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Abstract

We consider the problem of transmitting a Gaussian source on a slowly fading Gaussian channel, subject to
the mean squared error distortion measure. The channel state information is known only at the receiver but not
at the transmitter. The source is assumed to be encoded in a successive refinement manner, and then transmitted
over the channel using the broadcast strategy. In order to minimize the expected distortion at the receiver, optimal
power alocation is essential. We propose an efficient algorithm to compute the optimal solution in linear time
O(M), when the total number of possible discrete fading states is M. Moreover, we provide a derivation of
the optimal power alocation when the fading state is a continuum, using the classical variational method. The
proposed algorithm as well as the continuous solution is based on an aternative representation of the capacity
region of the Gaussian broadcast channel.

. INTRODUCTION

Fading channel occurs naturally as a model in wireless communications. For slow fading, the receiver can
usually recover the channel state information (CSl) accurately, however the transmitter only knows the probability
distribution of CSl, but not the realization. Such uncertainty can cause significant system performance degradation,
and the broadcast strategy was used in [1], [2] as an approach to combat this detrimental effect. In this strategy,
some information can only be decoded when the fading is less severe, which is superimposed on the information
that can be decoded under more severe fading. Thus the receiver can decode the information adaptively according
to the realization of the channel state. The similarity to the degraded broadcast channel [3] (see also [4]) is clear
in this context, particularly for channels with a finite number of fading states. Generalizing this view, when the
fading gain can take continuous values, the receiver can be taken as a continuum of users in a broadcast channel.

The broadcast strategy naturally matches the successive refinement (SR) source coding framework [5]-{7], as
the information decodable under the most severe fading is protected the most, and should be used to convey
the base layer information in the SR source coding. As more information can be decoded when the channel is
subject to less fading, more SR encoded layers can be decoded, and the reconstruction quality improves. In this
work, we consider this scheme for a quadratic Gaussian source on a single input single output (SISO) channel.
In order to minimize the expected distortion at the receiver, it is essential to find the optimal power alocation
in the broadcast strategy, and this is indeed our focus. It is worth noting here that though in [2] the objective
function to be maximized is the expected rate, the cross layer design approach of combining SR source coding
with broadcast strategy was in fact suggested (though not treated) in that work.

Initial effort on this problem was made by Sesia et al. in [8], where the broadcast strategy coupled with SR
source coding was compared with several other schemes. The optimization problem was formulated by discretizing
the continuous fading states, and an algorithm was devised when the source coding layers are assumed to have
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the same rate. This agorithm, however, does not directly yield the optima power allocation when the fading
states are discrete and pre-specified, nor does it give a closed-form solution for the continuous case. Etemadi and
Jafarkhani also considered this problem in [9], and provided an iterative algorithm by separating the optimization
problem into two sub-problems. In two more recent works [10], [11], Ng et al. provided a recursive algorithm
to compute the optimal power allocation for the case with M possible fading states, with worst case complexity
of O(2™); moreover, by directly taking the limit of the optimal solution for the discrete case, a solution was
given for the continuous case optimal power allocation, under the assumption that the optimal power allocation
is concentrated in a single interval. Similar problems were considered in [12]-{15] in the high SNR regime from
the perspective of distortion exponent.

Our contribution in the present work is two-fold: firstly, we propose a new algorithm that can compute in linear
time, i.e,, of O(M) complexity, the optimal power allocation for the case with M fading states; secondly, we
provide a derivation of the continuous case optimal power alocation solution by the classical variational method
[16]. Our derivation for the continuous case solution is more general than that in [11] as it removes the restriction
that the optimal power allocation is concentrated in a single interval. Both the algorithm and the derivation rely
on an aternative representation of the Gaussian broadcast channel capacity, which appeared in [17]. The dua
problem of minimizing power consumption subject to a given expected distortion constraint is also discussed.
Several specific examples are given as illustrations.

The broadcast strategy coupled with SR source coding can be considered as a source-channel separation
approach with optimized cross-layer resource allocation. More explicit joint source-channel coding approaches,
for example those in [13], [18]-{20], may provide better performance in the scenario being considered, however
this aspect is beyond the scope of the present work. We nevertheless note that the algorithm proposed in the
current work is extremely efficient, which makes it possible to use the broadcast strategy coupled with SR coding
as a benchmark for future investigation into this joint source-channel coding problem. Thisis indeed useful since
an outer bound which is non-trivial yet simple to compute is so far lacking despite extensive research (see [20]
and the comments therein).

The rest of the paper is organized as follows. In Section Il we give the system model and some preliminaries,
and in Section 1ll the new algorithm is provided and its optimality is proved; the dual problem of minimizing
the power consumption subject to an expected distortion constraint is also considered. In Section IV we give
the derivation for the continuous case solution, and Section V some specia cases of fading distributions are
considered. Section VI concludes the paper.

[I. SYSTEM MODEL AND PRELIMINARIES
We assume a memoryless source {X; }7°, is generated independently and identically according to a zero-mean
unit variance real-valued Gaussian distribution. The channel is given by the model

Y, = hX.+ N,, (1)

where X, is the complex-valued channel input and Y. is the channel output, / is the (random) multiplicative
channel fading coefficient with |h|? = s, and N. ~ CN(0,1) is the zero-mean complex circularly-symmetric
independently and identically distributed (i.i.d.) Gaussian additive noise.
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Fig. 1. The broadcast approach for minimizing the expected distortion.

We consider a slowly fading channel model, where each channel codeword consists of a length-i. channel
symbol block, and the realization of the multiplicative fading coefficient is independent across blocks. Source
symbols of block length-/, are encoded into a single channel codeword, and there is a source channel mismatch
factor defined as b = 21./l; this mismatch factor can also be interpreted as the bandwidth expansion/compression
factor. This system is illustrated in Fig. 1. Each channel block is assumed to be sufficiently long to approach
channel capacity, as well as the rate-distortion limit, however still much shorter than the dynamics of the slowly
fading process. It is clear that without loss of generality each channel use in the complex domain is equivalent
to two channel uses in the real domain subject to the same power constraint as

Y;" = \/§X7 + N’I'7 (2)

where X, is the real-value channel input, and s € R is the (random) channel power gain, and N, ~ N(0,1) is
the zero-mean unit-variance real-valued Gaussian additive noise in the channel. From here on, we shall adopt
this equivalent channel, and it is clear that the definition of source-channel mismatch factor b aready takes this
into consideration.

For the case with a finite number of fading states, the M possible power gains in an increasing order s; <
s9 < ... < sy aredistributed according to a probability mass function p; such that Zfﬁ 1 pi = 1. The transmitter
has an average power constraint P, and if power P; is alocated to the i-th layer in the broadcast strategy, the
i-th layer channel rate R; is given by

Si];; ) = llog(l + PiM
T+sidimip b si+> imip b
where we use natural log. From the second expression, the equivalence to broadcast on a set of channels with
different noise variances is clear. Let n; = 1/s;, which implies n; > ny > ... > ny, are the equivalent noise
power on the channels. The layers corresponding to smaller values of s;'s (and larger values of n;’s) will be

referred to as the lower layers, which is consistent with the intuition that they are used to transmit the better
protected lower layers of the SR source coding.

R = %log(l + ), (3)

Since the Gaussian source is successively refinable [6], the receiver with power gain s; can thus reconstruct



the source within distortion
D; = exp(—2b Z R;). 4)
=1

Combining (3) and (4), the problem we wish to solve is essentially the following minimization over the power
dlocation (P, P, ..., Pyr),
—b

anm T[0+ B ©)

jale 1/sj+ > p—js1 Pr

subjectto: P, >0, i=1,2,..., M,
il P <P

When the fading state is continuous, the density of the power gain distribution is then given by f(s), which is
assumed to be continuous, and differentiable almost everywhere. In this case, the task is to find a power allocation
density function P(s), or its cumulative function, which minimizes the expected distortion.

I1l. THE NEW ALGORITHM AND ITS OPTIMALITY

In this section, we consider the optimization problem when the channel has a finite number of fading states.
The difficulty is that the optimization problem as defined in (5) is not convenient for computation due to its
complicated form. In fact it is not immediately clear that the function being optimized is a convex function of
(Py, Ps, ..., Py), nevertheless it is indeed clear that the rate-region of the degraded broadcast channel is aways
convex. Thus our approach is to convert the problem given in (5) into a convex problem, by utilizing another
characterization of R = (Ry, R, ..., Rys) for the Gaussian broadcast channel capacity. Such an alternative
characterization was given in [17], and we start by trandating it into our notation.

A. Rederivation of the equivalent representation

The rate vector R on the boundary of the Gaussian broadcast capacity region corresponds to a power allocation
P1, P, ..., Py. Solving the value of P; in terms of the rate vector R gives an equivalent system of equations,
and through further simplification, we havet

i
Z_PZ: Z(ni—nHl)exp ZZR] — Ny, m:1;2537"'5M7 (6)

where we define n,;,.1 = 0. The RHS of the above equation is monotonically decreasing in m, hence for any
non-negative rate vector R, provided that (6) is satisfied for m =1, i.e,

P = Z N — Njt1) €XP 2ZR —nq,

i>1 7j=1

1The equations given in [17] appears to have a minor typographical error that the inner summation was given as 23:1 R



there must be a power alocation such that (6) is satisfied for al m, and it is on the boundary of the capacity
region. Thus we can alternatively characterize the capacity region as

C{(Rl,RQ,...,RM):Rm>0,m1,2,.. M, Z — Mjt1)€XP (22]%) n1<P}.

7j=1

Moreover, the function on the left hand side of this inequality is convex in (Ry, Ra, ..., Ryr), which is clear by
observing its sum-exponential form.

We can now reformulate the optimization problem as a convex programming problem:
M i
min Zpi exp(—2b Z Rj)
i=1 j=1

subject to: R; >0, i=1,2,...,. M,
Zfﬁ(nz — Niy1) €Xp (2 Z§:1 Rj) —np < P.

If the optimal rate allocation R can be found, then the corresponding optimal power allocation can be recovered
from it.

B. The Lagrangian formulation and the algorithm

Now consider the Lagrangian form

M i M M i
L = Zpi exp(—2bZRj) — Z v;iR; + A (Z(nz — Mjt1)€Xp (2 Z Rj) —ny — P) .
i=1 j=1 i=1 i=1

=1

The Karush-Kuhn-Tucker (KKT) condition requires that %Lm = 0 for the optima solution [21], which
subsequently yields

7:—22bp,exp QbZR +2)\Z Ni — Mit1)€XP (22:]%>1/WO7 m=12,....M. (7)

7j=1

Taking the difference between 7~ = 0 and azg,il =0 gives

—2bpm, exp(—2bz Rj) 4 2A(Ny, — nupt1) €xp (2 Z R]> =VUm — Vm+1, m=1,2,..., M, (8)
j=1 7=1
where for convenience we define vy, 1 2 0. A > 0 and v, > 0, m = 1,2,..., M are the Lagrangian multipliers.
Furthermore, the complementary slackness requires v,,, R,,, = 0, m = 1,2, ..., M; the power constraint should be
satisfied with equility, or A = 0. Note that the set of equations in (8) also implies the set of equations (7), and
thus they are equivalent.
Since the optimization problem is a convex programming problem, the KKT condition is both necessary and



sufficient for an optimal solution [21]. Clearly if the quantity

Fom A bpm

Nm — Nim+1
is monotonically increasing, we can set v; = 0 fori = 1,2, ..., M and find an explicit solution, provided that the
power constraint is not violated; however thisis not true in general. Nevertheless, the « factor plays an extremely
important role, which in fact reveals certain inherent structure of the layers.

We observe the following simple fact to motivate the algorithm: whenever two consecutive layers yield two
 factors that are not increasing, some combination of the layers must occur such that one layer is assigned
zero rate. This is because otherwise the resulting rate vector will include negative rates, thus invalid. To be more
precise, two consecutive layers are said to be combined when the higher layer is not alocated any positive rate,
such that the two layers can be treated as a single aggregated layer with the sum-probability mass, and the power
gain of the lower layer.

The following algorithm can be used to find the optimal rate allocation. In the sequel, when alayer is assigned
zero rate, it will be called ineffective; otherwise it will be called effective. For simplicity, define k11 = oc.
A layer is labeled active if it is a result of combination of layers in the immediate previous loop. An intuitive
explanation is given in the next subsection.

1) Combination of layers to reach a monotonic ~ Sequence.

a) Assign An,, = n, — n,e1 and caculate k,, for m = 1,2, ..., M. Label al the layers effective and
active. Let r = 1.

b) Denote the lower effective neighbor of layer i as i, and its upper effective neighbor layer as i™.
Start from i;, = ¢4, for al the a, active layers iy, io, ..., 1, :

i

i) If i >1 and Ki- 2 K label layer ij, ineffective and combine it with its current lower effective
neighbor layer j. Update p; = p; + p;,., An; = An; + An,,, as well as x; values accordingly.
Label ;5 as active.
i) If x;, > Kyt label layer z,j ineffective and combine it with its current lower effective neighbor
layer j. Update p;, An; and «; values accordingly. Label j as active.
i) If k& < a,, increment k& by 1 and return to step (1(b)i).
c) If after the above loop, any layer remains active: increment » by 1 and return to step (1b).

2) Denote the number of effective layers by K. For al the effective layersix, k = 1,2, ..., K, let exp(2R;, ) =
k" 7/ in other words for all the effective layers we have exp(2 3%, R;) = ;™. Assign

the ineffective layers rate zero.
3) Check power consumption.

a) Let iy, be the lowest effective layer, and define P, = P +n;, .
b) Let

zgzkn (nu - nikﬂ) exp (2 szzl R])

1/(b+1) _
A 2



c) If
bpi,
° >1
)‘(nika - niku+1) - (9)
then reduce R;, by Q(b—}H) log A, and the algorithm terminates, otherwise, label iy, ineffective (R;, =

0), increment k, by 1, update P, = P + n;, , and return to step (3b).

C. The correctness of the algorithm and its complexity

Intuitively, the layers are classified into two kinds: those with x value lower than or equal to their lower
neighbors (the first kind), and those with x value higher than their lower neighbors (the second kind); see Fig.
2. The agorithm combines the first kind layers to their lower neighbors in each step, and then continues this
operation until no layers of the first kind exist in the resulting sequence. The resulting rate allocation is valid, if
the x sequence is indeed monotonically increasing, the rates are non-negative and the power is used up.
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Fig. 2. An example of the algorithm: the lines with dots on the top are the layers of the first kind, and dashed lines are the active layers
after the previous loop; the active layers are not labeled before the first step. In the example, Step-1 of the agorithm terminates after
three loops. At each loop, some layers are combined with its lower neighbor layers (and removed).



A few more comments are in order: 1) In step 1, we seek to form a monotonic sequence of x; by combining
consecutive layers, such that step 2 can provide meaningful rates. To do this, we combine (remove) al the layers
that are monotonically non-increasing. Only the neighbors of those layers whose « values were updated in the
immediate previous loop need to be considered, because this is the only case that a change of classification may
occur. 2) In step 3, we need to assure that the total power is used up by adjusting the value of \. However,
this has to be done such that the lowest layer still has positive rate, which is the condition in (9). If this is not
possible, the lowest effective layer is eliminated; this condition is checked repeatedly for the reduced layers until
it is satisfied. 3) In the loop of step (1b), we emphasize that the layer is combined with its current effective lower
layer, because the layer i,  (or i;;) may become ineffective in the previous steps.

The complexity of the algorithm is O(M). Step 2 is clearly of O(M) complexity. In Step 3, \ is updated less
than M times. A close inspection of the summation in the numerator reveals that each time it can be done with
O(1) complexity, and thus Step 3 is of O(M) complexity. The complexity of Step 1 is more subtle. The value
of x; can be computed in O(M) complexity. Denote the number of loopsin Step 1 as ry; denote the number of
layers with x value lower than or equal to its lower neighbor (the first kind) in the r-th loop as b,.The complexity
in the r-th loop is bounded by linear term of b,, however b, < 2a,, because only the active layers and their
lower effective neighbor layers can be of the first kind. Moreover, notice that ) '° , a, < M, since it is upper
bounded by the total number of layers made ineffective, further implied by the fact that a layer is active only
when a layer is made ineffective and combined into it. Clearly we have a; = M, and thus Z’{" ar <2M. The
overall complexity is thus O(M), and then the conversion into power alocation is of O(M) complexity.

T
T

We note that in order to achieve the O(M) complexity of the given algorithm, a fairly involved data structure
is needed. More precisely, a doubly-linked list to update effective layers, coupled together with a singly-linked
list to update the active layers (which can be combined into one linked-list) appears most appropriate. However,
even a naive implementation without such data structure is of O(M?) complexity, since Step 1 terminates within
at most M iterations, and each iteration has maximum complexity O(M).

D. The optimality of the algorithm

Since we are solving a convex optimization problem, and it obviously satisfies Slater’s condition, the KKT
conditions are sufficient for optimality. Thus the proof for optimality reduces to finding v; > 0, that satisfy (8)
and the complementary slackness condition v; R; = 0, i = 1,2, ..., M, with the solution found by the algorithm;
note that the power constraint is already satisfied with equality.

Theorem 1: The algorithm given above finds the optimal rate allocation.

Proof: Since for the effective layers R;, > 0 by definition, we may set v;, = 0 to satisfy the complementary
slackness condition. There are several cases that we need to consider next:

1) The ineffective layers above the lowest effective layer.

2) The (originally effective) layers which are rendered ineffective by the power constraint, i.e., the layers that
become ineffective in step 3.

3) Other ineffective layers below the lowest effective layers, i.e., the layers that become ineffective in step 1
and are below the lowest effective layer.



For the first case, suppose some of these layers are between two effective layers I and J, I < J; if there are
ineffective layers above the highest effective layer, we take J = M + 1. From step 3 of the algorithm we can
essentially assign the value of p £ exp(2§:1 2R;) such that

—2b[pr + pri1 + e Fpr—2 +pya]p "+ 2X(ng —ny)p = 0. (10)
Since layer I and J are effective, we set v; = vy = 0. By expanding the condition in (8), we have
—2bprp "+ 20 —npy)p — Ve F g1 =0, k=I1T+1,..,J—1.

Though the above equations (under the solution found by the algorithm) uniquely specify v;, I < i < J, it is
not clear yet whether those values are indeed non-negative. We need the following lemma to proceed, the proof
of which is given after the proof of the theorem.

Lemma 1: For the combined layers between layer-I and layer-J, given any j* such that 7 < j* < J — 2, we
have

N bZLIpi bZz =j 41 Pi 4
/{/j* = j* > =
ﬁdwﬁni E:z] +1£§nz

W (1)

Now we are ready to prove the non-negativeness of v;’s for the first kind of ineffective layers. The value of
v;, Wwhere I < i* < J, is aso specified by

J—1 J—1

—2b> pip P+ 20D Anip — v =0, (12)
%ll i:;l

—2b> pip "+ 20 Anip+vie = 0. (13)
=1 =1

To see v;+ thus specified is indeed non-negative, suppose v;- < 0 was true, then

J—1 J—1

—2b Zpip_b + 2\ Z Anip=v; <0 14

=1 =1

Lemma 1 asserts that for :* we have

_ b i Di b =% pz
Ki=_1 = %:_11 > Kb = %: 1 (15)
Yol An; Do An;
which implies that
=1 ¥ —1
—2b) " pip P+ 20 ) Anip < Zprlp +2)\2Anzp< 0 (16)

i=I i=1 =" 1=1*
However this subsequently implies

J—-1 J—-1

—2b> pip P+ 20 Anip <0, (17)
i=1 i=1



which would contradict (10); alternatively we see that (16) would contradict (13) if the supposition was true.
This proves that for the first kind of ineffective layers, the given v;'s are non-negative.

We next consider the second kind of ineffective layers. Suppose the originaly effective layers iy, ixi1,..ik1n
become ineffective due to the power constraint. Since they are all effective originally, we have by the monotonicity
of the « factor

* *
bp:;k < bpik-H < < bpik+h,

; (18)

Mgy, — Migyq Ny — Mg Mg = Miggpsa

where we have used p* to dencte the accumulated probability mass after the combining of layers in Step 1 but
before Step 3. By step 3 of the algorithm we have

bpi,.,.,

A > (19)

i = Mipypnia

Thus we only need to show the following equations specify a set of non-negative v;’s for @ = g, ig41, .- s tktn'

_2bp;<k+h +2)‘(nik+h - nik+h+1) “Vigen = 07

_2bp:k+h,,1 +2)\(nik+h—1 - nik+h) “Vigino + Viyrn = 07

_2bp;<k+1 +2)\(nik+1 - nik+2) Vit + Vigro = O’
—2bp;, +2X (i, — n4yy,) —v;, + V4, = 0. (20)

From the first equation, we get
Vigg, = —20p;, 4+ 2M(N4y 0 — iy 1)
and it is non-negative because of (19). From the second equation, we have
Vigpr = —20p7 0+ 22 iy — Migyn) + Vi (21)

which is also non-negative, because —2bp; .,  + 2A(ni,,, , — n4,,,) = 0 due to (18) and (19), and the last
term is non-negative from the proceeding argument. Continue this line of argument, then it is clear

Vig = Vigpy = oo > Vi, 2 0. (22)

By this we v;’s for the second kind of ineffective layers are indeed non-negative.

For the third kind of ineffective layers, we might have to split any given layer in the iy, igy1, ..., ixrn layers,
in order to recover the original layers as well as the corresponding v values. However, from any one of equations
in (20), it is seen that

_2bp;:+a + 2)‘(n’ik+a - nik+a+1) = Viira = Vikgasr > 0. (23)

Now following the same line of argument as the first kind ineffective layers, we can indeed find the desired
v values for al the split layers in step 1 of the algorithm. This completes the proof for the optimality of the
agorithm. [ ]
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It now remains to prove Lemma 1, before which we first give the following useful facts.
Lemma 2: When all the quantities are positive

o If
a1 a2 anp, €1 €2 €n
—>=>.>"1>=>=>..>1 24
R e e (24
then we have
20 L (25)
b T i
o If
ay as A, c1+ c2 el €2 em c1 )
—>=>.>—> > —->=>.>-2 ad —>-= 26
by “"be T T by, T di+da T fi T foT T fm di — do (26)
then we have

dai+a doei+co
> .
Ybi+di T Y fitde
These facts are straightforward by elementary calculations and thus the detailed proof is omitted.

(27)

Proof of Lemma 1

We use an induction approach and show this fact is true after any loop in Step 1 of the algorithm. The statement
is clearly true after the first loop, by the given monotonicity of the x sequence for any combined layer before
the operation, and the first fact in Lemma 2. Then consider r-th step for step (1b). For a given index j*, let
K. .1 and n;ty,_l denote the appropriate quantities after step » — 1; i.e,, the quantities defined in Lemma 1 in
the interval I to J for which layer j* isin. Denote the updated layer that the original layer j* isin as :*. By the
procedure, suppose the aggregated layers after the (r — 1)-th loop i1 < iy < ... <'ip <i* < j1 < Jo < ... < Jm
are to be combined into a new aggregated layer in the r-th loop, which satisfy

Kiy > Kiy 2 oo 2 K, 2> Kix 2> Kj, > Kjy > o0 > Kj, (28)
as well as

Kjep 1 2 Ky (29)

Then by the second fact in Lemma 2, we have Kjep 2 n;im. This induction is apparently true for any steps in
Step 1 of the algorithm, thus the lemma is proved. [ ]

E. The dual problem

We can aso consider the dual problem of minimizing the power consumption for a given expected distortion
value. This can be done with essentially no change to the problem as

M i
min z:(nZ — My1) €XP (2 ZR]-) —n & P,

i=1 j=1
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subject to: R; >0, i=1,2...M

) )

SM piexp(—2bY)_) R;) < D,

The Lagrangian form is amost without change as

M 7 M % M
L= )\Zpi exp(—2bz R;) + (Z(n, — Nj+1) €Xp (22 Rj) —ny — P) — Z viR;.
i=1 j=1 ‘

i=1 j=1

The following condition similar to (8) can be derived, where again vy;1 = 0

—2\bpmm, exp(—QbZ Rj) 4 2(nm — nm41) €xp (2 Z Rj) —Um +VUmi1 =0, m=1,2, .. M. (30)

j=1 j=1

From this form we see that the first and second step of the algorithm can be used without any change, and
in the third step of the algorithm, only very minor changes are needed for this dual problem. For simplicity we
combine the layers into the aggregated ones and take the aggregated probability mass as p).

3a) Let i;, be the lowest effective layer, and define D' = D —p| .
3b) Let

AV — - D : . (31)
Zkﬁko biexp (‘25 Z}k:l Rj)
3c) If
)\bpiko

B N—
(niko - n’iko+1) ’

then reduce R;, by 2(b—1+1)log A, otherwise, label iy, ineffective (R;, = 0), increment k, by 1, update
D' =D"—p , and return to step 3b).

The proof of correctness and optimality remains virtually unchanged, and the complexity is aso unchanged.

V. VARIATIONAL DERIVATION OF THE CONTINUOUS CASE SOLUTION

We next turn our attention to the case of continuum of layers, which is in fact the case considered in [2]. To
facilitate understanding, we first give a less technical derivation under the assumption that the optimal power
allocation concentrates on a single interval of the power gain range, and show that this is indeed true for some
probability density function f(s). This simple derivation provides important intuitions for the general case, based
on which a more general derivation is then given. For simplicity, we first assume f(s) has support on the entire
non-negative rea line [0, co); later it is shown that this assumption can be relaxed.
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A. A simple derivation for the single interval solution

In this sub-section we give a simple derivation under the assumption that there is a unique interva [sq, so]
which the power allocation concentrates on. The optimization problem can be reformulated as follows. Define

I(i) = exp(>_2R;). (32)
j=1

We take the number of layers to infinity, and the objective function the constraint become integrals. The function
I(s) we need to find is

I(s) = exp(2 / R(u)du) (33)
0
where we convert back to the power gain s instead of noise power n, and R(s) is the rate density associated

with a fading gain s. It is clear we can replace the inequality constraint by equality constraint without loss of
optimality

i “Zex ) u)du)as = OO@ s =
0/3 ep(Q/O R(u)du)d 0/52d P. (34)
The term to be minimized is
D(I):/f(s)exp (—2(}/0 R(u)du> ds:/l((;))bds. (35)
0 0

Note the additional condition that (s) has to be monotonically non-decreasing, and the the boundary conditions
I1(0) = 1.

Ignoring the positivity constraint I’(s) > 0 for now, take

J(s,1,I') = f(;)b, G(s, 1.T) = =5,

the optimization problem can thus be written in the usual variational notation as

minimize / J(s,I,1")ds, (36)
0

subject to / G(s,I,I')ds = P. (37)
0

Next we assume there isaunique interval sy, so] for which power allocation is non-zero. Under this assumption,
the objective function reduces to

= f(s)
I(s)?

1— F(Sg)
I(s2)"

D(I):/OOOJ(S,I,I')ds: ds + F(s1) + (38)

S1

where F(s) is the cumulative distribution function of the fading gain random variable, i.e. F(s) = [ f(u)du,
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and the constraint becomes
I(sy) 1
S9 S1

1
<2

P(I) = /OOO Gls, 1, T)ds = / 1(s) ds + _p (39)

We can write the Lagrangian form L(I) = D(I) + A(P(I) — P). To find the extremal solution, we consider
an increment ¢(s) on I(s), and the increment of the Lagrangian functional is given by A(q) = L(I +q) — L(I).
Take an arbitrary increment ¢(s) with ¢(s) = 0 for s ¢ [s1,s2] and ¢(s1) = 0, and the principal linear part of
the increment given in the following equation should be zero (see (27) p. 25, and pp. 42-50 in [16])

hz d
SL(I) = / (J] FAG— S AGI,D o(s)ds
ha

—b(1 — F(s2))
I(s9)b+1

where the last term in the summation is due to the terms outside of the integration in (38) and (39). Since ¢(s)
can be arbitrary, we have

1
+(Jr + AG1)|s=s,q(s2) + [ + )\g q(s2) =0 (40)

d
J]—F/\G[—%[J]/—i—)\G]/]:O, (41)
with
—bf(s) 1
JIZW, G]:?, J[/:G[/:(), (42)
which further simplifies to
bf(s)s2\ YO+t
I(s) = (f(A)> | (43)

At this point, it is clear that for I’(s) > 0 to be true, which is necessary for I(s) to be a valid solution, f(s)s?
should have non-negative derivative in any interval such that (43) holds; in fact for any interval that positive
rate is allocated to, f(s)s? should have strictly positive derivative such that (s) is strictly increasing. If there is
only one interval over the support of f(s) where f(s)s? has strictly positive derivative, then the single interval
solution assumption is indeed true. Now since ¢(s2) can be arbitrary, at this variable end (pp. 25-29 in [16]) a
necessary condition for an extremum is
—b(1 — F(s2)) 1
_ 27 — = 44
1(52)b+1 +)\82 07 ( )
which gives
_ bsa(1 — F(s2))

A
1(82)b+1

(45)
Because I(s1) = 1, A = bf(s1)s?, the expression of I(s) gives one boundary condition

1-— F(Sg) = f(SQ)SQ. (46)
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The lower bound s; is determined by the power constraint, from which we have
*1(s) / < f(s) )1/ Y g, L <f<32>s2> . !
—-ds = s ds+ — =P+ —, 47
[ e (e w2 \fs)s? 5 “
where in the second equation we split the integral into two parts partitioned by s = so. We have thus found the
unique extremal solution

B f(8)82 1/(b+1)
1= (fort) o

in [s1, s2] with the boundary conditions specified by (46) and (47).
To find the corresponding power allocation, define 7'(s f P(r)dr. We derive from (6) that

T(s) = ?ﬁ:;dr - é _ <§((82))5822)1/(b+1) 812 ) /:2 <§8§>1/(b+1) %dr B % )

Through some basic algebra, it can be shown that this is in fact the same solution as that in [11]. Thus the limit
of the optimal solution of the discrete case in [11] indeed converges to the extremal solution derived through
the classical variational method. Moreover, the variational method derivation directly asserts that f(s)s? has a
non-negative derivative for any positive power alocation interval; this condition was however lacking in the
derivation in [11].

s

B. Derivation of the general case solution

Next we provide a more technical and complete derivation for the general case when the power allocation does
not necessarily concentrate in a single interval of the range of power gain. From the physical meaning of I(s),
we assume that () is a piecewise smooth continuous and differentiable function, and it is within this function
space we seek the optimal solution. With the positivity condition of I’(s) > 0, the Lagrangian functional subject
to optimization can be written as

(o)
- (15

where v(s) is an arbitrary non-negative function; see page 249 in [22]. The general extremum and subsidiary
conditions are then similar as in the last sub-section, and we state here for completeness

I(J;(;Zrl + s% +'(s) =0 (51)

)

()0l >) s (50)

—b

and the complementary slackness conditions are

(7 ds— P ) =0, (52)
0

I'(s)v(s) =0 (53)
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We thus have the general solution for I(s) in some interval where I'(s) # 0,

I(s) = <bf<j)32>l/b+l, (54)

which has the same form as given in the previous sub-section. We first observe from the complementary slackness
in (53) that for any I'(s) # 0, it must be true that v(s) = 0. Thus for any interval [a,b] for which I'(s) # 0, it
is seen that

bf(s 1
_Ib-{g(()g) )‘? =0. (55)

Thisimpliesthat A # 0, because otherwise, I(s) = oo in thisinterval, which clearly violates the power constraint.
Then the first complementary slackness condition requires

/ I(s)~ds — P =0, (56)
0 S
Because for any interval [a, b] for which I’(s) > 0, we have

bf(s) _ |1

Ib+1(s) )‘;2’ (57)

it is clear that f(s)s? has to have positive derivatives in any interval which are allocated with positive rate (and
power); if on the other hand this condition is not satisfied, then I’(s) = 0 for this interval, and accordingly v(s)
can be strictly positive.

Given the above discussion, it is clear that digjoint intervals with positive rate (power) alocation are separated
by intervals where I'(s) = 0. Moreover, it will be shown in the sequel that only a single continuous allocation
interval may occur within a single interval where the derivative of f(s)s? is strictly positive; we shall assume
that the number of such intervals is finite. For simplicity, assume that the first such interval has the form [0, a],
i.e., the lower boundary is zero; this condition can be relaxed as shown in the next sub-section. Denote there are
a total of K positive power alocation intervals, and let the i-th positive power alocation interval be specified
by [si, si.], and label the positive f(s)s? derivative interval it belongs to as the i-th such interval, specified by
(L, wil; i€, [sig, Sia) € [l ).

For a piecewise smooth continuous extremal solution, the Weierstrass-Erdmann (corner) conditions must be
satisfied (page 63 in [16]). These are given for every corner point s. € {s;, s;.,}X ;. The two conditions are

irlomsr = Drrlomst . (58)
(L - I/LI’) ‘s:s: = (L - I/LI/) |s:sj’

By substituting L(7) from (50) into the corner conditions (58), we get
v(s) = v(sd) (59)

and

<{(ii)b + /\IS) + I'(s)v(s) — I/(S)U(3)>

(60)

. <[f((35))b - )‘I‘S) +I'(s)v(s) — I’(s)v(3)>
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which further simplifies into
flse) \I(s2) _ flse) | (I(sd)
A——== = A—= 61
Teop T2 sty T (61)
where (59) and (61) impose certain continuity conditions on v(s) and on I(s), respectively. Thus v(s) = 0 for
s € [si, s forali=1,2,.., K, and is non-negative otherwise; from (59), we ha\/ev(s;r )=0andv(s;;) =0
fordli=1,2,.... K.

The continuity of v(s) at the corner points does not rely on the presumption that in the extremal solution, the
power alocation in a single interval [I,,,u,] with positive s f(s) derivative does not have within it more than
one digoint positive power alocation sub-interval. We now prove that the presumption is indeed true. Suppose
otherwise, which implies the range (¢, d) C [l,,, u,] is assigned with I’(s) = 0, and there exist ¢ € [I,,,¢) and
d € (d,uy] such that I'(s) > 0 in [¢, c] and [d, d']. We have that

v(c) = wv(d) =0, (62)

o (s) = Il;ﬂ?)) _ /\8—12 for s € (¢, d) (63)
bf(c) I

101 (c) n )‘67 =0, (64

where (62) is due to the preceding discussion, (63) is due to the (51), and (64) is due to (57), the continuity of
I(s) and the continuous assumption on f(s). Since s f(s) has strictly positive derivative in (c, d), we have that
in this interval

v'(s) = Iiﬁii) - )\8—12 > 0. (65)

But this contradicts with (62). Thus the supposition can not be true, and there can be only one effective alocation
interval in each such first kind interval [l,,, u,].

In order to determine all corner points s, € {s;, Si,u}fip we rewrite the original functional (50), as a piecewise
optimization problem, and derive the variation.

_ L SN OO
L(I) = F(s1;)— /\;,l — O/I (s)u(s)ds + ; L/ (I(S)b A5 (S)v(8)> ds]

+Z[ sz+1z F(Si,u)_i_)\j(si,u)( 11 )_ / I’(s)v(s)dh] (66)

Sz u) Siu Si+1,1

Si,u

where we define s 1, = oo, and thus F(sx1,) = 1. The variation of L(I) in (66) w.r.t. an arbitrary function
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q(s), which satisfies ¢'(s) = 0 for s ¢ [siy, si.u], IS given by

i p
5‘[’(1) = Z [/ <DI - dSDI/) Q(S)ds + Dy s:si,uQ(Si,u) — Dy ssL,ZQ(Si,l)]

—1

il

=

S F(siy11) = F(siu) 1 1
+ZZ; [_b I(55.0)0H1 + A <si,u - 5i+1,l>} q(siu)
S (e T F(sivng) = F(sia) 1 1
=1 [/ <Ib+1(s) + )\52> q(s)ds| + ; [—b I(si0)0"T + A <Si,u — 5i+1,l>] q(Siu)

(67)

where D(I) = f((:))b AL I'(s)v(s). Note that for I(s) to remain a continuous function, it must be true that
q(siu) = q(sit1,)-

Hence the general solution extremal expression is the same as that afore-specified, with an additional condition,
arising from the variable end-point problem similar as in the previous sub-section. This condition is given by

F(siy11) — F(siu) 1 1
—b : : A — — =0 68
I(Si,qt)b+1 + Siu 3i+1,l ’ ( )

By using the general solution for I(s) within [s;;, s; .| & given in (54), the condition (68) becomes

F(Si+1l)—F(Siu) ( 1 1 >
: — — - =0. 69
f(si,u)szu Siu Si+1,1 (69)
From the continuity conditions on the corner points, i.e. I(s;,) = I(s;+1,;) the next condition is obtained
F(siv1)siia, = F(Si)St- (70)
For « = K, the condition (69) simplifies into
1- F(Si,u) - f(si,u)si,uv (71)
which is (46) when K = 1.
To summarize, the extremal solution is given by
1/(b+1)
f(s)s?
I(s) = [ 22— , 72
5) (f(sl,l)s%,z (72
in the intervals [s;, s;4), i = 1,2, ..., K, and the boundary values are determined by
F(sit11) = F(siu) -
s —1/sis = f(sw)s?’u = f(si+17l)s§+1,l, i=1,2,..,K, (73)
as well as the the power constraint
/ 19 4o p (74)
S
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These are the necessary conditions to determine an extremum.

C. Comments on relaxing the support condition

Until this point, we have assumed that the pdf f(s) has support on the entire non-negative real line [0, oo}, such
that the conditions (69) and (70) (or (46) and (47)) are sufficient to determine boundary values. This assumption
can be relaxed to the case that f(s) has a compact support, however certain complication will be introduced.
To illustrate this, we next treat one specia case where the support of f(s) is on a single finite interval [s,, sp]
and s f(s) has a unique positive derivative interval [, u1], such that s, < I; and s, > uy; the same approach
can be extended to more general support. Without loss of generality, we can assume s, = [; and s, > u;. We
shall follow the less general derivation as given in Section 1V-A for simplicity. The main difference now is that
I(s1) = 1 is not necessarily true if s; = s,, i.e., it is possible for I(s) to be discontinuous at s,.

In order to resolve this difficult, first assume s; > s,, then indeed we have I(s;) = 1, from which (46) and
(47) follow. If the solution given by them indeed satisfies [; < s1 < so < wuq, then an extremal solution is
specified by these boundaries. If on the other hand this is not true, then s; = s, and the condition (s;) = 1
is not necessarily true. Denote the value as I(s,) = Iy. In this case, i.e. 51 = s,, the solution in [sy, so] can be
written as

1/(b+1)
f(s)s” > . (75)

I(s) =1,
=1 (frs
The boundary condition (46) can still be derived. The other boundary condition derived from the power constraint
is now given by
52 [ f(s)s? /4D f(s2)s3 Lo+ g 1 1
I — I —— = ]-—=-P=0. 7
' / (f(sa)SE 2T f o2 n wm) w0 (70

Thus for this case that s; = s,, the solution is given by (75) with the value of s, and boundary value I,
determined by (46) and (76).

V. NUMERICAL EXAMPLES

In this section, severa examples are solved using the solution developed in the previous sections. We start with
one example motivated by multiple access with user interference, then discuss the Rayleigh fading case, finaly
a simple example is given for the general solution when the optimal power allocation does not concentrate in a
single interval.

A. Interference multiple access channel

Consider here an additive white Gaussian noise (AWGN) channel with interfering users. The goa by a single
user is to find the optimal power allocation of transmitting in the presence of unknown interference by the other
users. The level of interference depends on the number of users using the multiple access channel at a given
transmission block. Such channel models were considered, for example, in [23]-{25]. More precisely, consider
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the following model

N
y=x+Y zli+w (77)
=1
where y is the received signal, and z is the multi-layer transmitted real-valued signal the user can design subject
to an average power constraint P. The additive interference z;’s are assumed to be Gaussian distributed, which
are the signals sent by other users in this time slot. Finally, w ~ N(0, 1) is the additive noise. Every interference
element z; is associated with an average power level o2, and a random binary variable A; to determine whether
user i istransmitting at thistime slot. A; isassumed to bei.i.d. Bernoulli random variable with Pr(A; = 1) = pop,.
The exact realization of the A;’s are not known to user j # i, however it is assumed that the value of p,, is
known. Since the receiver has no knowledge of z; and cannot attempt joint decoding, it has to treat z; as AWGN
when decoding x. Thus an equivalent channel model representation may be useful,

Y= ————at, (78)

N
i=1

where w’ ~ N(0,1). The equivalent fading gain s; is then

N —1
o G Y IR (9
=1

It is clear that there are 2V possible fading gain states, which correspond to all possible states of A;. The optimal
power allocation for multi-layer coding can be found by the the discrete layering algorithm presented in Section
[1-B.

We demonstrate by examples of the optimal power allocation for two cases of interference distributions.
Figures 3.(@) - 3.(d) show the fading gain discrete density p;, the optimal discrete power alocation P; and
I; & exp(—2 23':1 R;), respectively, where there are N = 4 interfering users; the transmit power is P = 0 dB;
the bandwidth expansion is b = 2; ¢y, and p,,, are

o = (0.95,0.45,0.55,0.81), pon = 0.3 (80)

The second example is given in Figures 4.(a) - 4.(d), where there are N = 6 interfering users, with o;, and p,,
specified by

o = (0.49,0.91,0.51,0.87,0.81,0.46), pon = 0.5 (81)

where the transmit power and bandwidth expansions are the same in both examples.

The results may just as well be generalized to the case that p,,, is different for every user, depending on the
scheduling method in the system.
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Fig. 3. An example of AWGN interference channel with N = 4 interfering users (pon, = 0.3, b = 2, P = 0dB). (8) pdf of the fading
gain s;, denoted by p;. (b) The associated ;. () Optimal discrete power allocation P;. (d) Optimal cumulative rate exponent I(s;).

B. The Rayleigh fading case

We consider here the SISO Rayleigh fading channel. Starting with the outage approach minimal distortion,
which is a single level coding distortion bound. This is later compared to the minimal average distortion with
continuous broadcasting.

1) Outage approach: In case there is only a single source code and channel code, the transmission scheme is
known as the outage approach. When channel conditions allow, the data can be completely recovered, otherwise
an outage event occurs. Let the transmission rate be R

Ry = 3 log(1+5:P), (82)
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Fig. 4. An example of AWGN interference channel with N = 6 interfering users (po», = 0.3, b = 2, P = 0dB). (8) pdf of the fading
gain s;, denoted by p;. (b) The associated ;. () Optimal discrete power alocation P;. (d) Optima cumulétive rate exponent I(s;).

where s; can be considered as the fading gain threshold. For any s > s;, arate Ry may be achieved, otherwise
afailure occurs such that D; = 1. Thisisin contrast with the continuous broadcasting, where there is an outage
region with different decodable rates depending on the fading gain realization. The obtained distortion when
decoding Ry is D; = (1 + s1P)~°. Under this coding strategy, one can aso optimize the expected distortion

D1 opt = g[lgn )F(sl) + (14 Psy) (1 - F(s1)). (83)

For aflat Rayleigh fading channel, the fading power distribution is F'(s;) = 1 —e~*', the average distortion then
corresponds to

Diopt= min D(s;)= min 1—e * 4+ (1+ Psl)_be_sl. (84)
$1€[0,00) $1€[0,00)
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The condition for extremum, i.e. %D(sl) =0, yields the following polynomial,
2P -2+ Phb=0 (85)

where z £ 1+ Ps;. An explicit solution for sy ,,; cannot be derived analytically in general for every b. However,
for particular cases it can be analytically solved. For example, for b = 1, solving (85) gives,

spopi(b=1) = 2ip (1+VIiTaP) - 1/p (86)

2) Continuous case broadcast: We consider the average achievable distortion for a SISO Rayleigh fading
channel. Consider the following fading gain distribution,

F(s)=1—exp <—§) , (87)

where s is the expected fading gain power. For this distribution the optimal power allocation is single interval
continuous, and zero outside the interval [s1, so]. That can be immediately observed from f(s)s? by taking its
first derivative

4 oriane? (2 (-8

F(s)* = (5 = e (-3). (88)
where d%f(s)s2 > 0 on asingle interval s € [0,2s]. Then the upper bound s, € [0, 23] is determined by (46),
which reduces to

n (2) = Zon(-2) ®

S

yielding sy = 5. Solving (47) gives the other boundary value s;, denoted as s; ., the condition (47) does not
lead to an analytical expression, but can be solved numericaly. Then the general expression for I(s), for the
Rayleigh fading channel is given by

1 § < S81,0pt
. e AN/ )
I(s) = (7 exp <_Tom)) Stopt <SS . (90)

3
51, 0pt

( E exp (—st;’wt))l/(b“) §>73

2
S1,0pt

In Figure 5, the average distortion bounds for Rayleigh fading channels are demonstrated for three different
values of bandwidth expansion values (b = 0.5, 1,2). For every bandwidth expansion, the minima average
distortion of the outage approach and broadcast approach are compared. It can be noticed that the smaller b
is, the larger is the broadcast gain, which can be defined as the SNR gain of the broadcast approach over the
outage approach for the same average distortion value. Thus the benefit of the broadcast approach compared to
the outage directly depends on the system design parameter b.
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Fig. 5. Minimal average distortion, a comparison of outage approach and broadcast approach, for b = 0.5, 1, 2.

C. An example with more than one power allocation interval

Consider the following piece-wise smooth pdf f(s)

(70cs(s — 0.1) 4 10) /s> €1[0.1,1.1)
f(s) = (=70cs(s —1.1) + 80)/s? €[1.1,2.1) (1)
(390cs(s — 2.1) +10)/s* s €[2.1,3.1)
(—80cs(s — 3.1) +400)/s* s € [3.1,4.1]
where ¢y is a normalizing constant such that [, f(s)ds = 1, which can be computed to be c¢; ~ 274.0645.

Fig. 6 shows pdf f(s), f(s)s? and the optimal contlnuous power alocation P(s) with P = 0 dB. It is worth
noting that at the upper bound for the first effective power allocation interval and the lower bound of the second
interval, the values of f(s)s? is exactly the same, as required by (73).

V1. CONCLUSION

We considered the optimal power/rate allocation in the broadcast strategy, in order to minimize the expected
distortion of a quadratic Gaussian source transmitted over a fading channel. A linear complexity algorithm is
proposed, and its correctness and optimality are proved. Moreover, a derivation for the optimal alocation with a
continuum of layers is given, using the classical variational method.
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