level
quantization lower bound in [1, Theorem 1], the 4 and 8-level quantization bounds of the LLR in
Section 3, and finally, the bound in Section 4 where no quantization of the LLR is performed. It
can be observed from the two plots in Figure 2 that the range of code rates where there exists a
visible improvement with the new lower bounds depends on the degree of the parity-check nodes.
In principle, the larger the value of the right-degree is, then the improvement obtained by these
bounds is more pronounced starting from a higher rate code rate (e.g., for a right degree of 6 or
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A(z) p(x) | 2-Levels | 4-Levels | 8-Levels | Un-Quantized DE
Bound [1] | Bound Bound | Lower Bound | Threshold

0.302468x + 0.3194472% +

11
0.37808524 x 1.698 dB | 1.786 dB | 1.815 dB 1.825 dB 2.049 dB

0.244067x + 0.2923752% +

13
0.46355825 x 1.664 dB | 1.718 dB | 1.736 dB 1.742 dB 1.874 dB

0.205439x + 0.2554322% +
0.07511872440.10134402°+ | 15 1.647 dB | 1.680 dB | 1.691 dB 1.695 dB 1.763 dB
0.3626670x

Table 3: Comparison of thresholds for rate—% ensembles of irregular LDPC codes transmitted over

the binary-input AWGN channel. The Shannon capacity limit corresponds to % = 1.626 dB. The
2-level, 4-level, 8-level and un-quantized lower bounds on the threshold refer to ML decoding, and
are based on [1, Theorem 2], Corollaries 3.1, 3.2 and 4.1, respectively. The degree distributions
of the ensembles and their DE thresholds are based on density evolution under iterative message-
passing decoding [10], and are taken from [16].

10, the improvement obtained by the new bounds is observed for code rates starting from 0.35 and
0.55 bits per channel use, respectively).

Right-Regular LDPC ag= 6 Right-Regular LDPC ag= 10

0.65

—e— Shannon Capacity Limit

—— Lower Bound [1, Theorem 1]
— — 4-Level Quantization Bound
— 8-Level Quantization Bound
— - Un-Quantized Bound

0751 —e— Shannon Capacity Limit
06 —— Lower Bound [1,Theorem 1]
— — 4 Level Quantization Bound
— 8 Level Quantization Bound
— - Un-Quantized Bound

0.55 0.7

0.65[

Rate
Rate

0.6

/ L L L L L L L L L 0.5 L L L L L L L L L L
-0.75 -05 -0.25 0 0.25 0.5 0.75 1 1.25 15 1.75 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 22
Eb/No [dB] Eb/No [dB]

Figure 2: Comparison between different lower bounds on the threshold under ML decoding for
right-regular LDPC ensembles with ag = 6 (left plot) and ag = 10 (right plot). The transmission
takes place over the binary-input AWGN channel.

5.2 Lower Bounds on the Bit Error Probability of LDPC Codes

By combining the lower bound in Proposition 4.1 and Lemma 3.1, we obtain in Corollary 4.2 an
improved lower bound on the bit error probability of binary linear block codes, as compared to the
one given in [13, Theorem 2.5]. The plot of Fig. 3 presents a comparison of these lower bounds for
binary linear block codes where the bounds rely on (74) and [13, Theorem 2.5]. They are plotted as
a function of the normalized density of an arbitrary parity-check matrix. In our setting, the capacity
of the channel is % bit per channel use, and the bounds are depicted for binary linear block codes
whose rate is a fraction 1 — ¢ of the channel capacity. To demonstrate the advantage of the lower
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bound on the bit error probability in (74) over the lower bound derived in [13, Theorem 2.5], let
us assume that one wants to design a binary LDPC code which achieves a bit-error probability of
1075 at a rate which is 99% of the channel capacity. The curve of the lower bound from [13] for
€ = 0.01 implies that the normalized density of an arbitrary parity-check matrix which represents
the code (see Definition 4.1 in p. 27) should be at least 4.33, while the curve depicting the bound
from (74) strengthens this requirement to a normalized density (of each parity-check matrix) of at
least 5.68. Translating this into terms of parity-check density (which is also the complexity per
iteration for message-passing decoding) yields minimal parity-check densities of 13.16 and 17.27,
respectively (the minimal parity-check density is given by Ay, = %). It is reflected from
Fig. 3 that as the gap to capacity ¢ tends to zero, the lower bound on the normalized density of an
arbitrary parity-check matrix (t), which represents a code which achieves low error probability for
a rate of R = (1 — €)C grows significantly.

T T T
—— Lower Bound on Pb in Corollary 4.2 (e = 0)

— - Lower Bound on Pn [13, Theorem 2.5] (e = 0)
—— Lower Bound on Pb in Corollary 4.2 (¢ = 0.01)
107'E — — Lower Bound on Pb [18, Theorem 2.5] (e = 0.01) |
— Lower Bound on Pb in Corollary 4.2 (¢ = 0.05)

_ _ Lower Bound on Pb [18, Theorem 2.5] (e = 0.05)

Bit Error Probability

4 5
Normalized Parity-Check Density (t)

Figure 3: Lower bounds on the bit error probability for any binary linear block code transmitted
over a binary-input AWGN channel whose capacity is % bits per channel use. The bounds are
depicted in terms of the normalized density of an arbitrary parity-check matrix which represents
the code, and the curves correspond to code rates which are a fraction 1 — ¢ of the channel capacity
(for different values of ). The bounds depicted in dashed lines are based on [13, Theorem 2.5],
and the bounds in solid lines are given in Corollary 4.2.

5.3 Lower Bounds on the Asymptotic Parity-Check Density

The lower bound on the parity-check density derived in Theorem 4.1 enables to assess the tradeoff
between asymptotic performance and asymptotic decoding complexity (per iteration) of an iterative
message-passing decoder. This bound tightens the lower bound on the asymptotic parity—check
density derived in [13, Theorem 2.1]. Fig. 4 compares these bounds for codes of rate 3 (left plot)
and % (right plot) where the bounds are plotted as a function of £ No- It can be observed from
Fig. 4 that as E—g increases, the advantage of the bound in Theorem 4.1 over the bound in [13,

Theorem 2.1] diminishes. This follows from the fact that as the value of Eb is increased, the two-
level quantization of the LLR used in [1] and [13, Theorem 2.1] better captures the true behavior
of the MBIOS channel. It is also reflected in this figure that as ¢ tends to zero (i.e., when the gap
to capacity vanishes), the slope of the bounds becomes very sharp. This is due to the logarithmic
behavior of the bounds.
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| — Lower Bound in Theorem 4.1 | — Lower Bound in Theorem 4.1
| — - Lower Bound [13, Theorem 2.1] I — - Lower Bound [13, Theorem 2.1]
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Figure 4: Comparison between lower bounds on the asymptotic parity-check density of binary
linear block codes where the transmission takes place over a binary-input AWGN channel. The
dashed line refers to [13, Theorem 2.1], and the solid line refers to Theorem 4.1. The left and right
plots refer to code rates of % and %, respectively. The Shannon capacity limit for these code rates
corresponds to % of 0.187 dB and 1.626 dB, respectively.

6 Summary and Outlook

We derive improved lower bounds on the asymptotic density of parity-check matrices and upper
bounds on the achievable rates of binary linear block codes transmitted over memoryless binary-
input output-symmetric (MBIOS) channels. The improvements are w.r.t. the bounds given in
[1, 13]. The information-theoretic bounds are valid for every sequence of binary linear block codes,
in contrast to high probability results which follow from probabilistic analytical tools (e.g., density
evolution (DE) analysis under iterative decoding). The bounds hold under optimal ML decoding,
and hence, they hold in particular under any sub-optimal decoding algorithm. We apply the
bounds to ensembles of low-density parity-check (LDPC) codes. The significance of the bounds is
the following: firstly, by comparing the new upper bounds on the achievable rates with thresholds
provided by DE analysis, we obtain rigorous bounds on the inherent loss in performance of various
LDPC ensembles. This degradation in the asymptotic performance is due to the sub-optimality of
iterative message-passing decoding (as compared to optimal ML decoding). Secondly, the parity-
check density can be interpreted as the complexity per iteration under iterative message-passing
decoding. Therefore, by tightening the reported lower bound on the asymptotic parity-check density
[13, Theorem 2.1], the new bounds provide better insight on the tradeoff between the asymptotic
performance and the asymptotic decoding complexity of iteratively decoded LDPC codes. Thirdly,
the new lower bound on the bit error probability of binary linear block codes tightens the reported
lower bound in [13, Theorem 2.5].

The derivation of the bounds in Section 3 was motivated by the desire to generalize the results in
[1, Theorems 1 and 2] and [13, Theorem 2.1]. The two-level quantization of the log-likelihood ratio
(LLR) which in essence replaces the arbitrary MBIOS channel by a physically degraded binary
symmetric channel (BSC), is modified in Section 3 to a quantized channel which better reflects
the statistics of the original channel (though the quantized channel is still physically degraded
w.r.t. the original channel). The number of quantization levels at the output of the new channel
is an arbitrary integer power of 2. The calculation of the bounds in Section 3 is subject to an
optimization of the quantization levels of the LLR, as to get the tightest bounds within their form.
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In Section 4, we rely on the conditional pdf of the LLR at the output of the MBIOS channel, and
operate on an equivalent channel without quantizing the LLR. This second approach finally leads
to bounds which are uniformly tighter than the bounds we derive in Section 3. It appears to be
even simpler to calculate the un-quantized bounds in Section 4, as their calculation do not involve
the solution of any optimization equation (in contrast to the quantized bounds, whose calculation
involves a numerical solution of optimization equations w.r.t. the quantization levels of the LLR).
The comparison between the quantized and un-quantized bounds gives insight on the effect of the
number of quantization levels of the LLR (even if they are chosen optimally) on the achievable rates,
as compared to the ideal case where no quantization is done. The results of such a comparison are
shown in Tables 1-3, and indicate that the improvement in the tightness of the bounds when more
than 8 levels of quantization are used (in case the quantization levels are optimally determined) is
marginal. We also note that practically, the possibility to calculate un-quantized bounds which are
uniformly better than the quantized bounds was facilitated due to an efficient transformation of the
multi-dimensional integral in Appendix C.3 into an infinite series of one-dimensional integrals whose
convergence rate is very fast (10 terms are sufficient in practice, as justified in Appendix C.3). Had
we used instead an upper bound on ha(-) like the one in Lemma 3.2 (see p. 10),% then this would
loosen the un-quantized bounds, and make them sometimes even worse than the 8-level quantized
bounds. The ability to express the k-dimensional integral in Appendix C.3 in a closed form was
therefore crucial for practically obtaining an un-quantized bound which is uniformly tighter than
the quantized bounds for an arbitrary number of quantization levels. As mentioned before, the
exact calculation of the un-quantized bound also provides insight on the effect of the number of
quantization levels on the tightness of the quantized bounds (see Tables 1-3 in Section 5).

Our bounds on the thresholds of LDPC ensembles under optimal ML decoding depend only on
the degree distribution of their parity-check nodes and their design rate. For a given parity-check
degree distribution (p) and design rate (R), the bounds provide an indication on the inherent gap
to capacity which is independent of the choice of A (as long as the pair of degree distributions (A, p)
yield the design rate R). Therefore, our bounds are not expected to be tight for LDPC ensembles
with a given pair of degree distributions (), p). The numerical results shown in Tables 1-3 indicate,
however, that these bounds are useful for assessing the inherent gap to capacity of various (regular
and irregular) LDPC ensembles. The comparison of our bounds with the DE thresholds (based on
density evolution) provides an assessment of the degradation in the asymptotic performance due to
the sub-optimality of the iterative sum-product decoding algorithm. We note that the gap of LDPC
ensembles to capacity is an inherent phenomenon, due to their finite average-right degree [13]. As
a topic for further research, it is suggested to examine the possibility of tightening the bounds for
specific ensembles by explicitly taking into account the exact characterization of A. We also suggest
to study a possible generalization of the bounds to non-binary linear block codes. These generalized
bounds can be applied to the analysis of the ML performance of non-binary LDPC ensembles whose
transmission takes place over arbitrary discrete memoryless channels with possibly different types
of quantization [3].

The lower bound on the asymptotic parity-check density in [13, Theorem 2.1] and its improve-
ments in Sections 3 and 4 grow like the log of the inverse of the gap (in rate) to capacity. The result
in [13, Theorem 2.3] shows that a logarithmic growth rate of the parity-check density is achiev-
able for Gallager’s regular LDPC ensemble under ML decoding when transmission takes place over
an arbitrary MBIOS channel. These results show that for any iterative decoder which is based
on the representation of the codes by Tanner graphs, there exists a tradeoff between asymptotic
performance and complexity which cannot be surpassed. Recently, it was shown in [9] that better
tradeoffs can be achieved by allowing more complicated graphical models; for the particular case of

4This was actually the way we used to calculate the un-quantized bounds at the beginning, due to an initial
difficulty in calculating the k£ dimensional integral in Appendix C.3.
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the binary erasure channel (BEC), the encoding and the decoding complexity of properly designed
codes on graphs remain bounded as the gap to capacity vanishes. To this end, Pfister, Sason and
Urbanke consider in [9, Theorems 1 and 2] ensembles of irregular repeat-accumulate codes which
involve punctured bits, and allow in this way a sufficient number of state nodes in the Tanner graph
representing the codes. This surprising result is considered in [9, Theorem 4], by a derivation of
an information-theoretic lower bound on the decoding complexity of randomly punctured codes
on graphs whose transmission takes place over MBIOS channels. The approach for the derivation
of the bounds in [9, Theorem 4] rely on the analysis in [13, Theorem 2.1]. As a topic for further
research, we suggest to tighten the lower bounds in [9, Theorem 4] by relying on the approach used
to prove the improved lower bound on the parity-check density stated in Theorem 4.1 (as compared
to the derivation of the bound in [9, Theorem 4] which relies on the analysis in [13, Theorem 2.1}).

Appendix A

A.1 Proof of Lemma 3.1

) designate the bit error probability of the i-th symbol in the

nR
code C (where 1 < i < n). Therefore, P, = ﬁ ZPM is the average bit error probability of the
i=1

In order to prove Lemma 3.1, let Péi

code, and

n

ZH(xi]Y,xl,xg,...,xi_l)
HXY) @ =

n n
nR n
ZH(:L"L|Y) Z H($i|l‘1,$2,...,$n}2)
(;) im1 + i=nR+1
n n
nR
> H(xi | Y)
(;) i=1
n
nRkR
ha(Pyi)
(d) ;
S -
n
(o) 1 B
= Rh(P)

where equality (a) follows from the chain rule of the entropy, inequality (b) is due to the fact that
conditioning reduces the entropy, equality (c) follows since the dimension of the code is nR which
implies that there is a set of nR bits of the codeword whose knowledge reveals the entire codeword
(w.l.g., one can assume that these are the first n.R bits), inequality (d) is based on Fano’s inequality
and since the code is binary, and inequality (e) is based on Jensen’s inequality and the concavity
of the binary entropy function.
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A.2 Derivation of the Optimization Equation in (22) and Proving the Existence
of its Solution

Derivation of the optimization equation (22): We derive here the optimization equation (22) which
refers to the ”four-level quantization” lower bound on the parity-check density (see p. 10).

Let a(-) designate the conditional pdf of the LLR at the output of the original MBIOS channel,
given the zero symbol is transmitted. In the following, we express the transition probabilities of
the degraded channel in Fig. 1 (see p. 6) in terms of a(-) and the value of I:

pozPr(Z:O|X:0):/looa(u) du (A1)
plzPr(Z:a|X:0):/Oia(u)du—i—;/ma(u)du (A.2)
pzzpr(zzwa\xz()):/ja(u)du+;/i+a(u)du (A.3)
pgzPr(Zzl\X:O):/;a(u) du. (A.4)

We note that the integration of a(-) from v = 0~ to u = 0 is meaningful if and only if there is a
non-vanishing probability that the value of the LLR at the output of the original channel is zero
(e.g., a BEC). Otherwise, the contribution of this integral to (A.2) and (A.3) vanishes. Since the
channel is MBIOS, the symmetry property [10] gives

a(u) =e" a(—u), YuelR. (A.5)

Based on the expressions for the coefficients K; and K5 in the lower bound on the asymptotic
parity-check density (20), then in order to find the tightest lower bound then we need to maximize

2 RY
(p1 — p2) n (po — p3) (A.6)
p1+ p2 po + P3

w.r.t. the free parameter [ € RT. From Eqgs. (A.1)-(A.4) and the symmetry property in (A.5)

p-m= [ aW-eMd = G- =-aO-c) (A

po+p3 = /loo a(uw)(1+e ™) du = gl(po +p3) = —a(l)(1+e7h) (A.8)
l

pem= [ aw-ed 5 G- =@ -e (A9
l

pam= [ awred 5 Jeitp a4 (A0

so the calculation of the partial derivative of (A.6) w.r.t. [ gives

9 { (p1 — p2)° L (po —p3)2}

ol | p1+p2 Po + p3

:_4a(l){ (plpjm)Q—(pOT’m)Z] +et (pljjrlm)Q_(pon)Q]}.

Since the first derivative of a function changes its sign at a neighborhood of any local maxima or
minima point, and since a(-) is always non-negative, then the second multiplicative term above is

36



the one which changes its sign at a neighborhood of [ maximizing (A.6). For this value of I, the
second multiplicative term vanishes, which gives the optimization equation for [ in (22).

Proof of existence of a solution to (22): In order to show that a solution to (22) always exists,
we will see how the LHS and the RHS of this equation behave as | — 0" and [ — oo. From
(A.1)—(A.4), it follows that in the limit where [ — oo, we get

pr—1—w—Pr(LLR(Y) =00 | X =0), ps—w

where w is introduced in (2), and therefore

P2+ e lp? w 2
lim 22 1 _ ) (A.11)
I—oo (p1 + p2)? 1—-Pr(LLR(Y)=0 | X =0)
Since from the symmetry property
o o0 oo
p3 = / a(—u)du = / e “a(u)du < e_l/ a(u)du = e 'pg
l l l
then the fraction %3 tends to zero as [ — oo, S0
p3 2 l
2 —1,,2 (—) +e
PR DO oy A0, (A.12)

= 1um
2 2
l—o00 (p() +p3) l—o00 <1 + %)

It therefore follows from (A.11) and (A.12) that for large enough values of [, the LHS of (22) is
larger than the RHS of this equation. On the other hand, in the limit where | — 0T, we get
o+
pLp2 = 5 . a(u)du

and therefore ) -
- 1
lim 227¢ PL_ - (A.13)
1—0+ (p1 + p2) 2

In the limit where [ — 0t

00 0~
po— [ a(udu,  ps— / a(u)du, po+ps — B
0 —o0
0t 00
where 3 £ 1 —/ a(u)du. By denoting u = / a(u)du, we get 0 < u < f3, and

pi+e'pd v+ (6—w)?
11 2 = 2
1—0+ (po + p3) B

> % Vuel0,3]. (A.14)

We note that the last inequality holds in equality if and only if u = g But if this condition holds,

then this implies that
0~ 00
/ a(u) du = / a(u) du
oo o0+

which from the symmetry property cannot be satisfied unless a(u) = d(u). The latter condition
corresponds to a BEC with erasure probability 1 (whose capacity is equal to zero).

From (A.13) and (A.14), we obtain that for small enough (and non-negative) values of I, the
LHS of (22) is less or equal to the RHS of this equation. Since we also obtained that for large
enough [, the LHS of (22) is larger than the RHS of this equation, the existence of a solution to
(22) follows from continuity considerations.
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A.3 Proof of Inequality (30)

We prove here the inequality (30) (see p. 12) which implies that the ”four-level quantization” lower
bound on the parity-check density (see p. 10) is tighter than what can be interpreted as the ”two
levels quantization” bound in [13, Theorem 2.1]. Based on (2), we get

1
w=Pr{LLR(Y) < 0| X =0} + 5 Pr{LLR(Y)=0]| X =0}
so from (6), w = py + p3. By invoking Jensen’s inequality, we get

(Pl —p2)2 + (po —p3)2
p1 + D2 po + p3

2 2
P1 — P2 Po — P3
=P1+p2)|—— ) +Po+ps3 < )
( )<p1+p2> ( ) Po + p3

2
p1— D2 Do — P3
> [(m + p2) (p1 +p2> + (po + p3) <p0+p3>]
= (po + p1 — p2 —]93)2
= (1 —2py — 2p3)?
= (1-2w)>

An equality is achieved if and only if B=P2 = BB From (A.7)-(A.10), we get

I
1—e ) d
pl—p2_/0+a(u)( ) u< 1—et

p1+ P2 /l T lte
0

a(u)(1+e ") du

+

and

1—e™)d
pO—P3_/l a(u)( e) du 1—et

e it
wEr Caw ey
l

The two fractions g ;g 2 and i g;g 2 cannot be equal unless the LLR is either equal to [ or —I. This
makes the four-level quantization of the LLR identical to the two-level quantization used for the
derivation of the original bound in [1, Theorem 2]. Equality can be also achieved if p; + ps = 0 or

po + p3 = 0 which converts the channel model in Fig. 1 (see p. 6) to a BSC.
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Appendix B

B.1 Proof of Lemma 3.3

Lemma 3.3 (see p. 16) is proved here by mathematical induction on the value of k.
k = 1: let § denote the value of s for which ks = 1. In this case, we simply need to find the
probability that the scalars © and X differ. From (35)

pefo= X 18 =)
R
Ps+Pod_1_3

[1+ (1_ 2pga_y_; )]
D5+ Pod_1_3

24-1_1 ks
)
s=0

N | =

O |

Ds + Pod_1_s

Let us assume that for every k < K the claim holds, and prove it for k = k'. Let s denote the value
of s for which ®;, = (ags), aés), e ,a&‘?l). The probability that the components of the two random

vectors (O, 0iy,...,0;,) and (X, Xiy, ..., X;,,) differ in an even number of indices is equal to

01(8) a2(K',3) + (1 = q1(3)) (1 — @2(K', 3))

where ¢ (5) designates the probability that ©;, = X;,, and ¢2(k’, §) designates the probability that
the components of the two random vectors (6;,,...,0;,) and (X, ..., X;,,) differ in an even
number of indices. Based on the assumption, we get

[1+ <1_ 2pga_1_3 )}
D5+ Pod_1_3

d—1
1 2 B ks—1 2 -1 9 ks
gk, 3) = 3 1+<1—p2d—1—8> I <1_p2d—1—s>

D5+ Pai_1_; =0 Ps + Pai_1_s
SF#£S§

N | —

q(s5) =

so the probability that (6;,,...,0; ,) and (X;,,..., X

i\,) differ in an even number of indices is

2d-1_1 ke
) @lW5) + (1= 0@) (- a@.) =5 |1+ J[ (1= 220
s=0

Ds + Pod_1_g

This completes the proof of Lemma 3.3.
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B.2 Proof of the Property Claimed in the Discussion on Proposition 3.2

Following the discussion on Proposition 3.2 (see p. 17), we prove the existence of sub-optimal 29+!
quantization levels, determined by l~1, . ,ZNQd_l and their symmetric values around zero, so that
even with this sub-optimal 24! -level quantization, the bound in the RHS of (34) is already tighter
than the one which follows from the optimal choice of 2¢ quantization levels. From the RHS of
(34), it suffices to show that for any integer k > 2

k 241 .
Z <k0 de 1> H (ﬁi_}_ﬁZd-‘rl,lii) ‘

Ko kgd ’ =0
2 ki=k

k;
ho 2Pgdt1_1— >

pl +p2d+1 1—i

ki
= Z <k0, k‘2d 1 1) H 2d 1— z)

ko, skgd—1_1 1=0

|
—_
\
o
A
—

2 ki=k
k.
2d-1_1 (d) ’
2p A
de | = 1= H S et S (B.1)
, (d) (d)
1=0 pz + deflfi
where po, P1, . . ., Peatr1_; denote the transition probabilities, as defined in (33), which are associated
with the above sub-optimal 2¢+! quantization levels. On the other hand, p((]d) , pgd), cees pg?_l denote
the transition probabilities in (33) which correspond to the optimal 2¢ quantization levels.
To prove (B.1), we define sub-optimal quantization levels l~1, .. ,Z2d_1 in the following way: For
i=1,2,...,2971 1, we define Iy; £ ll(d), where lgd), ey lgcil),l_l (and their symmetric values around

zero) are the optimal 2¢ quantization levels. The other levels (i.e., le where the index j is odd) are
chosen arbitrarily as long as

ooéZNOZLz...ZiQd_le.

In a similar way to (33), let us the denote by py, . .., Pear1_; the transition probabilities associated
with 11,12, ...,lya_;. This yields

k g g 2 ki
~ ~ . +1_1-—4
(Bi + Poari_q_)" ha [ 5 |1 - <1 — ~2~>
ko,.%d 1 (ko, . ,de_1> l}) i+ Pyari 1 ]}) R
2 ki=k
24-1_1
_ Z < k ) H <k‘2j + k2j+1)
ko & p ko —|— k’l, ceey k’2d_2 + k;2d_1 j:O kQJ
rfod g
i ki=k
291 241 _ k.
, 1 2Dod+1_1_; ¢
- ~ k 2 1—3
Di + Pod+r1_1_;) ha | = |1 — (1—H)
Z‘1_[0 (Pi 2 1-i) 2 111) Pi + Dod+1_1_;

Let us denote
ki = koi + koip1, i=0,1,...,2971 1
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then, the above sum transforms to

> il )
Lz Kyyeee Ky

00 Fod—1_4

> ki=k

k

d—1__
2 1 k/ ij 5 5 k2j+1
Z H k2 (P2j + Doar1_1-9;)"" (P2j41 + Padt1_1-(2j+1)
J

koK1, kgd_ Jj=0
Vit kajtkej1=k]

d—1_ ~ ) - ko
h 1 - 2 H ! - 2Pgd+1_q_9; kg - 2Dod 11— (2j41) 2
2|5 —— - k )

=0 P2j + Padti_1-2; P2j+1 + Doat+1_1_ (2541

k g @, @ \N
- X (k(’),. K )H( +p2d—1—a‘)
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S R ) S R SIS R
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(B.2)
Due to the choice of lj, we have that p( ) = = poj + P2j+1 forany j =0,1,..., 2¢ — 1. Hence,
d—1__ - - o - .
Z 2 H ! (k;) (Paj + Poar1_1-2)" (2ja1 + Poar1_1_(gj41)) "+ (B.3)
o \k2j @ + K
kok1,ekga_y  §=0 +p2d717j
Vi kojtkajr1=Fk}
d—1__ - ~ . - .
(@) ’ H ' Z (% > (P2j + Poa+1_1—9;)" (Paj1 + Poar1_1_(gj41)) "+
o "y k2 @, @ \M
]—0 k2j7k2]+1 p] + p2d717.
kojt+kajr1=Fk] J
2d71 ~ ~ k;
((mg + P2j+1) + (Do _1_o; +p2d+1—1—(2j+1)))
g k‘/.
- (d) J
J=0 (p + de 1 j)
k
( + de 1 j)
J=0 (p] + péd) 1 j) J
where the factorization, in (a), of the sum over the global function (whose variables are kg, k1, ..., koa_
241

into a product of sums of local functions (with variables ka;, k2;+1) follows from the concept of factor
graphs. Therefore, the expression inside the sum in (B.3) forms a probability distribution.
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Using the concavity of ha(-), we apply Jensen’s inequality to (B.2) (which is equal to the RHS
of (B.1)) and get

241 241 - ks

Z k H - s 1 H 2Pgd+1_1_4 > '
3 + N ¢ h = 1 - 1 - = -
<k07~--ak2d—1> (P Pt 1) 212 ( Di + Poa+1_1_;

koyerkga_, i=0 i=0
2 ki=k
k 24-1_1 i
d) (d) i
< (p( + Do )
k! %: (k/077k/2d 1 1) 1;[(] J 201y
OvZ ]3;1 14 J

d—1 - - )~ ~ .
( [ 2 H : > <k;> (P2j + Poar1—1-9;)" (Bji1 + Paasi 1 (g41) ™!
k2j §

k
(d) (d) J
kajkoj1 ) (p] t Pod_q_ _j
koj+kojp1=k;

o — B ki (Ho. i1 — B k2j+1
(pgj — p2d+112j> D2j+1 — Pad+1_1—(25+1)
P2j + Poat1_1_9j D2j+1 + Dod+1_1_(2j41)

k @@V
= 2 (k{),. % )H< o)

sy Rod—1 -
Kokl 1 2= =0

> k=k
d ) i N ) |
( [ 2 1_1[ 1 Z </<3} > (ij - p2d+1—1—2j)k23 (p2j+1 — p2d+1_1_(2j+1))k2]+1 ] )
ka; ‘.

k
] =0 k2]7k2]+1 (p‘gd) _i_p;d) - > J
kojt+kaji1=k; —J

k @@V
= Z <k6" K/ > H (pj +p2d—1—j>

) d—1 .
k(/)’ 7k;d 1_4 2 -1 ‘7_0

2 ki=k

K’
1 9d—1_1 ((p2j + P2j+1) — (Poari_1_g; +p2d+1—1—(2j+1))> J
ha B 1= H @ , () g
j=0 (pJ TPy J)

K.
k K 24-1_1 p(d) p(fli), )
— Z <k/ kdl > H ( +p2dlj>3h2 1— H (Z ?)13>kj
korebya1_y 00 o oa-1 1/ S, = (J +p2d 1 ]>
> ki=k

N | =

which therefore proves the sufficient condition for monotonicity, as stated in (B.1).

Appendix C

We provide in this appendix further mathematical details related to the proof of Proposition 4.1.
We note that Appendix C.2 serves here as a preparatory step for the derivation in Appendix C.3.
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C.1 Proof of Lemma 4.1

In order to prove Lemma 4.1, we first observe that

PrlOo=1|Q=qa)

=Pr(@=-1|Q=aqa)
a(—a)

a(@) +a(-a)

—Q

e
14+e @’

The proof of the lemma continues by mathematical induction. For k£ = 1, (56) holds since

1 2™ e ~

2[ < 1+e—“1>] T oo~ DHOn =1]% =)

Let us assume that (56) holds for &’ < k, and prove it also for k. By our assumption and since the
channel is memoryless, we get

PI(S] =1 | (QZUvQZk) = (Oél,...,Oék))
= Pr(0;;, =1|Q, =a)) Pr(Even number of ones in (€;,,...,€;,))

+Pr(0;, =0 Q, = a;) Pr(Odd number of ones in (4, ...,%,))
e k o,
(i)} 1— 1_L . 1_1 1_H 1_267
2 1+e ™ 2 s 1+eom
k
2e” ™ 1 2e7m
T (1_ 1+e—a1>] 2 [1_ 11 (1_ 1+e—am)]

{1 (=]

i=1

R
2

where equality (a) follows from the assumption that equation (56) holds for k£ — 1, and the proof
follows by mathematical induction.

C.2 Power Series Expansion of the Binary Entropy Function

Lemma C.1.

1 &K (1—22)%
=1- <z<l. .
ho(z) =1 21n2pzl o3p 1) 0<z<1 (C.1)

Proof. We prove this by expanding the binary entropy function into a power series around % The
first order derivative is
In (1—796)

/ T

and the higher order derivatives get the form

hé")(x):—(n_2)!((_1)n+ ! ) n=23 ...

In2 N )
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The derivatives of odd degree therefore vanish at z = %, and for an even value of n > 2

h(n) 1 :_(n_2)!2n'
2 \2 In2

This yields the following power series expansion of hs(:) around x = %:

(n—2)! 2" 1\"
— In 2
hz(x) - n>2ze:en{ nt | <x R 2> }

B 1 (2z —1)"
B 1_E Z n(n—1)

n>2 even
1 = (2z—1)%
- >
2In2 p(2p—1)
p=1
and this power series converges for all z € [0, 1]. O

We note that since the power series in (C.1) has always non-negative coefficients, then its
truncation always gives an upper bound on the binary entropy function, i.e.,

1 & (1—22)%
h <1- \ 0,1 N. C.2
2(IE)_ 21112};]9(2]7—1) SL‘E[, ]7m€ ( )
The case where m = 1 gives the upper bound in Lemma 3.2 which is used in this paper for

the derivation of the lower bounds on the parity-check density. The reason for not using a tighter
version of the binary entropy function for this case was because otherwise we would get a polynomial
equation for ar whose solution cannot be given necessarily in closed form. As shown in Fig. 5,
the upper bound on the binary entropy function, ho(-), over the whole interval [0, 1] is improved
considerably by taking even a moderate value for m (e.g., m = 10 gives already a very tight upper
bound on hy(-) which deviates from the exact values only at a small neighborhood near the two
endpoints of this interval).

C.3 Calculation of the Multi-Dimensional Integral in (57)

1
2

/OOO/OOO---/OO [T st s (3 (1 1 (;))) Jondas oy
k

- 2p
1—e™m
=1— 21112 2p — 1 / / / H fQ(Oém) n:!_:[l <1+6am> daidas . .. day

= 2p (Am
1= 21112 2p_1 / / / <f§2 Q) tanh ( 5 )) darday . .. doy

oo

:1—211122 2p—1 </ fola tanh2p< )da)k.

This transforms the original k-dimensional integral to an infinite sum of one-dimensional integrals.
Since we are interested to obtain a tight upper bound on the k-dimensional integral above, and

Based on Lemma C.1 which provides a power series expansion of ha(-) near 5, we obtain
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Figure 5: Plot of the binary entropy function to base 2 and some upper bounds which are obtained

by truncating its power series around x = %

since all the terms of the last infinite series are positive, then any truncation of the last infinite
series is an upper bound. Based on the discussion in Appendix C.2, we will compute the first 10
terms of this series which (based on the plot in Fig. 5) will give a very tight upper bound on the
k-dimensional integral (for all k). Hence, for the calculation of the un-quantized bounds on the
thresholds of LDPC ensembles, we rely in our computations on the following tight upper bound on
the k-dimensional integral for any integer k:

o] o] o k 1 k 1 —e 9m
m=1 m
10

=1

<1- 21112 Z{p(Qpl—l) </Ooofw(oz) tanh?” (%) da)k}.

p=1

This bound is clearly much tighter than the one we use in Section 4 for the derivation of a lower
bound on the parity-check density, as for the derivation of the latter bound, we only take into
account the first term (among the 10 positive terms) of the sum above.

Appendix D

D.1 Proof of Inequality (61)

Let d > 2 be an arbitrary integer and let oo L2l >L>...> lya-1_; > 0 (and their symmetric
values around zero) be arbitrarily chosen quantization levels. To prove inequality (61), we start
by applying the power series expansion of the binary entropy function (C.1) to the RHS of the
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inequality and get

o ¥ (o h)

& ko,...,k2d71_1 cey de—1,1
S ki=k
0d—1_1 2d-1_1 k;
. 1 2pga_i_; ’
(pi+paa_1_ )i by | = |1 (1 S
i ' 2 E) Pi+ Pod_1—

1 1 k
=1- 21n(2) > {p(2p —1) > {d’“ > (k:g, .. ,kzd_1_1>

p=1 k ko, skga—1_4
> ki=k
9d—1_1 ki-2p
[ Pi = P2d_1—4
T s o (22 ) Y
iHO ’ ! Di +Dod_1_4

Therefore, a sufficient condition for (61) to hold, is that for any integers k > 2 and p > 1

</Ooo a(l)(1 + e7!) tanh? (é) dl>k

k S— k. [ Pi —Pod_1_ hi2p
> ; AL o P2f—l— - (D1
- Z <k0, ey k2d—11) H (p +p2d ! Z) <pl +p2d1’i> ( )

ko,...,k2d71_1 =0

¥, ki=k
Let fo(-) be the pdf of the absolute value of the LLR, as defined in (51) (it is independent of the

transmitted symbol X because of the symmetry of the channel). Dividing the range of integration
[0, 00] in the LHS of (D.1) into the 2¢~! — 1 sub-intervals defined by the non-negative quantization
levels Iy, ...,lya—1_; yields

(/Ooo a(l)(1 4 e7!) tanh? <é) dl>k
@) (/OOO fo(l) tanh?? (é) dl>k

—

k
2d*172 l; l le—171 l
= Z / fa(l) tanh?? () dl +/ fa(l) tanh2? <> dl
i=0 JUir)* 2 0 2
2P 200
24-1_1 k
DI
i=0
24-1—1
K > I (2"
= Z o
kO,-‘.,k2d7171 <k0, ceey k2d71_1 i—0 ( )

X ki=h

where (a) holds since tanh(0) = 0. The above chain of equalities implies that in order to prove
(D.1), it suffices to show that for any integer p > 1

. N\ 2P
gpz(p) > (pl +p2d717i) <p’p2d11) Vi= 07 1) U 72d_1 —-1. (DQ)
Pi+Pai_1—;
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From (33), we have that

l;
/ fQ<l)dl :pi+p2d_1_i VZ :O,...,2d_l —2
(

Liy1)*t
and
lya—1_4
/ fQ(l)dl = Pgd—1_1 + Pod-1
0
which implies that for every i = 1,...,2¢71 — 1, the function $ is a pdf over the respective
iTPod_1_;
interval. Therefore, for ¢ € {1, I 1}, we have

L l 1—et 2p
P = (pi+p2d—1—i)/ fall ( ) dl

(lig1)+ Pi P21 \1+ e~

a li fall) 1—e¢t v
> (pi + Poa_1—;) (/( dl)

Liy1)T pi + Pod_1—; 1+ et

b Eoai—et )\
(:) (pZ +p2d717i) / ———dl
(lig1)+ Pi T Pod_1_;

© ba) —a(-1) "
= (pi + Pai_y_; ———a
(pi +poa_1-4) </(li+1)+ Pi+ Dot )

2p
(d) DPi — Pod_1—;
( {J 2d 1 z) (pi“‘deli) ( )

—~
N

where (a) follows from the convexity of the function f(z) = 2 and by applying Jensen’s equality,
(b) follows from the definition of fq(-) in (51), (c¢) follows from the symmetry property of the pdf
a(-), and (d) follows from (33). For ¢ = 0, the proof follows along the same lines as (D.3), except
that in (b) we also use the fact that tanh(0) = 0, so the two integrals from 0% to lya-1_; and from
0 to lya-1_; get the same value. This concludes the proof of the sufficient condition (D.2) for the
satisfiability of inequality (61).

D.2 Proof of the Claim Regarding the Tightness of the Lower Bound on the
Parity-Check Density in Theorem 4.1

We show here that the lower bound on the parity-check density in Theorem 4.1 is uniformly tighter
than the one in [13, Theorem 2.1] (except for the BSC and BEC where they coincide). In order to
show this , we first prove the following lemma;:

Lemma D.1. For any MBIOS channel, the following inequality holds
A> (1 -2w)?

where w and A are introduced in (2) and (64), respectively.
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Proof. From (2), (51) and (64)

A = /0 Ooa(Z)(ll:f’e_ll)zdz
_ /OOO a(l) (14 ) tanh? (;) di
= [ salt) taun? (;) i

7 oty o () )

/OOO a(l) (1+e")- G;Z_i) dl)2

v

1+Pr(LLR=0) -2 /00 a(—1) dl)

2
1+ Pr(LLR =0) — 2 (w + %Pr(LLR = 0)>)
= (1-2w)?

where the single inequality above follows from Jensen’s inequality. O

The proof of our claim now follows directly by replacing the supremum over z € (0, A], which
appears in the RHS of (62), with the same expression where we substitute x = (1 — 2w)?.

D.3 Proof for the Claim in Remark 4.4

In order to prove the claim in Remark 4.4 (see p. 27), it is required to show that

1-C
B 1 00 # ooa NS £ k
! 21n(2);{p(2p_1);dk</0 (1) (1+e7") tanh <2> dz)}
2w
S10S e (=20 (D.4)

k

where w is introduced in (2). The reason for showing this in light of the claim in Remark 4.4 is
that the RHS of the last inequality follows from considerations related to a BEC, essentially in the
same way that the second term of the maximization in the RHS of (49) is derived. By showing
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this, we prove that the maximization of the two expressions in the LHS and RHS of (D.4) doesn’t
affect the bound in Corollary 4.1.

Following the steps which lead to (68), we get that for any integer k > 2

21;(2) i p(2p1— 1) (/OOO a(l)(1 4 e”!) tanh?" <é> dl)k > C*,

p=1

Applying this to (D.4) and denoting Q(x) £ 3", dia®, we get that a sufficient condition for (D.4)

to hold is
1-C 2w

> .
1-QC) — 1-Q(1 —2w)
From the erasure decomposition lemma, we get that an MBIOS channel is physically degraded as

compared to a BEC with an erasure probability p = 2w. By the information processing inequality,
it follows that C' < 1—2w. Therefore, in order to prove (D.5), it is enough to show that the function

(D.5)

1—=x

f(év):m

is monotonically decreasing for = € (0,1). We prove this property by showing that the derivative
of f(+) is non-positive for z € (0,1). As the denominator of the derivative is positive, we may
equivalently show

V@) (1-2)—(1-Q()<0.

Dividing both sides of the inequality by (1 — ) € (0,1) and noting that Q(1) = )", d = 1, we get
that it is enough to show
Q1) — Q(x)

l1—=x

O (z) — <. (D.6)

Since €2(+) is a polynomial and therefore analytic, by the mean-value theorem we get that for some

T e (x,1
= Q1) — (=)

1—z

= /().

Since € (x) = Y, kdxa" is monotonically increasing for z > 0, then (D.6) follows for all z € (0,1).
This in turn proves (D.4).

D.4 Proof of Eq. (75)

In order to prove (75), we first multiply the two sides of (73) by R, and denote R = (1 —¢)C. This
gives that the lower bound on the bit error probability in (73) is non-positive if and only if

(1-C)B—eC(1—B)<0. (D.7)
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Unless the channel is noiseless, we get

B = 213(2) i {2?(2191—1) z,;dk (/Oi" a1+ €7 tant” <;> dl)k}
(s T ([ o0}
- ‘
= 21;(2) 2 {p(2pll) z,;dk </R—{0} aW[)
{(2;_1 zk:dk(l ~ Pr(LLR = 0)) }

— 1
21n(2) ; p2p—1) L

Since B < 1, the LHS of (D.7) is monotonically decreasing in . We therefore deduce that the
inequality (D.7) holds for € > ¢¢, where ¢¢ is the solution of

(1-C)B—-¢0C(1—-B)=0.
It can be readily seen that the solution of the last equation is given by ¢o defined in (75).

D.5 Proof of Eq. (76)

We will show both that there exists a unique g¢ that satisfies (76), and that the RHS of (74) is
non-positive if and only if € > g9 where ¢ is that unique solution. As in Appendix D.4, we begin
by multiplying the two sides of (74) by R and denoting R = (1 —¢)C. It follows that the bound in
the RHS of (74) is trivial (non-positive) if and only if

oo (2=(1—e)O)t

Tl Gl 5} p; ! | (/OOO a(l)(1 + ¢) tanh?” <;> dl) T oo sy

21n(2) p(2p—1

We now show that the LHS of the last inequality is monotonically decreasing in . Let us denote

o0 @-0-9)0)

)2 <0+ - _2(1111(_2)8)0 ) p@pl_ 3 </OOO a(l)(1 + ') tanh?” (é) dl> e

p=1

N 1
P 2I(2) p(2p — 1)

oo l
ap, = /0 a(l)(1 + e~ ) tanh? <2> di.

By Dividing the derivative of f w.r.t. € by C, we get

/ (2—(1—¢)O)t
fé&') _ é( C—I—CZOép apl (I—e)C
p=1

_|_(1—(1—€ Zapap == log(ap)<—(1_(1t_€)c)2>>

p=1

00 (2—(1—£)CO)t
_ Z{ap <1 —log( T—(- s)C>> ap17(1fs>c }_ 1

p=1
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From the symmetry property of a(-) and since tanh(xz) < 1 then a, < 1, and it follows that
(2-(1—)O)t

t
apl_(l_g)c < a;_“_s)c. Therefore, the previous equality yields

HOSS s S
c sz:; ap (1 —log(ap “ >C) R

ot
For pE N, let us denote a;*(lfs)c A

inequality

— 0, where 0 < §,, < 1. Therefore, we get from the previous

IN

Jg? 2:%%(1—bg1—%»ﬂ_ﬁm}_l

p=1
[e.0]
< ) op-1=0
p=1
x

where the second inequality follows from the inequality In(1—z) > — % which holds for = € (0, 1).

l—x

This concludes the proof of the monotonicity of the LHS of (D.8). Observing that

(2-0)t

> )
0O =1-0)Y apa C >0
p=1
and

f)=-C+> opar
p=1

(e}
<-C+ Zap ap
p=1
= C+C=0

where the first inequality follows since a, < 1 and since ¢ > 1 (¢ = 1 if and only if the code is
cycle-free, otherwise t > 1.) The second equality follows from the last three equalities leading
to (68). From the continuity of the function f(-) w.r.t. &, we conclude that the monotonicity
property of f, as shown above, ensures a unique solution for (76). From (D.8), it also follows from
the monotonicity and continuity properties of f(-) in terms of € € (0,1) that the RHS of (74) is
non-positive if and only if € > ¢y where ¢q is the unique solution of (76).
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