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Abstract

We consider the linear regression problem of estimating an unknown, deterministic parame-
ter vector based on measurements corrupted by colored Gaussian noise. We present and analyze
blind minimax estimators (BMEs), which consist of a minimax estimator whose parameter
set is itself estimated from measurements. This approach results in several extensions of the
James-Stein estimator; however, unlike the James-Stein result, some of these extensions are
non-shrinkage, making them applicable in a wider range of problem settings. We demonstrate
analytically that the BMEs strictly dominate the least-squares estimator, i.e., they achieve lower
mean-squared error for any value of the parameter vector. We also show through simulation

that the BMEs generally outperform other extensions of the James-Stein technique.
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[. INTRODUCTION

The problem of estimating a parameter vector from noisy measurements has countless appli-
cations in science and engineering. Such estimation problems are typically modelled either in a
Bayesian setting, in which a prior distribution on the parameter is assumed, or in a deterministic
setting, in which no prior exists [1]. This paper examines the deterministic estimation problem.
We further assume that the measurements y = Hx 4 w are linear combinations of the parameter
vector x, to which Gaussian noise w is added. Here the transformation matrix H and the noise
covariance E{ww"} are assumed to be known. We seek an estimate X which approximates x in
the sense of minimal mean-squared error (MSE).

This ubiquitous problem was first addressed by Gauss [2], who proposed the classical least-
squares (LS) estimator. Several lines of reasoning can be used to support the LS approach. Gauss’
argument showed that the LS estimator minimizes the squared error between the measurements
y and the transformed estimate §y = HXx. It is also well-known that the LS estimator is the
maximum likelihood estimator for Gaussian noise. However, neither of these criteria are directly
related to the MSE, or to any other measure of the distance between x and X. Another property
of the LS estimator is that it is the linear, unbiased estimator achieving minimal MSE. Yet by
removing the requirements of unbiasedness and linearity, estimators yielding lower MSE can
be constructed. While linearity and unbiasedness may be intuitively appealing properties, they
have no relation to the primary goal at hand, namely, achieving low estimation error.

Because the parameter vector x is deterministic, the MSE E{||x — ||} is generally a function
of x. As a result, one estimator may be better than another for some values of x, and worse for
other values of x. For instance, the trivial estimator X = 0 achieves optimal MSE when x = 0, but
it is a very poor estimator for other values of x. Nonetheless, it is possible to impose a partial
order among estimators [3], as follows. An estimator X; is said to strictly dominate a different
estimator X, if the MSE of X; is lower than that of X,, for all values of x. If the MSE of X; is never
higher than that of X, and is strictly lower for at least one parameter value, then X; is said to
dominate Xp. An estimator is said to be admissible if it is not dominated by any other estimator.
Surprisingly, the LS estimator turns out to be inadmissible, i.e., some estimators always achieve
lower MSE [4]. Thus, it is of interest to characterize the class of admissible estimators, and to
find estimators which dominate the LS estimator.

The study of admissibility is sometimes restricted to the set of linear estimators, which have



the form X = Gy. A linear admissible estimator is one which is not dominated by any other
linear estimator. A simple rule characterizes the class of such estimators [5], and, given any
linear inadmissible estimator, it is possible to construct a linear admissible alternative which
dominates it [6]. However, the problem of admissibility is considerably more intricate when the
linearity restriction is removed; generally, admissible estimators are either trivial (e.g., X = 0) or
exceedingly complex [7], [8]. As a result, much research has focused on finding simple nonlinear
techniques which dominate the LS estimator.

Early work on LS-dominating estimators considered the independent, identical-distribution
(iid.) case, for which H = I and the noise is white. Among these, the James-Stein estimator
[3], [9] is the best-known example; another is the Alam-Thompson estimator [10], [11]. Various
extensions of the James-Stein estimator were later constructed for the general (non-i.i.d.) case
[12]-[15]. Of these, Bock’s estimator [13] is quoted most often [15], [16]. However, none of
these approaches has become a standard alternative to the LS estimator, and they are rarely
used in signal processing [15]. One reason for this is that the estimators are poorly justified
and seem counterintuitive, and as such they are sometimes regarded with skepticism (see
discussion following [17]). Another reason is that many of these approaches (including the
James-Stein estimator and Bock’s extension) result in shrinkage estimators, consisting of a gain
factor multiplying the LS estimate. While this can certainly be used to reduce MSE, such
estimators are inappropriate for some applications, in which a gain factor has no effect on
final estimation quality.

In this paper, we provide a framework for generating a wide class of low-complexity,
LS-dominating estimators, which are constructed from a simple, intuitive principle, called
the blind minimax approach [18], [19]. This approach is used as a basis for selecting and
generating estimators tailored for given estimation problems. Many blind minimax estimators
(BMEs) reduce to Stein-type estimators in the i.i.d. case, and they continue to dominate the LS
estimator in the general, non-i.i.d. case as well. Thus, we show analytically that the proposed
estimators always achieve lower MSE than the LS estimator. Unlike Bock’s estimator, BMEs
may be constructed so that they are non-shrinkage, if this is required. Furthermore, extensive
simulations show that BMEs considerably outperform Bock’s estimator.

Blind minimax estimators are based on bounded parameter set minimax estimators [20],
[21]. These are estimators designed for a slightly different problem, in which the parameter

is known to lie within a given set. Such estimators have been studied extensively and a closed-



form estimator is known for many types of parameter sets. In our case, however, no prior
information about the parameter set is assumed. Instead, the blind minimax approach makes
use of a two-stage estimation process. In the first stage, the parameter set is estimated from
the measurements. In the second stage, a minimax estimator for this parameter set is used to
estimate the parameter itself. The result may be viewed as a simple estimator, independent
of this two-stage construction process. Indeed, our LS-dominance proofs are independent of
the method by which the estimators are generated. In particular, the dominance results do not
depend on the parameter actually lying within the estimated parameter set. However, the blind
minimax technique provides a framework whereby many different estimators can be generated,
and provides insight into the mechanism by which these estimators outperform the LS estimator.
Blind minimax estimators differ in the method by which the parameter set is estimated. In
Section II, we study the case in which the estimated parameter set is a sphere; Section III derives
estimators based on an ellipsoidal parameter set. The different estimators are compared in a
numerical study in Section IV, and the paper concludes with a discussion in Section V.
Throughout this paper, vectors are denoted by lowercase boldface letters, while matrices are
denoted by uppercase boldface letters. The ith component of a vector v is denoted v;. The
(unique) positive semidefinite square root of a positive semidefinite matrix Q is denoted Q'/2.
The notation @ ~ Nj(u, Q) indicates that i is a random vector of length p, distributed normally

with mean u and covariance Q.

II. THE SPHERICAL BLIND MINIMAX ESTIMATOR

Consider the problem of estimating an unknown deterministic parameter vector x € C" from
measurements y € C" given by

y=Hx-+w, 1)

where H € C"*"™ is a known matrix and w is a Gaussian random vector with zero mean and

covariance Cy. For simplicity, we assume that H is full-rank and that Cy is positive definite.
Suppose first that x is known to lie within a compact parameter set S. In this case, a bounded

parameter set minimax estimator may be constructed [20], [21]. This is the linear estimator Xy

minimizing the worst-case MSE among all possible values of x in S,

ﬁM:arggi(%’g\eagE{\]ﬁ—XHZ}. ()



For example, when the set S is a sphere centered at the origin, S = {x : [|x||?> < L?}, the linear

minimax estimator is [21]

i = ®)
XM = ——X1g,
M L2 n €o LS
where X1 g is the LS estimator,
X1s = (H*C,'H)'H*C,ly, (4)
€o is the MSE of Xig, given by
e = E{Ilxus — x|} = Tr(Q7Y), ©)
and
Q = H'C,'H. (6)

It has recently been shown that any linear minimax estimator achieves lower MSE than that
of the LS estimator, for all values of x in S [18]. Thus, as long as some bounded parameter set
is known to contain x, minimax estimators outperform the LS estimator.

The blind minimax approach uses minimax estimators when no parameter set is known. This
is done in a two-stage process:

1) A parameter set S is estimated from the measurements;

2) A minimax estimator designed for S is used to estimate the parameter vector x.

Blind minimax estimators differ in the method by which the parameter set is estimated. In this
section, we use a spherical parameter set, and estimate the sphere radius from the measurements.
We assume for now that the sphere is centered on the origin. The resulting spherical BMEE (SBME)
will have the form (3), where L? is estimated from the measurements.

As an estimate of L2, we seek a value as close as possible to ||x||%: a smaller value would
exclude the true vector x from the parameter set, while a larger value would yield an overly
conservative estimator. Since x is unknown, a natural alternative is to use X;g instead; for

instance, one may estimate L? as ||%s||>. This results in the direct SBME

XDSBM = M>A<Ls- (7)
%[> + €0
In fact, ||X;s||? tends to be an overestimate of ||x||%, since E{||%rs||?} = ||x||> + €. To correct

for this effect, we may alternatively estimate L? as ||Xrs||*> — €. Substituting this value into (3),

the balanced SBME is given by

N € N
XBsBM = <1 - 0) Xs- (8)

%52



Both SBMEs reduce to well-known results in the i.i.d. case: the balanced version Xgggy reduces
to Stein’s approach [4], and the direct version Xpspy reduces to a variant of the Alam-Thompson
estimator [10], [11]. Under suitable conditions, the techniques proposed by Stein and by Alam
and Thompson are known to strictly dominate the LS estimator, meaning that they achieve
lower MSE for all values of x. However, the SBMEs are equally well-defined for the non-i.i.d.
case. Furthermore, as we shall see, both versions of the SBME strictly dominate the LS estimator
in the non-i.i.d. case.

Up to this point, we have arbitrarily chosen the parameter set to be centered on the origin.
The result was a weighted average between the LS estimate and the origin. The weight given
to the LS estimate may be viewed as a restraint, which lessens the effect of measurement noise.
As we shall see, the proposed BMEs outperform the LS estimator, illustrating the fact that the
LS estimator is an overestimate. However, the choice of a parameter set centered on the origin
is completely arbitrary; BMEs may be constructed around any constant center point xp. This
would result in a weighted average between the LS estimator and xp, which may be useful if
the parameter vector is expected to lie near a particular point. For example, the “off-center”

balanced SBME is given by

o €0 N €0
=(1—- —_ S . 9
X ( !IﬁLs\P) Xs (HﬁLsHZ> 0 ®)

All dominance results continue to hold for the off-center estimators as well. In the sequel, we
assume Xo = 0 merely for the sake of notational simplicity.

The following theorem demonstrates that the SBMEs are guaranteed to outperform the LS
estimator in terms of MSE.

Theorem 1: Suppose €p/€max > 4, where ¢€g is given by (5), €max is the largest eigenvalue
of Q71 and Q is given by (6). Then, both the direct SBME and the balanced SBME strictly
dominate the LS estimator.

The value €p/€emax is known as the effective dimension, and may be roughly described as the
number of independent measurements in the system. In the i.i.d. case, for example, the effective
dimension simply equals the length of the measurement vector.

Note that both SBMEs can be written as

o €0 o
X = ]_ — X P 10
SBM < br ’A‘fs’A‘LS> LS (10)
where b = ¢ for the direct SBME and b = 0 for the balanced SBME. Thus, rather than proving

Theorem 1, we prove the following, more general proposition.



Proposition 1: Suppose €p/€max > 4, where € is given by (5), €max is the largest eigenvalue of
Q1,and Qs given by (6). Then, the estimator (10) dominates the LS estimator, for any b > 0.

The proof of Proposition 1 makes use of the following result, known as Stein’s lemma [3,
Theorem 1.5.15].

Lemma 1 (Stein): Let ¥ ~ Ny(v,I), and let g(¥) be a differentiable function such that
E{’&%—EJ‘:) } < oo for all i. Then,

E{ %550 | = —Elg()ei-0)). an
Proof of Proposition 1. We will prove that Xgsgy strictly dominates X g for any b > 0. First, note
that the MSE of Xgpy is given by
R(%spm) = E{HX - ’A(SBMHZ} =€+ E{%} +2E{lﬂr§fosquﬁ5(x - *Ls)} - (12)
Let VAV* be the eigenvalue decomposition of Q, such that V is unitary and A =
diag(A1,...Ap). Define ¥ = V*Q1/2%.g and v = V*Q1/2x. Note the following relations between

¥ and )’Zle
ax A —la ok o
VATV = X1 sXLs,
VATV = %o, (13)
Ak A —2A  ox% —1a
VATV =%XsQ X5

E{eoA*fs(X - *Ls)} = E{Aeohf’*A_l(V - ‘7)}

b"}'f(]tstS b+v:A™ ¥
p
€0 1A
—E E A0 (v; — 0
{b+0*A‘10i:11 i(0i ’)}
d 9;(v; — ;)
—¢ Y AE ”’} 14
Oi; i {b+€r*A‘1€/ (14)
Let
ge % (15)
! b+ v A1

and note that ¥ is distributed normally with mean v and covariance I. We can thus apply



Lemma 1 to obtain

E{ €0 o ( o )} ZAflE 1 ’ /\1_1?’)\12
— - Xgx—X = —€ : —
b+ X{skis™ - e b+¥v*AY b+ AT1N)2

Ak —1&a
2€0E{(><LsQXLs} C ae
Substituting this result back into (12), we have

ko N 1a
N €0 x]istS xng XLs
R(x =¢y+ E —— € S 2eg+4-—=—— . 17
(XsBMm) = €0 {b TR GRS ( 05 XGRS 0+47 Rk (17)

Since b > 0,

€ eoXFeX .0 1%
R(%spm) < € +E{ 0 ( 1S TLS —2€o+4LSA?LS>}

b+ f(]isﬁLS ﬁ]isf(LS XLSﬁLS
<e +E L(—e + 4€max) (18)
> €0 b+ f‘]ﬂisf(LS 0 max .

If €9 > 4€emax, then the expectation is taken over a strictly negative range, and hence R(Xsgm)

is always lower than €p, so that Xggy; strictly dominates Xig. [ |
As we have shown, in terms of MSE, both direct and balanced SBMEs outperform the LS

estimator, providing us with a first example of the power of blind minimax estimation.

Both SBMEs are shrinkage estimators, i.e., they consist of the LS estimator multiplied by a
gain factor smaller than one. The SBMEs thus illustrate the fact that the LS estimator tends to be
an overestimate, and shrinkage can improve its performance. However, in some applications,
such as image reconstruction, a gain factor has no effect on the end result. In the next section, we
use the blind minimax approach to develop a non-shrinkage estimator, which also dominates

the LS estimator.

III. THE ELLIPSOIDAL BLIND MINIMAX ESTIMATOR

Occasionally, one must use the MSE in place of a more accurate error measure, which may be
overly complex or even subjective. For example, in communication systems, one is interested in
minimizing the bit error rate (BER). However, BER minimization techniques are generally too
computationally expensive to be practical. In many situations, one chooses instead to minimize
the MSE between the transmitted and reconstructed symbols [22]. This is done in the hope that
low MSE provides low BER. However, MSE and BER are not always directly related. In the



previous section, it was shown that SBMEs achieve lower MSE than the LS estimator. Yet in a
binary communication system, only the signs of the estimated elements are used to evaluate
the received bits. Since the SBMEs are shrinkage estimators, they yield the same sign as the LS
estimator. Thus, in a binary communication system, the BER obtained by SBMEs is identical to
the BER of the LS estimator.

Shrinkage estimators are therefore not applicable to all estimation problems. In this section,
we develop two non-shrinkage estimators by considering ellipsoidal, rather than spherical,
parameter sets as the basis for the blind minimax estimation technique. In some situations,
these estimators also outperform the SBMEs in terms of MSE.

Not all elements of the least-squares estimate X;g are equally trustworthy. Rather, Xig is
a Gaussian random vector with mean x and covariance Q_1 = (H*Cv_le) 71. Thus, some
elements in X;g have lower variance than others. In this sense, the scalar shrinkage factor
of the SBME (10) and other extended Stein estimators [13] seems inadequate. Indeed, several
researchers have proposed shrinking each measurement separately according to its variance [12],
[14]. Ironically, however, there has been disagreement as to whether high-variance components
should be shrunk more [12] or less [14], and little justification has been given to either choice.

The blind minimax approach provides a natural framework for resolving these disputes. To
see this, note that X; g = x + u, where u ~ Nm(O,Qfl). The SBME was constructed by using
%15 /|* as an estimate for ||x||?. However, since the noise u is colored, it is sensible to first whiten
the noise by writing

Q%15 = Q*x + @, (19)

where @ ~ Ny, (0,1). One may then estimate ||Q!/?x||? using ||Q'/?%;s||?, obtaining the ellipsoidal
BME (EBME). Such an estimate can be readily incorporated into the blind minimax framework
by using an ellipsoidal parameter set, S = {x : x*Qx < L?}, rather than the spherical parameter
set of the SBME. The ellipsoidal parameter set is elongated in directions of low noise, resulting
in lower shrinkage for those directions. In the ii.d. case, Q = I, and the estimator reduces to
the SBME.

As with the construction of the SBME, one may estimate L? in two ways. The direct EBME
is obtained by substituting L? = %;¢Q%xrs. The balanced EBME is obtained by observing that
E{f(fschLg} = x"Qx + m, and hence substituting X;Q%;s — m for L2.

A closed form for minimax estimators of an ellipsoidal parameter set was developed in [21].
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By substituting the value of L? into this closed form, we obtain the following expression for
the EBMEs.

Proposition 2 (Closed-Form EBME): Let VAV™ be the eigenvalue decomposition of Q, so that
V is unitary, A = diag(Aq,...Ap), and Ay > --- > A,. The direct and balanced EBMEs are then
given by

%epm = V diag(0g, 1) V* (1 —aQV/ 2) %1 (20)

where
Y
o= — . 21
ﬁESQ)A(LS +b—k ( )

-1/2

P and b is a constant which

Here, k is the smallest integer 0 < k < m — 1 such that « < A
equals 0 for the balanced EBME and m for the direct EBME.
Proof: Follows from Proposition 1 of [21]. [ |

While the closed form of the EBMEs appears somewhat more intimidating than that of the
SBMESs, the computational complexities of all estimators are comparable. The major difference
is the calculation of the value k, for which m divisions are required. Like the SBMEs, the EBMEs
also dominate the LS estimator under suitable conditions, as shown in the following theorem.

Theorem 2: Suppose Tr(Q~1/2) > 4el/2 , where e}/2 is the largest eigenvalue of Q~1/2. Then,
both the balanced and the direct EBME strictly dominate X;g.

The proof of Theorem 2 is based on an analogy between the diagonal matrix diag(0, 1,,_) in
(20) and Baranchik’s positive-part modification [3], [23] of the James-Stein estimator. Baranchik
proposed using a shrinkage factor of 0 whenever the James-Stein estimator uses negative shrink-
age, and showed that the resulting positive-part estimator dominates the James-Stein estimator.

Although the EBME is not a shrinkage estimator, it resembles Baranchik’s modification. To see

this, consider the estimator %Xy obtained by removing the term diag(0,1,,_x) from (20),

%0 = (I—aQ"?)%s

= V diag (1 —aAl? mi{z) V*es. (22)

Since a > Ai_l/ 2 for all i < k, this would introduce negative componentwise shrinkage for the
tirst k eigenvectors of V. The following proposition, which is a generalization of Baranchik’s
result, shows that the MSE can be reduced by eliminating this negative shrinkage.

Proposition 3: Let X be any estimator of the form X = VDV*X;g, where D is a diagonal matrix,

whose diagonal elements d; are functions of the random variable X; Q%1 s. Suppose at least one
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of the elements d; is negative with nonzero probability. Then, X is dominated by the (generalized)
positive-part estimator

= VD, V*kg, (23)

where D is a diagonal matrix with diagonal elements d;, = max(0, d;).
Proof: We will show that MSE(X) — MSE(%X4) is nonnegative for all x, and positive for any

value of x whose elements are all nonzero.
MSE(&) — MSE(%+) = E{||x — x|} — E{ %+ — x|}
= E{JRIP — [l | — 2B {5 x — £}
— E{%{sV(D*~ D3 )V'%s}
— 2E{&{sV(D — D )V*x}. (24)

Since d-2 — dz > 0 for all 7, the first term in (24) is nonnegative. Hence, to prove the proposition,
it suffices to show that E{%{sV(D — D )V*x} is nonpositive for all x, and negative for values
x with nonzero elements.

To this end, define z = V*x and 2 = V*X;g. We note that 2 ~ Ny,(z, A_l), so that the elements
of 2 are statistically independent. To calculate E {xLS (D — D+)V*x}, we condition on X{QXrs,

obtaining

E{%}sV(D — D;)V*x} = E{E{2"(D — D )z|2*A2}} = E{i (d; — di ) E{2:zi|2 Ai}}, (25)
i=1

where we used the fact that x{sQ%;s = 2*AZ, and that d; and d;| are deterministic when
conditioned on X;¢QX;s.

We now define

2*AZ — Y4 Aj22
ri(2) = \/ — (26)
1

and note that 2; = sgn(Z;)r;(2). For each i, we further condition on all values {Z;};.;, to obtain
E{2zi|2" A2, {2} 2} = ziri(2)E{sgn(2;)|2" A2, {2} i} - (27)

Since Z; is independent of {Z;};;, it follows that sgn(Z;) is jointly independent of {Z;},.; and
2*Az. Thus
E{sgn(2;)|2*Az,{2;};+i} = E{sgn(;)}. (28)
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Combining this result with (25) and (27), we obtain
m
E{%{gV(D —D4)V*x} = E{Z (di —diy)ri(2 )!Zilsgn(zi)E{Sgn(ﬁi)}}- (29)
i=1
When z; = 0, the ith term in the sum above equals 0. In all other cases, we use the fact that Z;

is Gaussian with mean z; to obtain

Pr{sgn(;) = sgn(zi)} > Pr{sgn(2;) # sgn(z)} . (30)

Thus, |z;| sgn(z;)E{sgn(Z;)} is positive if z; # 0, and equals zero if z; = 0. It follows that all
terms in (29) are nonnegative, except for the term (d; — d; ), which is nonpositive. As a result,
(29) (and hence (24)) is nonpositive for all x, so that the MSE of X, is never higher than that
of x.

We must also show that for some x, (29) is strictly negative. To this end we choose x for which
all elements are nonzero; as a result, all terms in (29) are strictly positive, except for (d; —d; ).
This last term is negative when d; < 0 and zero otherwise. Since d; is negative with nonzero
probability for at least one value of i, we conclude that for the chosen value of x, (29) is strictly
negative, completing the proof of Proposition 3. n

This generalization of the concept of a positive part estimator is now used to prove Theorem 2.

Proof of Theorem 2. We show that Xo of (22) strictly dominates the LS estimator. The result then

follows from Proposition 3, since Xgpy is the positive part of Xg.

Denoting s = Y ;A /2 the MSE of % is given by
2
sQ' %15
MSE = E< ||x — X5 + %
MR Qris + b —k

%] 5 Q15
=€) +E LS
0 { (%} Qs + b — k)2

s(x — %15)* QY %15
+ 213{ ey 31)

We now define ¥ = V*Q!/2%;g and v = V*Ql/2x. Using this notation, the third term in (31)
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may be written as

Ay & ] SX 1) 0 PR
XLSQXLS + b — k

_plsv—9)AT %
B VO +b—k

m " — A. A.
_ Z Ail/zE{ S(Uz z71)01 }/ (32)
i=1

V'v+b—k

where we have used the fact that ¢ ~ Ny, (v, I). Let

gi(V) = ﬁ, (33)
noting that k is implicitly dependent on ¥, and that s is implicitly dependent on k. Thus, g;(¥)
is discontinuous for some values of ¥, namely, those values for which a = Ai_l/ 2, However,
these values of ¥ occur with probability zero; for all other values, k (and hence s) are constant
for sufficiently small changes in ¥. Thus,
0gi(¥) _ V'V Ab—k— 202
90; (V9 + b —k)?

with probability 1, (34)

and E{ ‘ a‘%’g)

} < oo for all j. Using Lemma 1, we have

E{S(Ui—”@i)ﬁi} :_E{S‘AI*"\I—i—b—k—Zﬁlz}. (35)

VSV +b—k

Combining (35) with (32), we obtain

_p)osm@?) o ATV
N VO +b—k (V9 + b —k)?

-1/2 2% 0l/2%
:E{— STHQT) g XisQ s } (36)

X{gQxs +b—k (X} Q%s +b — k)2

We note that k is chosen in Proposition 2 in a manner which ensures that X{gQ%;s +b —k > 0.

ox 1/2¢
Az < E{ S (—Tr(Q_l/z) +2xLSQXLS> }

X[ Q%15 +b—k X[ gQXrs

Hence

S -1/2 1/2
< _
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where €l/2 is the largest eigenvalue of Q~!/2. Substituting this result back into (31), and using

the fact that s < Tr(Q_l/z), yields

(38)

- T —-1/2 4 1/2
NSEgeU+E{“ H(Q 1) +dema) |

% QXis +b—k
If Tr(Q~1/2) > 4e}/2, then the expectation above is negative, so that %y (and hence Xggp) strictly
dominate the LS estimator. u

As we have seen, both the EBME and the SBME achieve lower MSE than the least-squares
estimator. These results pose several further questions: Do BMEs significantly improve the MSE?
How do BMEs compare with other extended Stein estimators? Is there a substantial difference
between the performance of the spherical and ellipsoidal estimators? These questions will be

answered in the numerical study in the next section.

IV. NUMERICAL RESULTS

Estimator performance generally depends on a number of operating conditions, including
the effective dimension, the signal-to-noise ratio (SNR), the eigenvalues Ay,... A, of Q, and the
value of the unknown parameter vector x. Several computer simulations were implemented to
test the effect of these conditions on performance. The simulations were also used to compare the
BMEs with Bock’s estimator [13], which is the most commonly-used extended Stein estimator
[15], [16]. Like Stein’s results, Bock’s approach consists of a shrinkage estimator, given by

oo = (1- L2 ) 5 9)
X[ QX5

The theorems of Sections II and III ensure that the BMEs achieve lower MSE than the
LS estimator, but do not guarantee that this improvement is substantial. To measure this
performance gain, we first chose a typical scenario, in which the number of parameters m
and the number of measurements n were both 15. The system matrix H was chosen as
diag(1,1,1,.5,.3,.2,.2,.2,.2,.1,.1,.1,.1,.05,.05), and the parameter vector was chosen randomly
as a zero-mean, unit-variance i.i.d. Gaussian vector. The noise was i.i.d. with variance ¢ chosen
to achieve the desired SNR. Estimates of the MSE were calculated for a range of SNR values by
generating 3000 random realizations of noise and parameter vectors per SNR value. The results
are plotted in Fig. 1.

It is evident from this figure that substantial improvement in MSE can be achieved by using

BMEs in place of the LS estimator: in some cases the MSE of the LS estimator is more than
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Fig. 1. MSE vs. SNR for a typical operating condition: effective dimension 5.1, m = n = 15.

five times the MSE of the BMEs. The performance gain is particularly noticeable at low and
moderate SNR. At infinite SNR, the LS estimator is known to be optimal [1], and all other
estimators converge to the value of the LS estimate; as a result, performance gain is smaller at
high SNR.

Different settings call for the use of different estimators, as no single estimator is optimal
under all operating conditions. To demonstrate this, estimator MSE was measured for various
SNRs and effective dimensions. The parameter vector for this simulation was randomly chosen
from an i.i.d. normal distribution. The number of measurements and the number of parameters
were both equal to 10. The system matrix H was equal to I, and the noise covariance matrix
Cw was diagonal, with diagonal elements ¢c; =1, c; = 0.5, and c3 = - - - = ¢j9 = t, where t was
chosen to obtain the desired effective dimension. The simulation was repeated for 20 different
effective dimensions in the range 1.5 to 10, and for 20 different SNR values in the range —-15 dB
to 15 dB. For each operating condition, the MSE of each estimator was calculated. Fig. 2 displays
the estimator achieving lowest MSE (among the estimators tested); when two or more estimators
achieve MSE within 5% of the lowest value, this is indicated by their combined pattern. The
LS estimator is outperformed by all estimators in this simulation, so it is not displayed in the

tigure.
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Fig. 2. Estimators achieving lowest MSE, among the five estimators tested (m = n = 10)

Fig. 2 demonstrates that the BMEs significantly outperform Bock’s estimator under a very
wide range of operating conditions. It is notable that the BMEs continue to outperform Bock’s
estimator and the LS estimator at effective dimensions of 2—4; the dominance results of Sections
IT and III only apply to effective dimensions above 4.

Fig. 2 also indicates that, for most operating conditions, the balanced EBME is the optimal
estimator among those tested; its improvement is significant particularly at moderate and low
SNR. However, at low effective dimensions, the SBMEs significantly outperform the EBMEs.
This is indicative of a more subtle limitation of the EBMEs, namely, their sensitivity to the
condition number! of Q; this limitation also appears in Bock’s estimator. The EBME makes
use of an ellipsoid of the form {x : x*Qx < LZ}, which becomes eccentric when the condition
number of Q is large. As a result, a slight increase in the measurements along a narrow axis
of the ellipse greatly increases the radius in the wide axes. This causes the corresponding

parameters to be estimated with negligible shrinkage, thus reducing the improvement over

IThe condition number of a matrix is defined as the ratio between its largest and smallest eigenvalues.
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the LS estimator. Bock’s estimator suffers from the same effect, since its shrinkage factor is also
a function of x{Qx;s. Only the SBMEs, whose parameter set estimates are based on the value
X[ gX1s, continue to perform well for high condition numbers.

This effect is demonstrated in Fig. 3. Here, the settings are identical to those of Fig. 2,
except that the SNR is constant and equals 0 dB, and the noise covariance matrix contains
nine eigenvalues equal to 1, and an additional small eigenvalue whose value is modified to
control the condition number. Thus, the condition number is changed with little influence
on the effective dimension. As expected, the performance of the EBMEs and Bock’s estimator
deteriorates when high condition numbers are used, while the SBMEs are hardly affected by
the change. Fortunately, both the effective dimension and the condition number depend only
on the system matrix H and the noise covariance Cy, so that an informed choice may be made

for any given estimation problem.

V. DISCUSSION

The blind minimax approach is a general technique for using minimax estimators in situations
for which no parameter set is known. We considered an application of this concept to the
Gaussian linear regression model. Four novel estimators were proposed: estimators based on

the spherical and ellipsoidal parameter sets, and which make use of the direct and balanced
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estimation techniques. In Sections II and III, all of these estimators were shown to dominate the
LS estimator. Thus, in any application which makes use of a LS estimator, the MSE performance
can be improved by using a BME instead.

It can readily be shown that the dominance condition of the SBMEs (Theorem 1) is weaker than
the dominance condition of the EBMEs (Theorem 2), i.e., the conditions for SBME dominance
hold whenever the conditions for EBME dominance hold. The dominance condition of Bock’s
estimator [13] is still weaker?. This would seem to indicate that Bock’s estimator is superior to
the proposed estimators. Yet the results of Section IV demonstrate that the opposite is true: the
BMEs almost always outperform Bock’s estimator — even in cases where their performance
is not guaranteed by the dominance theorems. Thus, while dominance theorems are useful
in providing sufficient conditions for improving on the LS estimator, they are ill-suited for
comparing LS-dominating estimators. This conclusion is significant since many researchers
have justified estimator choices by maximizing the range of conditions for which dominance
is guaranteed. It seems that other analytical tools are required for comparing LS-dominating
estimators. For example, it may be possible to prove that BMEs dominate Bock’s estimator, for
some problem settings.

The choice between the different BMEs is application-dependent. As explained in Section IV,
the balanced EBME outperforms all other estimators at low SNR, while the direct SBME is
sometimes better at moderate SNR, particularly for low effective dimensions. Also, the EBMEs
(as well as Bock’s estimator) perform poorly when the condition number of Q is large, while
the SBMEs remain effective for any condition number. These results may be used to select an
estimator depending on the problem setting, in particular since the effective dimension and
condition number may be calculated in advance.

A more fundamental difference is that the SBMEs are shrinkage estimators, while the EBMEs
are not. Thus, in applications where the only goal is minimization of the MSE, the direct SBME
may be preferred for its robustness and simplicity. For example, the SBME is an excellent
estimator of system parameters, such as autoregression (AR) coefficients. However, in certain

applications, MSE minimization is only a nominal goal which approximates some other error

2A simple change to the SBME (adding —2 to the numerator) changes its dominance condition to that of Bock’s
estimator, without significantly affecting its performance. However, we have been unable to derive this modification

using the blind minimax approach, and thus prefer the simpler form of the SBME used in the paper.
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criterion. In some of these cases, a shrinkage estimator has no impact on the actual objective.
For example, if the vector x is an image which is to be reconstructed, its subjective quality is
not affected by multiplying the entire estimate by a scalar. Likewise, in a binary receiver, the
sign of x must be determined, but the sign does not change when the estimate is shrunk. In
such applications, SBMEs (and Bock’s estimator) have no effect on the final result, whereas the
balanced EBME can be used to improve performance.

In this paper, we have explored the idea of blind minimax estimation, whereby one uses linear
minimax estimators whose parameter set is itself estimated from measurements. This simple
concept was examined in the setting of a linear system of measurements with colored Gaussian
noise, where we have shown that the BMEs dominate the LS estimator. Hence, in any such
problem, the proposed estimators can be used in place of the LS estimator, with a guaranteed
performance gain. Apart from being useful in and of themselves, the proposed estimators
support the underlying concept of blind minimax estimation. This concept can be applied to
many other estimation problems, such as estimation with uncertain system matrices, estimation
with non-Gaussian noise, and sequential estimation. Use of the blind minimax approach in such
problems remains a topic for further study.

Stein’s discovery of LS-dominating estimators, half a century ago, shocked the statistics
community, and LS-dominating estimators are still rarely used in practice. It is our hope that the
blind minimax concept will provide additional support for such estimators, both by supplying
an intuitive understanding of Stein’s phenomenon, and by providing a wide class of powerful

new estimators.
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