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Constrained Linear Minimum MSE Estimation
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Abstract— We address the problem of linear minimum mean-
squared error (LMMSE) estimation under constraints on the
filter or the estimated signal. We develop a general formula that
leads to closed form solutions for a wide class of constrained
LMMSE problems. The results are applicable to both finite
dimensional problems as well as to the Wiener filtering setup, in
which infinitely-many measurements are available. Our approach
generalizes previous known results such as the generalized
Karhunen-Loeve transform (GKLT), the causal Wiener filter and
more. As an application of our framework, we develop Wiener
type filters under various restrictions, which allow for practical
implementations.

Index Terms— Estimation, Wiener filtering, Constrained Esti-
mation.

I. INTRODUCTION

COMMON problem in Bayesian estimation is to obtain
Aan estimate of a random vector (r.v.) x based on a
realization of another random vector y such that some error
criterion is minimized [1]. The estimator T = ¢ (y) assigns
an estimated vector Z to every possible realization of y. Thus,
constructing a Bayesian estimator amounts to a mapping from
the space of measurement vectors to the space of signals based
on the joint probability function of x and y. One of the
most commonly used error criteria is the mean-squared error
(MSE), which is given by the expectation of the squared-norm
error E[||lz — ¢ (y)||°]. It is well known that the estimator
minimizing the MSE is the conditional expectation of & given
y, denoted as ¢, (y) = E[x|y].

The minimum MSE (MMSE) estimator, although seemingly
simple, is not frequently used due to two main reasons. First,
in many cases it is very hard to obtain an expression for ¢.
Second, one often desires to constrain the estimator to belong
to a certain class of mappings because of implementation
reasons. One way to overcome the difficulties in computation
and implementation of the MMSE method is to restrict the
estimator to be linear. The linear MMSE estimator (LMMSE)
minimizes the MSE among all linear functions. The LMMSE
solution has a closed form that depends only on the second
order statistics of x and y [2], quantities which may be
easily estimated from a set of training data. Moreover, it is
easy to implement in practical applications as the estimation
procedure involves only matrix multiplication, i.e. T = Auy.
The LMMSE approach also has a simple extension to the
case where x and y are jointly wide-sense stationary (WSS)
random processes, which is known as the Wiener filter [3].
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In practical applications, there are situations that require
that either the linear estimator itself or the signal at its
output possess certain desired properties. These may stem
for example from implementation limitations, efficiency of
computation or the need to compress the data.

A prime example of constrained linear estimation is the
famous work of Wiener [3] on causal LMMSE estimation and
prediction of signals. Other restrictions on the Wiener filter
include finite impulse response (FIR) [4], finite horizon and
general restrictions on the support of the filter in the time
domain [5]. Constrained LMMSE estimation arises in array
processing applications as well (also termed vector Wiener
filtering). In this context, it is often desired to reduce the
dimensionality of the measurement vector process. This is
analogous to restricting the rank of the estimator. Various
approaches were devised in the past for this problem, some
directed at minimizing the MSE and some ad hoc (see for
example [6],[7] and references therein).

Reduced rank estimators are also at the heart of signal
compression. A basic problem encountered in this field is
the determination of a small set of vectors that allows the
representation (via linear combinations) of a certain class of
signals. These vectors are usually chosen to minimize the MSE
between the original signal and its compact representation.
Like in array processing, this approach can be expressed as a
linear estimation problem with a rank constraint. The solution
to this problem is known as principal component analysis
(PCA) or the Karhunen-Loeve transform (KLT). One extension
to this basic concept is the design of a linear compression
transform that takes into account additive noise [8]. A more
general setting was considered in [9] and [10] in which a
compact representation is designed for the task of estimating
a different signal (rather than the representation of the original
signal itself).

There are applications in which the constraints on the
estimator have a stochastic flavor. One example is the MMSE
whitening technique which emerged recently [11] and found
many applications in the fields of signal processing and
communication. In this methodology, a linear transformation
is designed such that, when applied to a r.v. y, it produces
the r.v. y that is as close as possible to y in an MSE sense
and whose covariance matrix is diagonal. A generalization
of this approach is the covariance shaping technique [12],
in which the transform is designed to produce a r.v. with a
predefined covariance matrix (not necessarily diagonal). A few
of the applications of these approaches are improvement of
least squares parameter estimation [13], multiuser detection
[14] and matched filtering [15].

Another important class of restrictions emerges in setups
where the estimator is only one block in a larger scheme. For
example, in a relay communication system it is often desired
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to estimate a corrupted signal and then retransmit it under
power or bandwidth limitations (see e.g. [16] and references
therein). Such a setup requires the imposition of constraints on
the spectrum of the estimated signal. In speech enhancement
algorithms, the estimator is commonly used together with
a voice activity detector. The purpose of this approach is
to guaranty that the estimator, which is designed to operate
on a noisy signal, does not work in noise-only periods. An
alternative to this somewhat heuristic approach is to design an
LMMSE estimator under a power or amplitude constraint on
its output, when only noise is present at its input.

Some of the constrained linear estimation problems dis-
cussed above have a common structure: the constraint on the
estimator is linear (as defined in Section III). Linear constraints
can be treated using the orthogonality principle [1]. This
principle leads, for example, to the Wiener-Hopf equations
when enforcing a causality constraint on the Wiener filter.
However, there seems to be no unifying approach to solving
LMMSE estimation problems under general restrictions.

In this paper we show that the solution to all constrained
linear estimation problems can be obtained by applying a
certain transformation to the unconstrained LMMSE estimator.
Specifically, the constrained estimator is a weighted projection
of the unconstrained solution onto the constraint set. Motivated
by this insight, we derive a connection between a weighted
projection operator and the non-weighted projection, which
leads to a simple formula that is applicable to almost all
constrained LMMSE estimation problems. This then allows us
to obtain closed form solutions to many constrained LMMSE
problems, including all of the examples above and many more.

Our derivation treats the infinite dimensional Wiener filter-
ing scenario and the finite dimensional setting in a unified
way. The intention behind this choice of exposition is to
uncover a certain intriguing structure that is common to
both type of problems. Specifically, we show that the causal
Wiener filter, KLT, reduced rank estimators, MMSE whitening,
restrictions on the spectrum of the Wiener filter and many more
constrained estimators are actually special cases of one simple
formula.

The paper is organized as follows. A brief outline of the
notations and mathematical techniques used in the paper is
provided in Section II. In Section III we explain the basic
ideas underlying the problem of constrained MMSE estimation
in general and constrained LMMSE estimation in particular.
A geometric viewpoint on constrained LMMSE estimation is
presented in Section IV. This viewpoint motivates an alterna-
tive formulation of restrictions on the estimator, which leads
to the main result, described in Section V. Using this result,
in Section VI we derive closed form solutions to various finite
dimensional linear estimation problems. Finally, in Section VII
we address the problem of designing Wiener-type filters under
various restrictions.

II. NOTATION AND MATHEMATICAL PRELIMINARIES
A. Notation and Definitions

Calligraphic letters are used to denote vector spaces, sub-
spaces and sets of vectors. An inner product on a vector

space is denoted by (-,-). The associated norm is defined by
llz]| = v/{x, ). The null space and range space of a matrix
A are denoted by N (A) and R (A) respectively. The Moore-
Penrose pseudo-inverse of a matrix A is denoted by AT and
the Hermitian conjugate is A*. If A is an infinite dimensional
matrix then it can be viewed as an operator from ¢5 to o, in
which case A" exists if R (A) is closed and A is bounded
(i-e. supyz <1 [[Az|| < o0) [17]. The j’th component of a
vector v is denoted v; and the (4, j) entry of the matrix A
is denoted A; ;. A positive (semi) definite matrix is written
as A =(>)0. Brackets are used for discrete time signals and
capital letters for Fourier transforms (e.g. Z (w) = F {z[n]}).
Expectation is denoted by F [-] and conditional expectation is
written as F [-|-].

The space of matrices is equipped with the For-
benious norm, which is defined by [|A|]®> = Tr{AA*}.
This definition holds also for matrices with infinitely many
columns, i.e. when M is finite and N = oo. In this context,
by writing A € CM*N we mean that each row of A is in /5.
The G-weighted norm of a matrix A € CM*¥ where G is
an N x N positive definite (PD) matrix, is defined as

Al = Tr{AGA"}. (1)
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If G is positive semi-definite (PSD) then this is a semi-norm.

The auto covariance sequence of a WSS signal y[n] is
defined as Ry, [n] = E[y[m]|y* [m —n]] and its spectrum
is defined as Sy, (w) = F{Ryy[n]}. Similarly, the cross
covariance sequence associated with two jointly WSS signals
x [n] and y [n] is Ry [n] = E [x [m] y* [m — n]] and the cross
spectrum is given by Sy, (w) = F {Rzy [n]}.

B. Projections onto Closed Sets

Throughout the paper we extensively use the concept of
projections onto closed sets. The projection operator onto a
closed set A in a Hilbert space H is defined by

Py (h) = in||h — 2
A (h) arggg;}\\ al, ()

where h is an arbitrary vector in H and ||| is the norm on H.
In the case H =CM*N we use the notation PJ(L‘G to denote
a projection with respect to a G—weighted norm, which we
refer to as the G—weighted projection onto A. Specifically,
the G-weighted projection of a matrix H € CM*N onto a
closed set A CCM*N s defined by

P& (H) = arg min | H — Al .- 3)

We shall use the concept of weighted projection also when G
has a non-empty null space.

The fact that A is closed guarantees the existence of a
solution to (3). However, generally the solution is not unique.
A sufficient condition for the solution to be unique is that A
is a convex set and G > 0. In this paper, though, we take
interest also in cases where at least one of these requirements
is not met. To resolve this ambiguity, we shall seek among all
possible solutions the one with minimum (Forbenious) norm.

Projections onto subspaces can be expressed in terms of
frames. A set of vectors {h,} in a Hilbert space H is called



a frame for a subspace A if there exist constants 0 < A <
B < oo such that [18]

Allal> <Y [a hy)]> < Blall*, Yac A (4

The projection of h € H onto A can be written as a linear
combination of the frame vectors P4 (h) = >, cihy, where
the (possibly infinite) vector of coefficients ¢ can be chosen
as [18]:

c= Gl 4)
with matrix G and vector v defined by
ijk' = <hka h]> > U5 = <h7 hj> . (6)

The matrix G is the Gram matrix associated with {h,, }.
We shall use the following properties of frames:

1) The representation coefficients ¢ of every vector a € A
is a sequence in ¢y (i.e. if a =), cphy then ¢ € ¢y).

2) The mapping T : {5 — A defined by Te = )", cihy, is
a bounded linear transformation with closed range, and
as such, it transforms closed sets in {5 into closed sets
in H.

3) The Gram matrix G of a frame is a bounded operator
with closed range and thus G' exists.

ITI. GENERAL THEORY OF CONSTRAINED ESTIMATION

The problem of Bayesian estimation refers to the following
setup. We wish to estimate the r.v. € CV based on a
realization of another r.v. y € C*, where the estimate Z is
obtained by applying a function ¢ : CM — C¥ to y. In this
paper, the error measure that is used to quantify the quality of
the estimate is the MSE, which is defined as E[||z — ¢ (y)]°].
It is well known that if no restriction is posed on the estimator
¢ then the MSE is minimized by the conditional expectation
¢o (y) = Efz|y].

Constrained MMSE estimation refers to the problem of
seeking the estimator ¢ that minimizes the MSE among a
certain family of functions. Perhaps the most famous example
of a constraint imposed on ¢ is that it be linear. This is known
as the LMMSE estimator. Other constraints may be specified
as a stochastic restriction, such as E[||¢ (y)||*] < ¢, or a
deterministic expression such as ||¢ (y)|| < € or ) > 0,
k=1...M (for every realization).

In this paper we are interested in the problem of constrained
linear MMSE estimation. A constrained LMMSE estimator
minimizes the MSE among a certain class of linear transfor-
mations. Seeking an estimator in the form of a lower triangular
or a low rank matrix are two such examples.

In the following subsections we present a rigorous treat-
ment of the problem of constrained estimation. We begin
with an overview on constrained nonlinear MMSE estimation,
elaborating on the distinction between linear and nonlinear
restrictions. We then discuss the problem of linear MMSE
estimation, focusing on a unified treatment of the case where
vy is finite dimensional and the case where it is infinite dimen-
sional. Finally, we explain the topic of constrained LMMSE
estimation. The different types of constrained problems are
shown in Fig. 1.

Estimators Constraints
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Fig. 1. Types of constrained estimation problems. In this paper we focus on
linear estimators subject to nonlinear (and linear) constraints.

A. Constrained Nonlinear MMSE Estimation

To make the discussion on constrained estimation mathe-
matically precise, we need to introduce a few definitions. Let
(2, F, P) be a probability space of r.v.’s taking values in CM,
The set of all finite variance r.v.’s is denoted by

Eé‘/[:{:c’E {Hm\ﬂ <oo}. 7
An inner product on £/ is defined by
(u, ”>£§4 = FE[v*y]. ®)

It can be shown that £} is a Hilbert space given that two
r.v.’s u,v are considered identical if u = v with probability 1
(wp.1).

Let Hy be the subspace of £3! generated by applying all
(Borel measurable) functions from CV to CM on the random
vector y:

Hy ={6()|o: V= C" B [lo @) <o} ©

The set Hy is the set of r.v.’s in £3! that can constitute an
estimate of  based on y. Among all r.v.’s in Hy, the one that
minimizes the MSE to z is the conditional expectation of =
given y, denoted by
&= Elzy]. (10)
Note that the MSE E[||& — @o|*] is simply the £3/—distance
|z — §0||2£§1 between x and Z. Since Zg is the minimizer of
this distance among all r.v.’s in Hy, it can be interpreted as
the projection (in the £3! sense) of x onto the subspace Hy.
The concept of constrained estimation refers to the problem
of seeking the MMSE estimator = ¢ (y) under the restric-
tion that ¢ belongs to a certain family of mappings (a subset
of all Borel measurable functions). This requirement narrows
down the set of candidate r.v.’s in £3 from Hy to a subset
A C 'Hy,. We distinguish between two types of constraints that
can be imposed on ¢: nonlinear and linear. Although the latter
is a special case of the former, it deserves special attention as
a vast majority of the known results in the field of constrained
MMSE estimation fall into this category.



1) Linear Constraints: Let us examine the case where the
estimator ¢ is constrained to belong to a class of mappings
M which is a subspace, i.e. ¢, € M = a¢p; + Lo, €
M. Restrictions of this type are referred to herein as linear
constraints. For example, the restriction that the estimator be
linear is a linear constraint (as any linear combination of linear
functions is also a linear function). Similarly, the constraint
that Z lie in a subspace W C CM w.p.1 is a linear constraint
as it corresponds to the set of functions ¢ whose range is
contained in W, which is clearly a subspace of mappings.
On the other hand, restrictions of the type E[||Z|*] < e or
zy > 0 for every k = 1...M are not linear. We emphasize
that a linear constraint does not necessarily mean that ¢ is
linear, for example confining the range of ¢ to be contained
in a subspace W is a linear restriction but it allows the use of
nonlinear estimators.

As stated earlier, when a constraint is imposed on the
estimator ¢, it narrows down the set of candidate r.v.’s in £}/
from Hy to a subset A C Hy. In the special case of linear
constraints, the set A is a subspace of r.v.’s. If this subspace
is closed, then the MMSE estimate Z 4 among all r.v.’s in A
exists and is given by the orthogonal projection (in the £/
sense) of  onto A.

From the properties of projections in Hilbert spaces one im-
mediately obtains the following characterization of the MMSE
estimator under a linear constraint, known as the orthogonality
principle. Suppose that A is a closed subspace of Hy. Then
¢ 4 (y) is the MMSE estimate of  among all r.v.’s in A if
and only if

Elp"(y)(x—d4(y)] =0, Yo(y)e A  (11)

Thus, the error  — ¢ 4 (y) using the optimal estimate in A
has to be orthogonal to any other r.v. in A. For example, if A
is the subspace of r.v.’s that are linear functions of y then the
error of ¢ 4 (y), which is the LMMSE estimator, is orthogonal
to every linear transformation of y. Similarly, in the Wiener
filtering setting, a causal filter  [n] is the causal MMSE filter
if and only if the error = [m] — {h x y} [m] is orthogonal to
{g =y} [m] for every causal filter g [n].

2) Nonlinear Constraints: While linear constraints are easy
to handle, situations where the estimator ¢ is constrained
to belong to a general class of mappings M, which is not
necessarily a subspace, are much more challenging. We call
these type of restrictions nonlinear constraints. As before, if
the corresponding set of r.v.’s A is a closed subset of Hy then
there exists a r.v. T4 in A that attains the minimum MSE and
it is given by the projection of = onto .A. However, obtaining
a closed form solution to this projection in £3! is usually
impossible.

An interesting generalization of the orthogonality principle
(11) to the case of convex (nonlinear) constraints was devel-
oped in [19] and is called the extended orthogonality principle.
This principle states that if A is a closed convex set in Hy
then ¢ 4 (y) is the MMSE estimate of  among all r.v.’s in A
if and only if

E(oa(y)—o(y) (2—04(y)] >0, Vo(y)e /%'12)

Note that in contrast to the orthogonality principle, condition
(12) is an inequality and therefore does not lead to an equation,
whose solution is the MMSE estimate in A. In that sense, it is
not constructive. Nevertheless, solutions to various constrained
estimation problems were obtained in [19] using (12).

B. Linear MMSE Estimation

The focus of this paper is the design of linear estimators
under various constraints. Before giving examples of linear and
nonlinear constraints on the LMMSE estimator, we first study
its existence in the unconstrained setting. We take interest
in two cases. The first is the finite dimensional setting, in
which £ € CM and y € CV where both M and N are
finite. The second, is the Wiener filtering setup, in which the
value of a WSS signal z[m] is to be estimated at a certain
time instance m based on a realization of another WSS signal
{y [n]},,cz- To treat this second situation in a unified way with
the first, we associate an infinite dimensional vector y with the
signal {y [n]},cz. and a scalar variable = with x [m]. Linear
estimation can thus always be expressed as

T = Ay. (13)

We emphasize that in both cases of interest,  is finite
dimensional, i.e. M < oo. In the Wiener filtering setting,
M =1 and N = oo and therefore the estimator A is an
infinite dimensional row vector.

Each element of the vector Z is a linear combination of the
elements of y. Hence, the MSE is minimized if we choose
each element of Z to be the projection in the £ sense onto the
subspace span {y1,...,yn}. If N < oo then this is trivially
a closed subspace and the projection exists, however for an
infinite set of measurements this is not always the case. A
sufficient condition for span {yi,...,yn} to be closed is that
the random variables {y;} form a frame. To this end we
introduce the following definition.

Definition 1: A sequence of random variables is called a
frame process (FP) if they form a frame for a subspace in £3,
where L3 is the set of finite-variance random variables (7).

As mentioned above, every finite sequence of random
variables (i.e. a finite dimensional random vector) is a FP. In
the case where y [n] is a WSS random process, the conditions
for it to be a FP may be specified in terms of its spectrum.
This is established in the next theorem.

Theorem 1: A WSS process y [n] is a frame process if and
only if there exist constants 0 < A < B < oo such that the
spectrum of y [n] satisfies

A< S,y (w)<B, Ywe, (14)

where 0, is defined by
Q, 2 {w[Syy (w) #0} (15)
Proof: See Appendix I. [ ]

If no restriction is posed on the matrix A in (13) and
assuming that y is a FP, then the LMMSE estimator can be
obtained using (5), leading to the known formula

Ay = RzyR!

vy

(16)



where Ry, = E [zy”*] is the cross-covariance matrix of x
and y and Ry, = E[yy”] is the auto-covariance of y. The
matrix R,, is the Gram matrix associated with {y;}, and
since these are a FP, the pseudo inverse in (16) is well defined
due to property 3 in subsection II-B. Besides guaranteeing the
existence of the LMMSE estimator, the fact that we restrict
the discussion to FPs also implies that each row of the matrix
Ay is in ¢o. This is implied by property 1 in subsection II-B.
We emphasize that (16) applies also to the case of infinitely
many measurements. In the Wiener filtering case, Ry, is an
infinite dimensional matrix and R, and A are both infinite
row vectors. Formula (16) then reduces to the well known
Wiener filter, as shown in Section VII.

The treatment of finite and infinite dimensional problems
in the same manner may seem unnatural at first as it involves
infinite dimensional vectors and matrices. This route also calls
for precautions, as we shall see in the sequel. The benefit,
though, is in enabling a unified viewpoint on the subject of
constrained LMMSE estimation. We shall see that this will
allow us to reveal a certain common structure that exists in
both constrained estimation problems putting, for example, the
KLT and the causal Wiener filter under the same umbrella.

C. Constrained LMMSE Estimation

When a constraint is imposed on the LMMSE estimator,
the set of feasible matrices A becomes a subset of CM*¥,
A linear constraint corresponds to a subspace in CM*¥ In
the finite dimensional setting, examples are restricting A to
be a Toeplitz or a lower triangular matrix. Linear constraints
on the LMMSE estimator in the Wiener filtering problem
include causal filters, FIR filters, and any other restriction on
the support of the filter.

A nonlinear restriction on the LMMSE estimator is a general
set of matrices in CM*¥ to which the estimator A is confined.
Solutions to a few nonlinearly constrained LMMSE problems
were obtained in the past. The restriction that the estimator
be a low-rank matrix is one such example. This estimator is
known as the generalized KLT (GKLT) [10]. In the special
case where & = y, this estimator reduces to the KLT which
is widely used in many applications. In the Wiener filtering
setup, an amplitude restriction on the filter such as |h [n]| < e
or |H (w)| < € is a nonlinear constraint. All these examples
cannot be addressed using the orthogonality principle.

It is the aim of this paper to shed some light on the
problem of LMMSE estimation under various restrictions. We
tackle this problem by transforming the constraint on the
estimator A onto a constraint on the covariance matrix Rzz
of the estimated vector. This representation then allows us to
reveal the structure of the constrained estimator. We provide
many examples where this approach leads to a closed form
solution both for linear as well as nonlinear restrictions. Our
emphasis is on the general framework rather than on a specific
application. Therefore, a few of the examples that we present
are well known results that have been extensively studied in
the past. Here we show how they can be easily obtained using
our approach.

IV. GEOMETRIC INTERPRETATION OF CONSTRAINED
LINEAR ESTIMATION

In this section we introduce a geometric interpretation to
the problem of constrained LMMSE estimation.

Assume that we wish to construct an estimator & = Ay
where the matrix A is restricted to possess a certain structure
such as low rank, sparsity or bounded elements. Specifically,
we wish to examine the situation where A is constrained
to lie in a closed set W C CM*N_ The solution to this
constrained estimation problem amounts to applying a certain
transformation to the unconstrained estimator Ay in (16), as
described in the following theorem.

Theorem 2 (constrained LMMSE): Let & € CM be a finite
variance r.v. (i.e. E[[|z?] < 00), let y € CV be a FP where
possibly N = oo, and let W be a closed set in CM >V Then
among all estimators of the form Z = Ay with A € W, the
matrix that minimizes the MSE is

Ay = P (A)

. 2
= arg min [[Ao — Allg,, . (17)
where Ag = RwyRLy is the unconstrained LMMSE estima-
tor.

Proof: First, the fact that {y,} is a frame guarantees
that the closed set W C CM*¥ corresponds to a closed set of
r.v.’s in Hy (follows from property 2 in subsection II-B). Thus
there exists a solution to this constrained estimation problem.
Next, the MSE of the estimator (13) is given by

E ||z - ||
=E|[(z - Ay)" (z - Ay)]

=F [Tr {(az - Ay) (xz — Ay)*}]
=Tr{Rsa} —2Re {Tr {R;,A}} + Tr {AR; A}.
(1

Since the minimization of the MSE is over A, we may choose
to add the term Tr { AgRyy A } — Tr {Ry5 } to (18) as it does
not depend on A. Thus, instead of minimizing the MSE we
can minimize

Tr{AjRyyA,} —2Re{Tr {R},A}} + Tt {AR; A}
=Tr {(AO —A) Ryy (Ao — A)*}

_ A2
= Ao — Al (19)
where we used the relations Ay = RmyRLy and
RmyRLyRyy = R,y [20, lemma 2]. The constrained
LMMSE problem is thus

. 2
arg min lAg — AHRyy

20
st. AeWw 20

which means that the optimal A is an R,,—weighted projec-
tion of Ay onto W. u

Note that the relation between the unconstrained and con-
strained matrices is not a simple projection but rather an
R, ,—weighted projection. The methods coincide only if the
elements of y are uncorrelated random variables with equal
variance, in which case Ry, = o21.



Fig. 2. The LMMSE estimate Zop¢ is the projection of x, as a vector
in El, onto span {y1,y2} (top). Among all estimates of the form T4 =
a1y1 + azy2 with ||al| < €, the one that minimizes the MSE is the
projection of Zopt, as a vector in £2, onto a parallelogram (bottom left). The
optimal coefficients vector is a weighted projection of aopt € R2 onto the
box ||al|, <e.

To gain geometric intuition into this result let us consider
the following example. Suppose that we wish to estimate the
real random variable x as a linear combination of the real
random variables y; and y». Let us denote the unconstrained
LMMSE estimator by Z,,: = a7’ Ly + as? " 4y5. The r.v. Topt 18
the projection of x (in the £3 sense) onto span {y1,y2}. Now
suppose that we wish to restrict the vector of coefficients to
be bounded, i.e. ||a| ., < e. When y; and y, are correlated
(i.e. not orthogonal as vectors in £}), this box constraint on a
translates into a parallelogram constraint in span {y1,y2} as
shown in Fig. 2. Projecting = onto this parallelogram can be
carried out in two stages — first projecting x onto span {y1, Y2}
and then projecting the result Z,,; onto the constraint set. This
second stage is equivalent to finding the vector in the box
|lall,, < e that minimizes the weighted distance to a°’*, as
depicted in Fig. 2.

Theorem 2 gives a powerful tool for the design of linear
estimators under various nonlinear constraints. To design a
constrained linear estimator, one has to first compute the
matrix Ay of the unconstrained LMMSE estimator using
(16), and then project it on the constraint set YV via an
R, ,—weighted projection, i.e. solve the optimization problem
(20). Unfortunately, for a general closed set WV, obtaining
a closed form solution for (20) is sometimes impossible.
However, when the vector of measurements y is finite and W
is convex, (20) can be solved numerically using any standard
optimization method.

When there is an infinite number of measurements, such as
in the Wiener filtering setup, it is impossible to numerically
solve (20). Furthermore, even for finite dimensional problems,
numerical procedures often preclude insight into the affect of
various parameters on the solution. It is therefore desirable to
obtain a closed form for A,y . In the next section we address
a wide class of restrictions where this is possible.

R (Ryy)
Aw

Aps
W
T Ap, Ao

R(Byy)

Fig. 3.  Equidistant contours from Ag (according to the Ryy-weighted
norm) are vertical lines in this example (left). Therefore the optimal con-
strained estimator is the matrix in WV whose first coordinate is closest to that
of Ap. This means that we can first seek the horizontal component of A that
is closest to Ag and lies in the set W, which is the projection of W onto the
horizontal axis (right). Then, a vertical component that leads to satisfaction
of the constraint A € W should be added.

V. AN ALTERNATIVE VIEWPOINT ON CONSTRAINED
LMMSE ESTIMATION

To better understand constrained LMMSE estimation, notice
that the MSE is not affected by the part of A that operates
on vectors in R (Ry,). This can be seen in the weighted
projection representation in Theorem 2, as demonstrated in
Fig. 3 (left). This motivates a decomposition of A as

A= Ppy (A) + Pij (A) = ADy + Aij, 21)
where D, is the subspace defined by
L2{AeCMNINT(A)CR(Ryy) ).  (22)

The content of A along the subspace D, (i.e. the component
Ap,) is the part of A that affects the MSE. A direct implica-
tion of this decomposition is that, when examining a restriction
on A, one should focus on the effective constraint imposed
on Ap, . The component A'DL then, can be chosen arbitrarily
as 1ong as A satisfies the constraint. More concretely, to
minimize the MSE subject to A € W, one can first seek the
component AD that minimizes the MSE subject to Ap, €
W, where W £ {Pp, (A)|A € W}. Once the optimal Ap,
is available, any ADL such that A € W can be used. ThlS
approach is shown in Flg 3 (right), in which z € R, y € R?
andRyy=(1 0)T(1 0 )sothat A € R**?, R (Ryy)
coincides with the horizontal axis and the LMMSE estimator
Ay lies on this axis as well.

In view of the above discussion, we now address the
problem of restricting the component Ap, of the estimator A.
When a constraint is imposed on Ap, 1t directly affects the
covariance Rgz5; of the estimated vector. Therefore, instead of
specifying restrictions on Ap, we may state the desired prop-
erties of Rgzz. It is easily verified that every restriction on Ap,,
can be cast as a constraint on Rzz. As we show, the benefit of
this approach is that in contrast to Theorem 2, the constrained
LMMSE estimator in this case can be obtained by employing
a non-weighted projection operator. These operators have a
closed form for many constraint sets, hence allowing to obtain
explicit solutions to a large variety of interesting problems.

We begin by noticing that due to (13), every factorization
of R, induces a factorization of the covariance matrix of the
estimated vector:

R:: = ARy, A" = AU, U,A* = U; U, (23)



where we defined

U; = AU, (24)
We use the convention that Uz is an M x N matrix although
Rzz is M x M. Since R (Uy) = R(Ryy), (24) can be
written alternatively as Uz = Apy U,.

Our purpose is to seek the LMMSE estimator under a
constraint on Ug. Clearly, once the factorization Uy, is chosen,
a constraint on Uy translates into a constraint on Ap, via
(24). Note that by definition Uz € D, and thus for a solution
to exist, the constraint set must include at least one matrix in
D, . More precisely, if we impose the restriction Uz € V then
the effective constraint on Uy is actually Uz € VN D,, and
this intersection should not be empty.

The following theorem provides the solution to this con-
strained estimation problem.

Theorem 3: Let £ € CM be a finite variance r.v. (i.e.
E[|z||’] < oo) and let y € CN be a FP where possibly
N = oc. Suppose that Uy, is a factorization of the covariance
matrix Ry, i.e. Ry, = U, U, and let V be a closed set in
CMXN that contains at least one matrix V with the property
N2 (V) C R (Ryy). Then among all estimators of the form
z = Ay with Uz = AU, € V, a matrix that minimizes the
MSE is

A = Pyrp, (AgUy) U

y>

(25)

where Ay is the unconstrained LMMSE estimator (16) and
D, is the set defined in (22).

Before proving the theorem, we note that (25) has been
proved in the past for several special cases, although presented
differently (see e.g. [10]). Here we provide a rigorous proof
which applies to the general case and includes also the infinite
dimensional setting N = oco. This will allow the solution of
constrained Wiener filtering problems using the same tools, as
we discuss in Section VII.

Proof: We first need to show that the pseudo-inverse
operation in (25) is well defined. We prove in Appendix II
that the fact that y is a FP guarantees that U, is a bounded
operator with closed range. This implies that UL exists [17].

Next, for the projection Pynp, to be well defined we need
to verify that VN D, is a closed set. Since R, is a Gram
matrix corresponding to a frame (as y is a FP), its range is
closed, which implies that D, in (22) is closed. The set V is
closed by assumption and therefore the intersection V N D, is
also closed.

The constraint Uz € V is equivalent to Uz € V N D,, as by
definition Uz € D,,. It follows from (24) that this corresponds
to the restriction A € W, where W is defined by

W={A|(AU,) e VND,}. (26)

From the proof of Theorem 2 we know that the optimal A is
the weighted projection

arg gg}v Tr{(Ag— A)Ryy (Ao — A)"}

= arg}‘réigv Tr{(AgUy — AU) (AU, — AU,)"}.
27)

Fig. 4. In a non-Dy-seperable constraint set V), there exists at least one
element whose projection onto D, falls outside V (left). On the other hand,
the projection onto Dy, of any element in a D, -seperable set is also an element
in V (right).

Since AU, = Ap,U,, both the set W in (26) and the
objective in (27) depend solely on the component Ap, of
A. Therefore, Apy is the solution to

arg Agzliélw Tr { (AO U, - Ap, Uy) (Ao U, - Ap, Uy)*} s
(28)

and AD; can be chosen arbitrarily.

A multiplication by U, from the right is a bijective
transformation on D,, thus, making the change of variables
B = Ap, U,, the optimal B is the solution of

BV = aI'gBeH\l}i%l’Dy Tr {(AQUy — B) (A()Uy — B)*}

. 2
=arg min AUy — Bl

= PVﬁDy (Ao Uy) . (29)

This means that By, is the projection of AyU, onto the set
VN D,. The optimal Ap  then must satisfy By = Ap U,
and AD;— can be chosen to be the zero matrix. This corre-

sponds to A = By, UL, which, among all possible solutions,
has the minimal Forbenious norm. [ ]

Theorem 3 implies that every linear estimation problem with
a constraint of the form Uz € V may be addressed within our
framework, given that there exists a closed form expression
for the projection of a matrix onto the set V N D,. The choice
of a specific factorization of R,,,, together with the choice of
the feasible set V, define the constraint posed on the estimator
matrix A € W.

If Ry, is non-singular then D,, = C™*¥ and the projection
Pynp, in Theorem 3 simplifies to P,. When R,,, is singular,
there is still a broad family of constraints for which this prop-
erty holds. These restrictions commonly arise in applications,
as we demonstrate in Sections VI and VII.

Definition 2: A constraint set )V is called separable with
respect to D,, if for every matrix V € V the relation
Pp, (V) € V holds. In other words, a D,-separable set is
closed under projections onto D,, as demonstrated in Fig. 4.

In cases where the restriction posed on Uj is separable, the
projection Pynp, in Theorem 3 can be replaced by P. This
is stated formally in the next theorem.

Theorem 4: Consider the setup of Theorem 3, where V is
a separable constraint. Then among all estimators of the form
z = Ay with Uz = AU, € V, a matrix that minimizes the
MSE is

A =Py (AU, U,

! (30)

where A is the unconstrained LMMSE estimator (16).



Proof: It is known from Theorem 3 that A =
Pyap, (AoUy) UL. Thus, to prove the theorem we need to
show that Pyrp, (AgUy) = Py (AgUy).

Let us denote D = A, U, and assume to the contrary that
Py, (D) ¢ D,. Since D, is a closed subspace in CM*V and
D € D,, the Pythagorean theorem implies that

|D — Py (D)|?
=||D — Pp, (Py (D))||* +||Pp, (Pv (D)) — Py (D)||*
> |D - Pp, (Pv (D)) 31)

Now, since Py (D) € V and V is separable, we have
that Pp, (Py (D)) € V as well. By definition, the matrix
Pp, (Py (D)) also lies in D, and therefore Pp, (Py (D)) €
V ND,. We have established, thus, that there exists a matrix
in VN D, that is closer to D than Py (D), contradicting the
assumption that P, (D) ¢ D,,. [ |

In the next sections we present examples for various
constrained estimation problems that can be solved using
Theorems 2, 3 and 4.

VI. FINITE DIMENSIONAL CONSTRAINED ESTIMATION
PROBLEMS

In this section we derive closed form solutions to some
constrained linear estimation problems with z € CM and y €
C¥, where M, N < cc.

A. Estimation with a Lower-Triangular Matrix

A familiar problem in constrained linear estimation is to
impose that the estimator be causal. In the finite dimensional
setting, causality means that every element of Z is a function
of the past and present elements of y only. This corresponds
to the requirement that the matrix A be lower-triangular.

We assume that  and y are of the same dimensions, so
that A is a square matrix. Moreover, it is assumed that R, is
non-singular. To obtain a solution to this problem within our
framework, we need to cast the constraint as a restriction on
some factorization Uz of Rzz. This is achieved by choosing
U, to be the Cholesky factorization of R,,, and imposing that
U; = AU, be lower triangular. Since U, is lower triangular
by definition, this implies that A is lower triangular as well.
Our constraint set is thus

YV ={V|VeCMMis lower triangular } . (32)

From Theorem 3, the solution to this problem is given by
A =Py (AU, U,!
={AU,}, U,!
= {ReyRy, Uy}, U
={Rsy U}, U,
where the operator {-} 4 sets the elements above the main

diagonal to zero and the notation U,, * stands for (U; 1)*.

A causality constraint is actually a linear one, as V in
(32) is a subspace in CM*M_ Therefore, (32) can also be
obtained using the orthogonality principle (11). However, as
demonstrated above, the utilization of Theorem 3 makes the
derivation straightforward.

(33)

B. Estimation with a Predefined Range Space

There are situations where the estimated vector Z is ob-
tained as a linear combination of a set of given vectors.
These vectors may be several predefined templates, such as
the first few basis functions in the DCT transform, as used e.g.
in several image coding techniques [21]. Alternatively, these
vectors may be templates learned in advance, such as in the
Eigenfaces methodology [22]. Assuming that the given set of
vectors span a subspace W C CM | this situation corresponds
to a constrained linear estimation problem with the constraint
R(A)C W. Since Uz = AU,, we may alternatively cast
the constraint as

R (Uz)C W. 34)

Note that here there is no importance which factorization U,
is used.
Let us define the set V to be

V={VIR(V)CW}. (35)

This set is separable with respect to D,,. To see this, we note
that the the projection of a M x N matrix V onto the set
D, can be shown to be given by Pp, (V) = VPgg,,),
where Pr(g,,) is the M x M projection matrix onto the
subspace R (R, ). Therefore, if R (V) C W then clearly also
R (Pp, (V)) € W, implying that V is separable.

It is easily verified that the projection of a M x N matrix A
onto the set V is given by Py (A) = Py A, where Py is the
M x M projection matrix onto the subspace W. Therefore,
from Theorem 4, the linear MMSE estimate of x given y
under constraint (34) is given by

A =Py (AU, U,
= PwA U, U,
= PwRyy R}, U, U]
= PyR.yR!

vy’

(36)

where the last equality follows from the fact that U, UL =
Pr( R’i”) =P NL(RLy): We conclude that in order to con-
strain Z to belong to a subspace W, one has to first compute
the unconstrained linear estimate of x, and then project it onto
the subspace W.

C. Reduced Rank Estimator

The concept of designing an estimator with a predefined
range space usually arises as means for compact representation
of . Many times there is a need not only to represent
z efficiently, but also to calculate Z based on a compact
representation of y. Specifically, assuming that & € CM
and y € CV, we wish to obtain an estimate Z given a
representation of y with K < N coefficients. Since we are
concerned with linear estimators, this requirement implies that
A = UV", where both U and V have K columns. The
vector ¢ = V™y, then, is the compact representation of y,
and £ = Uc is the desired estimate. This constraint can
be expressed as rank (A) < K. Note that as opposed to
Subsection VI-B, where the range space of A was assumed
to be given in advance, we now wish to find the optimal



K dimensional range space and also the optimal (N — K)
dimensional null space.

A solution to the LMMSE estimator under a rank constraint
was first derived in [2] and [9] for the case where R, is
nonsingular. It was later rediscovered in [8], where the authors
treated the special case of additive independent noise y = =+
n, naming it relative KLT (RKLT). Finally, it was developed
in [10] (without knowledge of [2] and [9]) in the most general
setting, without the assumption that R, is nonsingular, under
the name generalized KLT (GKLT). Here we show that the
GKLT can be easily obtained using Theorem 4.

To treat this problem within our framework, we notice
that any estimator A can be changed into APz g,,) or
equivalently into AU, UL, without changing its MSE. Now,
it is easily verified that rank(AU,, UL) = rank (AU,) and
thus, we may alternatively pose a rank constraint on Uz =
AU,:

rank (Uz) < K. (37)

Note that in cases where rank (U, ) < K, the unconstrained
LMMSE estimator itself satisfies (37) and thus it is optimal.
Our feasible set of factorizations Uy is therefore

V={V|rank (V) < K }. (38)

This set is separable as projecting a matrix onto D, can only
decrease its rank (i.e. rank (V) < K = rank (Pp, (V)) <
K). The projection of a matrix onto the set )V is obtained
by setting its smallest singular values to zero, leaving only
the largest K unchanged. Therefore, using Theorem 3, the
LMMSE estimator under a rank constraint is given by

A =P, (AU, U},
= trung (Ao Uy) UL

= trung (Rmy (U;/2)T) UL:

where trung (-) denotes the desired K—term truncation of the
singular value decomposition representation of its argument.

In the special case £ =y, (39) is the minimizer of
E[||z — Az||*] among all rank-K matrices, which is the well
known KLT.

(39)

D. Quadratic Constraint

Consider the family of estimators of the form (13) with a
matrix A that is constrained to have bounded weighted norm:

Tr{AWA*} <¢ (40)

where ¢ > 0 and W »= 0. In this case, the solution
can be obtained by directly solving (20). Defining the set
W={A|Tr {AWA"} <e} and using the method of La-
grange multipliers, the solution to (20) can be easily shown to
be A = ARy, (Ryy + AW)', where A > 0 is the minimal
value for which (40) holds. Using the fact that AgR,, = R,
the constrained LMMSE estimator can be expressed as

A =Rgy (Ryy + \W)'. (41)

Comparing (41) with the unconstrained estimator (16), we see
that imposing a quadratic constraint on the matrix A amounts

to adding a regularization term to R,,. As a special case of
(40) we may constrain the Forbenious norm of the matrix A by
choosing W = I, which yields a Tikhonov-like regularization.

Constraint (40) may also be used to bound the variance of
z. To do so we use the fact that Rzz = AR, A", hence by
setting W = R, (40) becomes

Tr{Rzz} <e (42)
and the estimator (41) reduces to
A =cR,R],, (43)

where c is the largest value for which (42) holds.

A more general interpretation of (40) results from associ-
ating W with a covariance matrix of a random vector z, i.e.
W = R, .. The estimator (41) is thus designed to reject any
existence of the interference z found at its input. Interestingly,
the form of (41) is identical to an unconstrained estimator de-
signed to estimate x from a noisy version of the measurements
¥ = y+ v/ \z instead of using the measurements themselves.
Further discussion on the z-resistant estimator is presented in
Section VII in the context of Wiener filtering.

VII. CONSTRAINED WIENER FILTER

A challenging task in the context of constrained estimation
is to impose restrictions on the Wiener filter. The difficulty in
this type of problems stems from the fact that they correspond
to infinite dimensional optimization problems. Thus, in general
no numerical procedure can be carried out in order to obtain a
solution. Perhaps the most important example for a constraint
imposed on the Wiener filter is a causality restriction. Inter-
estingly, a closed form solution for the MMSE filter under
this constraint was derived in [3] and is commonly known as
the causal Wiener filter. A causality constraint is a linear one
and therefore can be studied using the orthogonality princi-
ple, which leads in this case to the Wiener-Hopf equations.
However, here we are interested in obtaining closed form
solutions also to non-linearly constrained filtering problems.
In this section we derive an expression for the MMSE filter
under certain nonlinear constraints by utilizing Theorem 3.

In order to derive an expression for a constrained Wiener
filter, we first develop the unconstrained Wiener solution
within our framework. We assume that x [n] and y[n| are
complex valued jointly WSS signals. Our problem is to design
a filter h,y, [n] that minimizes the MSE E[|z [m] — & [m]|*] at
a certain time instance m, thus

Eml= Y hp[kly[m—Fk]. (44)

k=—o0

To express this as a standard LMMSE estimation problem, we
use the following definitions:

y=(- ym+1 ym ym-1 )", @6
x=uz[m|. (47)



The estimator A is therefore an infinite row vector, y is an
infinite column vector and x is a scalar. Using this representa-
tion, the cross-covariance matrix R, is an infinite row vector
corresponding to the cross covariance sequence R, [n] of the
processes x [n] and y [n], i.e.

(Ray); = E [z [m]y*[m — jl| = Ry [5].

Similarly, the auto-covariance R, is an infinite Toeplitz ma-
trix which is related to the auto covariance sequence R, [n],
through

(Ryy)j,k— =Ely[m—jly" [m — k]| = Ry, [k — j].

As discussed in Section III, linear estimation problems in-
volving infinitely many measurements do not necessarily have
a solution. To ensure the existence of a solution we assume that
y[n] is a FP. Specifically, we assume that A < S, (w) < B
for every w € Q,, where Q, = {w|S,, (w) #0} and A, B
are positive finite constants.

The LMMSE estimator is given by (16) Ay = RmyRLy.
Since both R, and Ry, are independent of m, the optimal
filter is also independent of m. Using the fact that Ry, is an
infinite Toeplitz matrix that corresponds to convolution with
R,y [n] and Ry, is an infinite row vector that corresponds to
the sequence Ry, [n], it is easily verified that the frequency
response of the optimal filter H (w) can be chosen as

H (w) = Syz(‘*’) we Qy
0 w ¢ Q.

(48)

(49)

(50)

There are applications which demand that either the filter
itself or the spectrum at the output of the filter posses certain
properties. Many of these constraints can be handled using the
theory of constrained linear estimation developed in Section
IV, as demonstrated in the following subsections.

A. Constraints on the Output Spectrum

When a constraint is imposed on the Wiener filter it affects
the spectrum of the estimated signal Szz (w) at its output.
Therefore, one possible way for specifying a restriction on the
Wiener solution is to state the desired properties of Szz (w).
Such an approach is more natural for example in applications
where the signal Z [n] is to be transmitted under bandwidth or
power restrictions, or to be coded efficiently. We will show in
this subsection that constraints of this type may be addressed
easily using theorems 3 and 4.

The estimated signal Z [n] is obtained by convolving the
measurements with the Wiener filter, i.e. Z [n] = y [n] * h[n].
This implies that the spectrum of Z[n] is related to the
spectrum of y [n] through the equation

Szz (W) = Syy (w) [H @I D

Let Uy, (w) be a factorization of Sy, (w), ie. Syy(w) =
Uy (w) Uy (w). Note that we do not require spectral factor-
ization in the sense that u, [n] be a causal sequence, but any
decomposition of Sy, (w) into a multiplication of two conju-
gate functions. For example U, (w) = /Sy (w) is a valid

choice. The factorization of S, (w) induces a factorization of
Szz (w) as

Szz (w) = (Uy (w) H () (Uy (@) H (w))"
= Uz (W) Uz (@),

x

(52)
where we defined

Us (w) £ Uy (w) H (w) . (53)

Now, we wish to confine the factorization Uz (w) to belong
to a certain family of functions with desired properties. This
requirement can be written as

Uz (w) eV, (54)

where V is a closed set in Ly [—7,7].

Two things must be noticed regarding the representation of
restrictions in the form of (54). First, constraints on Uz (w)
only affect the content of H (w) in supp {S,, (w)}. This is
not a limitation, though, as H (w) can be chosen arbitrarily
for frequencies outside supp {Sy, (w)} without changing the
MSE. Second, since supp {Uz (w)} < supp{Sy, (w)} by
definition, for a solution to exist we must require that V
contain at least one function whose support is contained in
supp { Sy () }.

The relation Sy, (w) = U, (w) Uy (w) can be written in the
time domain as Ry, [n] = u, [n]*u, [-n] or in matrix form as
R,, = U, U,, where R, is the matrix given in (49) and U,
is the infinite Toeplitz matrix defined by (Uy), , = uy [k — j.
Combining this matrix representation with (53) and using the
fact that A is the infinite row vector corresponding to the
sequence {h [n]}, we see that (54) can be written as

AU, €V, (55)

where V denotes the closed set in {5 in the time domain
corresponding to V in (54), which was specified in the
frequency domain. This matrix representation also allows to
identify that the subspace D, in (22) corresponds to the set
of functions {D (w) [supp {D (w)} C supp {Syy (w)} }.

The representation in (55) matches exactly the situation
discussed in Theorem 3. Thus the MMSE filter under this
constraint is P\N)mﬁy (AoUy) U,L, where Ag is the uncon-
strained Wiener filter and 15y denotes the set of sequences in
the time domain corresponding to D,,, which was specified in
the frequency domain. The frequency response of the optimal
constrained filter is thus

o (0 522)

P, (S2)
- NDy * .
Uy (w) Uy (w)

Note that because of (50) and due to the pseudo-inverse
operation, wherever a division by U, (w) appears the value
of the fraction should be set to zero for frequencies where
Uy (w) = 0. To simplify the exposition, this fact was omitted
from (56) and will be omitted throughout the rest of the paper.
Our freedom to design different constraints for which (56)

may be used is in choosing the factorization U, (w) (which
affects Uz (w) via (53)) and specifying the set V.

(56)



In the Wiener filtering setup, a separable constraint is a
set of functions V such that for every V (w) € V, setting
V (w) = 0 for every w ¢ supp {Sy, (w)} leads to a function
that is also in V. As explained in Section V, under constraints
of this type the optimal filter becomes

1 Sy (W)
Hw) =g ( v; <w>> 5D

In the following subsections we present a few examples, all
of which have separable constraints.

B. Causality Constraint

As a special case of (57), we may obtain the causal
Wiener filter. Assuming that Sy, (w) > 0 at all frequencies, a
causality constraint on h [n] may be enforced by imposing that
uz [n] = (h*uy) [n] be a causal sequence, given that u, [n]
is causal as well. Therefore, let us define U, (w) to be the
spectral factorization of Sy, (w), i.e. U, (w) = ST (w) and
Uy (w) = S~ (w), where ST (w) is the Fourier transform of
a causal series. The set of functions V €Ly [—m, ] to which
Uz (w) must belong is then the set of all Fourier transforms
of causal series

V={V()|F ' {V(w)}n]=0n<0}. (58

Substituting this specific choice of V and U, (w) in (57), we
obtain the known expression for the causal Wiener filter [3]

1 Sy (W)
H = - .
W= FolEol,
The operator {-}, corresponds to the projection operator

Py (), which simply sets the non-causal coefficients of its
argument to zero in the time domain.

(59)

C. Total Power Constraint

Suppose we enforce a power limitation on the estimated
signal. To cast this as a constraint on Uz (w), we can write

E “f[n]ﬂ :/ Soz (w) dw:/ Uz (w))? dw < e.
Note that here the choice of U, (w) makes no difference.
Therefore, the feasible set of Uz (w) is a ball in Ly [—m, 7]:

v={ve|[ werwse}.

The operator Py, (+) in this case simply scales its argument to
comply with the desired Ls-norm. Hence the optimal filter is

1 CS:L'y (w) — CSM/ (w)
Uy (w) Uy (w) Syy (W)’

where ¢ < 1 is the largest value for which (60) holds. We
conclude that in order to optimally bound the power at the
output of the filter all one needs to do is concatenate an
attenuator after the unconstrained Wiener filter.

(61)

H(w) = (62)

D. Total Power Resistance to Interference

As a generalization of the power constraint (60), we may
wish to design a filter that is resistant to a different input
signal. Specifically, suppose that in a certain application one
has a reason to suspect that an undesired signal z[n] with
spectrum S, (w) might be fed to the filter. A robust approach
is then to design a filter that minimizes the MSE between z [n]
and y [n] x h [n] subject to the constraint that the power of the
signal z [n] % h [n] does not exceed a certain level. To address
this constraint within our framework we need to express this
as a restriction on Uz (w). This can be done by writing

E |z[n]*h[n]|2} :/ﬁ \H ()2 S... (w) dw

—T

T Sz (W)
= H (w QS” w dw
@ S ) 52
T S,z (w)
= Us (w)]? dw. (63
[ P g )
The constraint set is thus a weighted Lo ball:
T Sz (w) }
V=<V (w / V (w)]? dw <e . (64)
(el L ver g

Using (57) with the formula for projection onto a weighted
Lo ball (109), the optimal filter is

1 Syy(w) 1

Uy () Uy (@) 14252
Say (W) 1

= (65)
Syy (W) 1+ A Szz(w)

where A > 0 is the minimal value for which (64) holds.

The intuition behind the power z-resistant Wiener filter
is simple. At frequencies for which S., (w) is zero or very
small with respect to S, (w), the filter is identical to the
unconstrained Wiener solution (50). This is because large
spectral components found at those frequencies are more likely
to come from the measurement signal y [n] rather than the
interference signal z [n]. On the other hand the filter strongly
attenuates frequencies for which S, (w) is large with respect
to Sy, (w). Any spectral content found at those frequencies is
probably from the signal z [n].

An interesting fact is that the power z-resistant Wiener filter
is identical to the unconstrained Wiener solution designed to
estimate  [n] from the measurements 3/ [n] = y [n] +V/Az [n],
where z [n] is a process independent of z [n] and y [n]. Hence,
the effect of constraining the filter to belong to the class
defined in (63) can be understood as designing a filter to
estimate x [n] from a noisy version of the measurements
instead of using the measurements themselves.

E. An Lo Constraint on H (w)

If the lower bound on Sy, (w) in (14) is very small, then
there may be frequencies at which S, (w) is close to zero.
This typically causes the impulse response of the filter to
attain large values and have a slow decay, properties which
may be undesirable in practical implementations. To overcome
these difficulties, we may constrain the /5 norm of the filter’s



impulse response. Equivalently, we can restrict the Ly norm
of H (w). This is done by setting S, (w) = 1 in (63), which
leads to the restriction

[ |H (w)]* dw < e. (66)

The optimal filter is then given by a simple regularization (65):

Say (w)
Syy (W) + A

where A > 0 is the minimal value for which (66) holds.

This modification of the Wiener filter barely affects fre-
quencies at which Sy, (w) is large. However it does prevent
the denominator from being too small, which precludes the
filter from exploding.

H(w) = (67)

FE. Total Amplitude Constraint

The power limitation ffﬂ Szz (w)dw < ¢ in (60) puts
a heavy penalty on frequencies where Sz (w) is large. In
many applications this is an over-pesimistic modeling of the
underlying physical limitations. For example, one may be
willing to trade a small frequency band where Szz (w) is very
large for a large band with zero content. Such a behavior
can be achieved by replacing the power limitation with an
amplitude constraint f:r \/Szz (w)dw < e. Similar to (60),
we may express such a constraint in terms of Uz (w) as

/o (@) = / Us @)|dw <z (68)
The corresponding set V is therefore the L;-ball
V—{V(w)‘/ |V(w)|dw§6}. (69)

The operator Py, (-) associated with an L;-ball (103) leads to
the following filter

0 Sey@)| < 4
H( ) _ Syy(w) — 70
W= Szy(w) 1— 6 V Syy("") ‘Swy(“’” > ( )
Syy(w) [Say (w)] Syy(w)

where § > 0 is the minimum value for which (68) is satisfied.

This filter can be viewed as the result of a applying
a soft threshold operation on the unrestricted Wiener filter
(50). Interestingly, the term |S,, (w)] / \/Syy (w) plays an
important role in shaping the filter’s frequency response. This
term is related both to the amplitude /Szz (w) at the output
of the Wiener solution (50) and to its MSE. Specifically, when
the signal y [n] is fed to the Wiener filter (50), 1/ Szz (w) =
[ Sy (w)|/ Syy (w) and the MSE is given by R, [0] —
J7 1Sy (w))? /Syy (w) dw. This means that frequencies at
which |S,, (W)[*/ Syy (w) is small have a minor contribution
to the MSE. Therefore, in order to optimally bound the total
amplitude at the output of the filter, one should discard exactly
those frequency components. Note that at the rest of the

frequencies, the constrained filter is a shrunk version of the
unrestricted solution.

G. Total Amplitude Resistance to Interference

Let us now return to the problem of designing a filter
that is resistant to a different input signal z[n] with spec-
trum S, (w). As opposed to the power resistance constraint
ST |H (w)|” 8. (w) dw < & imposed in (63), we now wish
to bound the total amplitude of & [n] * z [n]. Specified in terms
of Uz (w), this constraint becomes

[ 11 Vs = [ 1 @)y 022
— [ s 5o < <
h (71)

As discussed in the previous subsection, such a constraint al-
lows to obtain a large frequency band where |H (w)|” S.. ()
is identically zero at the cost of a small band where it is
very large. This essentially concentrates the affect of the
interference into a small portion of the frequency axis [—m, 7).
The feasible set V corresponding to (71) is a weighted L, ball

[ oven s

Using (57) with the formula for projection onto a weighted
L, ball (103), the amplitude z-resistant filter is

vV {V(w)

dwgs}. (72)

0 [Szy(w)] <4
H () = Sl T o
TN Sww) (535 1Snw)]
Syy(‘*’) ‘Sacy(‘*"” Szz(w) ?

where § > 0 is the minimum value for which (71) holds.
The above filter is again related to the unconstrained filter

via a soft threshold operation. However, in contrast to (70),

here the frequency band of H (w) is determined by the term

Say @) /
the interference is most significant (i.e. wherever S, (w) is
large) are zeroed out.

S, (w). This ensures that frequencies at which

H. An Ly Constraint on H (w)

There may be situations where an amplitude limitation is
needed to be posed on the filter’s frequency response rather
than on the output spectrum. As we saw in the two preceding
subsections, such a constraint leads to a filter with a small
bandwidth. Filters of this type may be implemented e.g. by
a filter-bank of band pass filters. In order to pose an L;
restriction on H (w) we simply substitute S, (w) = 1 in (71)
to obtain

/ |H (w)|dw < e. (74)

Making the same substitution in (73), the optimal L;i—
constrained filter is

[Say (W) <0

0
H(w) =14 Suy@ 75
“ { w20 (- ) 18w @) > 0. >




We see that now, the set of frequencies that is discarded is
determined by |S,, (w)]|. Interestingly, this filter has the same

structure as (70) with |S,, (w)| here replacing /Szz (w).

1. Per-Frequency Magnitude Constraint

There are applications that demand that the spectrum
Szz (w) at the output of the filter be bounded for every w.
Neither the total power constraint (60) nor the total amplitude
one (68) can be of help in enforcing such a limitation. Suppose
that we are interested in the restriction Szz (w) < B? (w) for
some given function B (w) > 0. This constraint may be written
in terms of Uz (w) as

Sz () = Uz (@) < B (). (76)
Our feasible set V is thus the weighted L., ball
V={V(w)||V(w)| <BWw), Ywe [-m,7]}. (77)

The projection associated with this set (99) leads to the
following filter:

Say (W) [Sazy (W)l < B
Hw) =4 % oty <) (78)
- B(‘*’) Swy(w) |Swy(‘*’)‘ > B (W)
Sy (@) 1Seu (@ /5, (w) ’

J. Per-Frequency Resistance to Interference

Suppose that we wish to construct a filter that minimizes
the MSE between x [n] and y [n]*h [n] and that, when fed the
signal z [n], the spectrum at its output is bounded for every
frequency. Specifically, we wish to obtain |H (w)|* S.. (w) <
B? (w). Let us express this as a constraint on Uz (w):

Sz (W)
Syy (w)

(w)
Sy S0 @

This restriction corresponds to the constraint set

|H (w)]? Sz () = [H ()| Syy (w)

(79)

Sz (w)
Syy (w)

|V (w) < B (W)v Vw € [—7T,7T]

V:{V(w)

80)
This too is a weighted L., ball the projection onto which leads
to the filter

gygwg Igzygw;\ < \/B(w)

_ yy (W yylWw) — Szz(w)

HW) =91 Bw Suw Sl B 6D
VSzz(w) [Say(@)] Syy(w) NE

K. Restriction on the Magnitude and Support of H (w)

Implementation considerations may sometimes dictate the
use of filters whose magnitude is bounded by some value. We
notice that the restriction |H (w)| < B (w) is a special case of
(79) with S, (w) = 1. Substituting S, (w) =1 in (81) we
get the optimal filter under a magnitude constraint:

Sy () ENEI,
= Syy(w) Syy(w) —
H (w) = B Say(w)  |Sey(@)] B (82)
(W) Sy (W] Syy(w) > (w) .

Using (82) we may construct a Wiener filter with a prede-
fined support in the frequency domain, say Qs C [, 7]. To
do so we set B (w) — oo for w € €2, and B (w) = 0 other-
wise. This choice of upper bound on Szz (w) is equivalent to
demanding that S, (w) |H (w)|* vanishes outside the set €.
This constraint is satisfied only if H (w) = 0 at frequencies
outside Q, for which S, (w) > 0. As for frequencies outside
Qs where Sy, (w) = 0, we may choose to set H (w) = 0
anyway as it does not affect the MSE. Therefore we have that
under the constraint

H(w)=0, Yw¢Qy (83)
the optimal filter is
oy (W)
H (w) = Syy(w) we QS (84)
0 w ¢ Q.

L. Generalized MMSE Whitening

The concept of whitening a signal arises in a variety of
contexts in the fields of signal processing and communication
(see [11] and references therein). In [11] a linear MMSE
whitening approach was developed. The proposed scheme was
to construct a filter that minimizes the MSE between its input
and output subject to the constraint that the spectrum of the
output signal is white. In other words, the filter is one that
results in a white output y[n] that is as close as possible to
the input y [n], in an MSE sense.

We wish to generalize this approach by constructing a filter
that produces a white output that approximates the original
signal z [n] in an MSE sense. Recall that we assume that there
is a positive lower bound on the spectrum of the input signal,
i.e. Syy (w) > A > 0. Here we also assume that the desired
white spectrum satisfies Szz (w) = C < A.

By setting B?(w) = C in (76) we get the constraint
Szz (w) < C which will clearly be active for all frequencies.
Therefore practically we pose the restriction

Saz (w) = C.

The optimal filter is obtained by replacing B (w) with C in
(78):

HW =9 76 50w 1Sm@)® 35
V@ @] Sp@ >
Notice that by assumption
C = Sa(w) =[H W) Sy, W) =
Say W) | Sy ()]
: Sy (W) = 421 (86)
‘ Syy (w) v ) Syy (w)

and hence the condition |S,, (W) /Syy (W) < C in (85) is
never satisfied. This simplifies the formula for the generalized
whitening filter:

C Sy (w)
H(w) = | —— 2z &) (87)
O ]
If we set «[n] = y[n] then we get the whitening filter

derived in [11]: H (w) = /C /Sy, (w). The departure of



the generalized filter from the standard one is in the phase
component. In order for Z [n] to be as close as possible in
the MSE sense to the signal z [n], the filter’s phase should be
identical to that of .S, (w).

M. Bandwidth Constraint on the Output Spectrum

Consider the situation where the signal Z[n] is to be
transmitted over a channel with bandwidth limitation or to
be coded with a method that leaves only its strongest spectral
components unchanged. These situations require that Szz (w)
have a small support. As we saw previously, one way to
comply with this requirement is to impose an L; constraint on
\/Szz (w). However such an approach is suboptimal in this
setting as we would not like to pay a penalty proportional to
\/Szz (w) for frequencies at which Szz (w) > 0. Rather, we
would like our penalty to be proportional only to the size of the
set Qg = {w|Szz (w) > 0}. This requirement is translated
into an Ly constraint on Uz (w) as

/XQS% (W) dw = /XQUQ (w)dw < ¢, (88)

where Qi = {w|Uz (w) >0} and Xq (w) is the indicator
function, which equals 1 for every w € €2 and zero otherwise.
Using (57) with the formula for projection onto an Ly ball
(114), the optimal filter is

0 [Say (W] - 5
Syy(w) —
H(w) = Say(w) m S5 9
Syy(w) \/m

where § is the smallest value for which the band restriction
(88) is satisfied.

This filter is the result of a hard-threshold operation on
the unrestricted Wiener filer (50). This filter highly resembles
the filter (70), which is optimal under an L, restriction
on 1/Szz (w). The difference is in frequencies at which
|Szy (w)] > 64/ Syy (w). In the Ly approach, once we choose
not to set to zero a certain frequency band, there is no
additional penalty on the magnitude of the spectrum at this
band. Therefore at those frequencies H (w) in (89) coincides
with the unrestricted Wiener filter.

N. Summary

Besides providing tools for practitioners, the various ex-
amples presented in subsections VII-B-VII-M exhibit several
interesting structures worth mentioning. We now summarize
the results by dividing them into several categories.

The first categorization we consider is induced by the value
of p for a weighted L, restriction posed on the estimator.
In subsections VII-C, VII-D and VII-E Ls-type constraints
are addressed. The optimal filter in all these cases contains
some kind of a regularization term in the denominator!. In
subsections VII-F, VII-G and VII-H L;-type restrictions are
considered. In these examples, the result is related to the
unconstrained filter via a soft threshold operation. Subsections

'In subsection VII-C the regularization is proportional to Syy (w).

VII-I, VII-J and VII-K treat a few variations of L., constraints.
These impose a modification of the unconstrained solution
through a clipping operation. Finally, subsection VII-M dis-
cusses an L restriction, where a hard-threshold operation
emerges.

Qualitatively, the L, and Ly are two extremes, where the
former affects only frequency components with large values
and the latter affects only those with small magnitude. In this
respect, the L1 and Lo restrictions occupy the middle of the
scale as both affect the filter at all frequencies. Still, the L,
constraint can be viewed as more similar in nature to Lg as it
causes several frequency bands to be zeroed out completely.

The second categorization we consider is by the designation
of the constraint. In subsections VII-C, VII-F, VII-I and VII-M
the restriction is imposed on the output of the filter. In all these
examples the term |S, (W) /Syy (w) plays an important
role. This quantity is no other than the spectrum at the output
of the unconstrained Wiener filter. Specifically, when the signal
y[n] is fed to the Wiener filter (50), the spectrum at its
output is Sz (W) = [Suy (W)]>/Syy (w). In the Lo and L,
cases (subsections VII-M and VII-F) frequencies for which
this value is small are suppressed. In the L., case (subsection
VII-I) frequencies for which it is large are clipped. Finally,
the Lo case (subsection VII-C) is not obtained as a threshold
operation, however it can be viewed as operating in the same
manner on small and large values of this term.

Resistance to interference is considered in subsections VII-
D, VII-G and VII-J. These filters seem to share no structural
resemblance except one obvious property. The larger S, (w)
is, the greater the tendency to suppress the magnitude of the
filter.

In subsections VII-E, VII-H and VII-K the constraint is
imposed on the filter itself. These examples may be useful
when implementation considerations are involved. Thus, we
point out a rule of thumb for the assessment of the affect of
restrictions on the filter. The behavior of the L,-constrained
filter (subsection VII-K) is dictated by comparing the value
of [Sgy (w)| /Syy (w) against a threshold. In the L, and Lo
methods (subsections VII-H and VII-E), on the other hand,
the values of |S;, (w)| and S, (w) respectively are compared
to a threshold. As before, the L., approach induces a clipping
operation, the L; method induces a soft threshold operation
and in the Ly case a soft decision technique is employed.

VIII. CONCLUSION

We derived a general framework for treating linear MMSE
estimation problems under nonlinear constraints. The approach
is general in that it allows the treatment of both finitely-
many as well as infinitely many measurements (as in the
Wiener filtering setup). Using our proposed framework we
obtained closed form solutions to many constrained linear
estimation problems. In the finite dimensional case, these
include estimation with a lower-triangular matrix, predefined
range space and low-rank. In the finite dimensional case,
formulas for various nonlinear constraints on the frequency
response of the Wiener filter have been derived.



APPENDIX I
PROOF OF THEOREM 1
A necessary and sufficient condition for the set of r.v.’s
{y [n]} to form a frame for a subspace A in £} is the existence
of scalars 0 < A < B < oo such that condition (4) holds:

AE [mﬂ <3 |Ela*y[n]]* < BE [mﬂ , Vac A

nez
(90)

Every random variable a in A can be written as a linear
combination of {y [k]}, i.e. a =}, o, h[k]y[k] with h € £5.

Using this representation, the term E [\a|2] in (90) becomes

> hikly K]

kEZ

2
E =S hK W E Ky 1]

keEZ leZ

=SS B B [ Ry [k 1]
kEZ IEZ
= S B (0 5 Ryy) ]
keZ
L (~w)2 8,y () dw O1)

T o .

where the last equality follows from Parseval’s theorem.
Similarly, the term ), |E [a*y [n]] ? in (90) can be written
as

2

SB[ kg Ue]y[n]]
nez k€EZ
=3 > b [k Ry [n— K|
nezZ |kez
= > 10" # Ryy) In]?
nez
= [ H () 83, (@) do (92)

Using these two expressions, the condition for {y [k]} to form
a frame is the existence of scalars 0 < A < B < oo such that

s

A H(~w)* Sy (w) dw < /

—T —T

U

|H (~w)|? 82, (w) dw

s

H (—w)|* Syy (w) duv,
(93)

for every H € Lo [—m, 7]. We see that the content of H (—w)
outside the set 2, defined in (15) has no importance from the
viewpoint of (93). As for other frequencies, the maximal A and
minimal B are mingeq, Syy (w) and max,cq, Sy, (W) re-
spectively. Hence, the r.v.’s {y [k]} form a frame for a subspace
in £? if and only if there exist constants 0 < A < B < oo
such that the spectrum of y [n] satisfies A < S, (w) < B,
w € Q.

<B

—T

APPENDIX II
CLOSED RANGE PROPERTY

Suppose that y [n| is a WSS FP and that U, is a factor-
ization of its covariance matrix, i.e. Ry, = U, U,. We wish

to show that U, is a bounded operator from {5 to {5 with
closed range. We shall present a proof only for the case where
U, is a Toeplitz matrix as this is the only situation of interest
in this paper (see Section VII). The proof can be extended to
the case where Uy, is not Toeplitz and also to general FP’s
(which are not necessarily WSS), however it is outside the
scope of this paper. The arguments brought in this appendix
can be also used to prove that Uy, is a bounded operator with
closed range.

We shall prove our claim by showing that U, = UR,,
where R, is the covariance matrix of some WSS FP and
U is a unitary matrix. The matrix R,, is a Gram matrix
corresponding to a frame and thus it is bounded and its range
is closed. The concatenation of a unitary transform obviously
does not affect these properties.

Since U, is an infinite dimensional Toeplitz matrix, it
corresponds to convolution with a sequence wu, [n]. Thus,
the relation Ry, = U,U, can be written as Ry, [n] =

uy [n] * uy [-n], or in the frequency domain as S, (w) =

Uy (w) Uy (w). Let us write U, (w) = 1/ Syy (W)U (w), where
|U (w)| =1 is the phase component of U, (w) and /Sy, (w)
is its amplitude. Transforming back to the time domain, we
see that the matrix U, can be written as Uy = UR,,, where
R. . is a Toeplitz matrix corresponding to a sequence R, [n]
whose Fourier transform is S.. (w) = 4/Syy (w), and U is
a unitary Toeplitz matrix corresponding to a sequence wu [n]
whose Fourier transform is U (w).

It remains to show that R, is indeed a covariance matrix
of a WSS FP z [n]. But since y [n] is a WSS FP, its spectrum
Syy (w) satisfies (14) with bounds, say A and B. This implies
that S, (w) satisfies (14) with bounds v/A and VB, and thus
z[n] is a WSS FP.

APPENDIX III
PROJECTIONS ONTO L,, BALLS

Let f : R — C be a scalar function. The L, norm of f is
defined as

(fR|f(t)‘pdt)% 1<p<oo

teR
The Ly pseudo-norm of f is defined by
1£llo = JeXa, () dt (95)

where Q¢ = {t||f (t)| # 0}. We are interested in obtaining a
closed form solution to the problem of projecting in the Lo
sense a given function g onto a weighted L,, ball. Our problem
is thus )
argmin f |9 (t) ~ f (¢) ds

96
st. feAd 00

where A = {f‘HWpr < 5}, g € Ly and W is a diagonal
operator defined by (W f) (t) = w (¢t) f (¢). In what follows
we give the solution to (96) for p = 1,2, 00 with a general
PSD operator W and also for p = 0 with W being the identity
operator. A sufficient condition for the set .4 to be closed is
that the operator W be bounded from above and also bounded



from below on N (W) [17], hence it is assumed that w (¢)
satisfies A < w (t) < B wherever w (t) # 0, where 0 < A <
B < 0.

We shall use the following property of projections onto
closed convex sets. Suppose that A is a closed convex set
in some Hilbert space H, then Py (h) € A is the projection
of h € H onto A if and only if [17]

Re{(h — Ps(h),Pa(h) —a)} >0, Yac A  (97)

A. Projection onto a diagonaly-weighted L., ball
Lemma 1: Let A be the weighted [, ball (box) defined by

={feL2wpmwwf@n}gs}. ©8)
teR
Then the solution of (96) is
o) o) < =5
t) = 99
Fald { 10/ S

for every ¢ for which w (t) # 0 and f4 (t) = g (¢) otherwise.
Proof: First, we notice that f4 in (99) is indeed in A,

i.e. sup,ep {w (¢) |f (¢)|} < e and also f4 € Lo (as g € Lo).
It suffices to show that f4 in (99) satisfies the condition (97)

Re{[ (g () (fa(t) —a(t))"dt} =0, Vae A
(100)

To prove (100), we show that Re{(g(t) — fa (¢))
(fa(t)—a(t))"} > 0 for every t. Clearly, if ¢ is such that

w (t) = 0 then this term is zero as g (t) — f4 (¢) = 0. Now
assume that w (¢) > 0, then when f4 (t) = g¢(¢) this term
vanishes and otherwise,

<a))-

- g\ [ g
M{@@ w@@@ﬂ((MMm
'mwm@“w%o‘o Ug@) et (B9 (1)}

€ g2 € 1 €
memm‘wm‘<lw@wwow@ww
(101)

where the inequality follows from the fact that since a € A
we have in particular also that w (t)|a (¢)] < e for every
t. Hence using the Cauchy-Schwartz inequality we obtain

Ref{a™ (t) g ()} <la(®)|lg ()] < 357 | D).

|
B. Projection onto a diagonaly-weighted L ball
Lemma 2: Let A be the weighted L, ball defined by
A={f|fw@®)|f ()| dt<e}. (102)
Then the solution of (96) is
lg ()] <

< dw (t)
winy, (109

0
f“@){gmw—éw@mﬁg

where § > 0 is the minimum value for which f4 € A.

Proof: We will show that with f4 given by (103),

R%/m hU)}

> Re {/a () (g () — fa(t)) dt} . Yac A (104)

If g € Athen § = 0 and fa (t) = g(¢) so that (104) is
satisfied. Now assume that g ¢ A. It is clear that in this case

the constraint in (102) is active, i.e. [pw (t)[f (t)|dt = e.
From (103) we see that
g(t) lg (#)] < 0w (t)
t) — t) = 105
90— 14l {&mw& g ()] > ow() 1O
This means that if ¢ is such that |g (¢t) — fa (¢)] < dw (¢)
then ¢ (¢t) < Jw (t), which implies that f4 (¢) 0. For

the rest of R we have g (t) — fa(t) = dw (t)g(t)/|g (¥)|.
Moreover, it is easily verified that for the latter case we

also have g (t) /|g (t)] = fa (t)/|fa(t)]. Therefore we can
write g (t) — fa (t) = dw () fa(t)/|fa(t)] at these points.
To summarize these two facts, either f4 (t) = 0 or g (t) —
fa(t) = dw(t) fa(t)/|fa(t)], hence the term on the left-
hand side of (104) reduces to

re{ [ 1000 uu>}
‘M{/U Egﬁ}
—5/ t)[fa(t)|dt.

As for the term on the right-hand side of (104), we have

R%/ﬁ@w@—n@mﬁ

g/mmwm—mwMt

(106)

t) | fa (k]| dt, (107)

where the first inequality is a Cauchy-Schwartz one, the second
inequality follows from the fact that |g (t) — fa (t)] < dw (¢)
for every t, and the last inequality is a consequence of a
satisfying fw (t) |a(t)] < e whereas f4 is known to satisfy
Jw(®) [ fa(t) = u

C. Projection onto a diagonaly-weighted Lo ball
Lemma 3: Let A be the weighted Lo ball defined by

A={f|femf@Pd<e} (108)
Then the solution of (96) is
1
fa(t) = mg(ﬂ (109)

where A > 0 is the minimum value for which f4 € A.
Proof: First we notice that (108) poses no limitation on
f(t) at points ¢ for which w (t) = 0. Therefore, to minimize



the Lo distance to g one must set f4 (t) = g (¢t) wherever
w (t) = 0, which is indeed the case in (109). At the rest of
the real line, f 4 (¢) must satisfy condition (97), which can be
written as

/u
ST

U AON

w)

0 @) =14 (®)

wity (e

Va € A,

(110)

where Q,, {t|w (t) #0}. Clearly, among all functions
a € A, the one that maximizes the right hand side of (110)
is proportional to (g (t) — fa (t)) /w (¢t). Hence, in order for
(110) to be satisfied for every a € A, the function f4 must
be chosen as

(g(t) — fa(t))
w (t) ’

where > 0 is the maximal value for which f4 € A. Now,
solving for f (¢) leads to

fa(t) =a (111)

1
t)y=——""—g(t 112
Fal) = Trarra? - (12)
which is identical to (109) with A = a~'. ]
D. Projection onto an Lo ball
Lemma 4: Let A be the weighted L ball defined by
A={f|[Xa, (t)dt<e}, (113)

where 0y = {t||f (t)| # 0}. Then the solution of (96) is

o0 lgI<s
f“”{wﬂ|?m>a

where § > 0 is the minimum value for which f4 € A.
Proof: The Lo distance between g and any function f €

A can be written as
Jlsw-s@ra=[lg0-r@Pas [lo0p e
Q Qs
(115)

where Q‘Ji is the complementary of the set 2. This distance
depends on two factors — the set 27 and the content of f (¢) in
2. For every choice of {2y, (115) is minimized if we choose
f(t) = g(t) for every t € Qy as this causes the first term
to vanish. The set {2 should be chosen such that the second
term is minimized. This is accomplished by setting 2 =
{t]]lg (t)| < d} with ¢ being the smallest value for which f4 €
A [ ]

(114)
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