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Abstract
This paper solves a type of Linear Ordering Problem (LOP) which arises in VLSI

interconnect design. Let f (x,y):R* >R be symmetric and f eD?, satisfying
of (x,y)/oxxaf (x,y)/ox>0 andd*f(X,y)/oxdy <0. The LOP solved comprises n
objects, each associated with a real value parameterr;,, 1<i<n, and a cost associated
any two objects defined by f (ri, rj) if ‘ﬂ'(i)—ﬂ( j)‘ =1, 1<i,j<n, and zero otherwise.
We show that the permutation 7 which minimizes the total cost Z:l f (rﬂ(i), rﬁ(i)H) is
determined upfront by the relations between the parameter valuesr;,. Such permutation is

called ““symmetric hill”. It generalizes a family of well known problems arising in
interconnect design of VLSI circuits where objects are parallel wires and the cost reflects

various design metrics such as delay, power consumption or cross-coupling noise.

1. Introduction and motivation

Let f (x,y):R> >R be symmetric and f e D?, satisfying of (x,y)/oxxof (x,y)/ox>0
andd” f (x,y)/oxdy <0. In the rest of the paper f(X,y) will assume these properties
without further mention. Let (T,,...,r,)be a sequence of nreal non negative numbers
associated with n objects, let TT be the set of all permutations 7 : {1,...,n} — {1,...,n}, and

we denote by (rﬂ(l),..., rﬁ(n))the sequence obtained by applying 7 to the original set. This

paper explores the problem of finding 7~ € IT which minimizes the sum of costs defined

for any two adjacent objects:
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F (”) = Z: f (rzr(i)’ Py ) (1)

The problem in (1) is a type of Linear Ordering Problem (LOP) which is well known and

used in economy and other applications. It has been studied extensively in the literature

[1][2][3][4](5). Given a nxn matrix of weightsC=(c;), LOP aims at finding a

permutation 7 which maximizes the expressionZ::Z?:MC”U)”U). LOP is NP-

complete. The cost in (1) is derived from a function of two variables satisfying

of (x,y)/oxxof (x,y)/ox>0 andd’f (x,y)/oxdy <0. It is defined for two adjacent

objects of the permutation, namely‘ﬁ(i )= (] )‘ =1, 1<i,j<n, and is zero otherwise.

Equation (1) generalizes a family of well known VLSI interconnects design problems
aiming at minimizing wire delay, dynamic power consumption and crosstalk noise. An
interconnect model is shown in Fig 1. There, logic gates called drivers drive signals that
propagate along interconnecting wires. These signals stimulate other logic circuits, called
receivers, connected at the opposite end of the wires. Cross-coupling parasitic
capacitance which is the dominant cause for delay, power consumption and crosstalk

noise interference occurs only between adjacent wires. On both sides of the bus there are

shielding wires connected to ground. The terms f (r,r, )in (1) result from the cross-

coupling capacitance, and they take the form/r, + 1, in the above mentioned problems.

The goal is therefore to determine the order of wires within the bus and obtain their

adjacencies such that (1) is minimized.

The authors of [6] claimed by intuition that different orderings of the signal wires in Fig.
1 may yield different amounts of dynamic power consumption, and then proposed some
monotonic order of the signals to reduce the power. Similarly, the authors of [7]
proposed an intuitive monotonic order aiming at reducing the noise interference. It was
shown in [8] and [9] that both the total delay and power consumption occurring in the bus

are governed by an expression of the form:



F(rl,...,rn)=\/f+z:;"_lﬂ/ri+ri+1+\/E. Q)

The parameters I,,...,r, are derived from the resistances of the drivers in Fig. 1 and the

parameters of manufacturing process technology. Notice that (2) is a special case of (1),

We could add two objects such that r, =r.,, = 0and then replace the first and last terms in

right hand side of (2) by /r, + 1, and /I, +T

.., » respectively.

The problem of how to permute the signals in the bus such that the expression in (2) is
minimized was addressed in [8]. It was shown that for the square root function a
“symmetric hill” order is optimal. This paper proves that the optimality of symmetric hill
order exists for a broad range of functions, where square root is just a particular case. The
technique of this proof can be used to derive different orders of objects (permutations) for
different optimization objectives of interest. We’ll discuss this further in the concluding

section.

2. Minimizing a general objective function

We assume without loss of generality that the original set of objects is ordered such
thatr, >r, >--->r and associate the identity permutations(i)=i with the original
sequence(rl,..., rn). Let us modify the equation in (1) for the sake of proof convenience

into a cyclical sum as follows:

F (7[) = Z inzl f (rﬂ(i)’ r(zr(i)+1)modn ) . (3)

This doesn’t change the original problem as we could add an artificial (n+l)th Zero

object. Assume further that nis odd, since if it was even we could add another zero
object. In the rest of the discussion we’ll drop the modulo notation but keep in mind that

summation is cyclical.

Lemma 1: Let a,b,c and d be nonnegative real numbers satisfyinga>b>c>d . Then:

f(a,b)+ f(c,d)< f(a,c)+ f(b,d),and “4)



f(a,c)+ f(b,d)< f(a,d)+f(b,c). 5)

Proof: Let the absolute value ofh <0 and k <0be sufficiently small. It follows from

Taylor’s formula that:

o e Y A (xy) 1] L 0f(xy) L FT(xy) L f(xY)
f(x—hy-k)=f(xy)-h ~ k Py +2h > +2hk Py +k ¥ , (6)
F(xy—K)= T (xy)—k T OY) L T 00Y) )

2 oy
f(x=h,y)= 1 (x,y)-h T UYL O 06y). ()

X 2 ox?

Substitution ~ of  a=Xx, b=y, c=x-h and  d=y—kobtains f(ab)="f(xy),

f(c,d)=f(x-hy-k), f(ad)=f(xy-k)and f(c,b)=f(x—h,y). Substitution of (6),

. o*f(x,y
(7) and (8) yields [ f(a,d)+ f(c,b)]-[f(a,b)+f(c.d)]= 2hk—8)fay ) o

which proves (4).

In order to prove (5) we substitute a=X, b=x-h,c=y, d=y—kand obtain
f(ac)=f(xy), f(bd)=f(x=hy-k), f(ad)=f(xy-k) and f(bc)=f(x-hy).
Substitution of (6), (7) and (8) yields

[ f(a.c)+f(bd)]-[f(ad)+f(bc)|= 2hk%§§y)<0 which proves (5). ®

Lemma 2: In any permutation 7z & Ilwhich minimizes (3) 7 (2)and 7z (3)must be

adjacent toz (1) on its two opposite sides, namely‘ﬁ*(l)—ﬂ*(Z)‘:

implying that the terms f (r,r,) and f (r,r,) must exist in the minimal sum:

F(z')=min{F(z)}. ©)

rell



Proof: Let 7 satisfy (9) and assume on the contrary that 7~ (Z)is not adjacent to 7z (1) ,
sayz (2)>7 (1)+1. Consider the non empty subsequencez (1)+L,...,7 (2). Let us

transform 7 into 7 by reverting (flipping) the order of the elements in that subsequence

intorr" (2),...7" (1)+1. The element adjacencies in 7 agree withz except those
interacting with 7r*(2) and 72'*(1)+1. Evaluating F(ﬂ'**) and then subtracting
fromF(;r*), all identical terms are canceled out except terms involving 72'*(2)

and 7" (1) +1, yielding:

0>F (7;)— F (7;) =" f (rﬂ*(i),r”*(i)ﬂ)—zi":1 f (r”**(i),rﬂ**(i)ﬂ) =

f (rﬁ*(l), Moy ) + f (rﬁ*(z), My ) —( f (rﬁ*(l)ﬂ, My ) + f (rﬂ*(l)’ o) )) :

It follows that

f (rﬂ*(l), r”*(z))+ f (rﬁ*(l)ﬂ, rﬂ*(z)ﬂ) > f (rﬁ*(l), r,;(1)+1)+ f (rﬂ*(z),rﬁ*(z)ﬂ). (10)
On the other hand the initial settingr, >r, >--->1 impliesr . IR WELEA SN
Fey ™ T and Fey ™ T Settinga = Fey b= Mo €= max{rﬁ*(l)ﬂ, rﬂ*(z)ﬂ} and
d= min{rﬁ* L (2)+1} , the conditions of Lemma 1 are satisfied and equation (4) yields

f(rﬂ*(l),rﬂ*(z))+f(rﬂ*(1)+l,rﬂ*(2)+l)<f(rﬂ*(l),rﬂ*(l)ﬂ)+f(rﬂ*(z),rﬁ*(z)ﬂ), which contradicts (10). Notice

that the setting of ¢ and d as max and min is allowed since f is symmetric. In conclusion

there exists‘ﬂ* (1)-7= (2)‘ =1.

It can be shown similarly that‘zr*(l)—ir* (3)‘ =1, where r,and r, reside on the opposite
sides ofr,. Notice that the cyclical order of the objects yields two subsequences in

7 betweenr (1) and 7" (2) , and two betweenz (1) and 7 (3) , thus is enabling the

selection of two disjoint subsequences for inversion. @



Theorem 1. Letf(xy): R>* >R be symmetric andfeD?, satisfying
of (x,y)/oxxof (x,y)/ox >0 andd* f (x,y)/oxdy <0. Given (T,,...,r,) a sequence of n

non negative real numbers satisfyingr, >r, >--->r., the permutation:

nN+1+i ..
5 I is even
7 (i) = | , (11)
N+2-1 4§ sodd
2
satisfies:
* . n
F (7[ ): IZE?Zi:] f (rﬂ(i)’ IF7r(i)+l)' (12)

Proof: The proof follows by induction. We use the convention that in the cyclical order
of the optimal permutation even indices are added one by one counterclockwise on one

side of the maximal objectr,, while odd indices are added one by one clockwise on its
opposite side. Since the sequence is cyclical, we set arbitrarily the

valuez" (1) =(n+1)/2, which is consistent with (11). Lemma 2 proved that " (2)and
7" (3) must be adjacent to 7 (1)on its two opposite sides. This also satisfies (11) since
7 (2)=(n+3)/2and 7" (3)=(n-1)/2, obtaining the successiveness ofz (2), 7 (1)

and7 (3).

Let p<n be the smallest index of the original sequence for which 7" (p) does not
satisfy (11). Assume without loss of generality that pis even. It follows from the initial

setting that all even elements from 1, to 1, satisfyr, >r, >r,>--->r ,. In 7 they are

p

positioned successively counterclockwise and satisfy T . 0w > e > > by

induction. Similarly, all odd elements between r, and r _, satisfyr, >r,>r,>--->r in

p-1 p-1

the initial setting, and are positioned by induction successively clockwise such

thatrﬂ* Fr.. . >Fr. >->r

e~ e 2 (p-1)"



Consider the non empty subsequences (p—2)+1,...,7 (p). Let us transform 7’ into

7"by reverting (flipping) the order of the elements in the subsequence

into;r*(p),...,iz'*( p—2)+1. As in the proof of Lemma 2 we’ll look atF (ﬂ'*)— F (ﬂ**),

which from the optimality of 7" must be non positive, and then obtain a contradiction.

There exist two cases. In the first case 7" (p)and 7z (p—1)are not adjacent. This implies
equation (4) of Lemma 1. Usage of same proof as in Lemma 2 yields F (n*) > F (n**),
which contradicts 7" being optimal. In the second case 7" (p)andz” (p—1)are adjacent,

namely 7' (p)=7r (p—1)—1 (p—1 is odd), so conditions of Lemma 2 are not satisfied.

It follows however from the induction hypothesis
that Ceton) Tt ™ et (: rﬂ*(p)) >y Settinga = e (p2) b= T

and d = [ (o)t yields a>b>c>d, so the situation of Lemma 2 is not satisfied and

equation (5) holds. We conclude again that F (ﬂ') >F (ﬂ') which is a contradiction. ®

Figure 2 illustrates the symmetric hill optimal permutation proved by Theorem 1 to
minimize the functional sum of cyclically ordered adjacent elements. It has one peak
(maximum) and one valley (minimum) located oppositely to each other, while all

elements are evenly distributed on both sides.

3. Conclusions
This existence of a solution for a family of LOP has been proven. In these problems the
cost associated with any two objects obeys a very general functional form that was found

useful in VLSI interconnect design. Only adjacent objects contribute to the total cost and

their contribution depends on some function f (x,y) where X and y are values of a

parameter of the objects. For a broad range of problems the optimal solution is obtained

by a unique permutation of the objects called symmetric hill. This order can be derived



directly from the problem setting since it depends only on the given set of parameter

values for the objects.

The technique used in this paper can be applied to other objective functions, thus yielding

different permutations. The authors believe that under the same functional requirements,

LOP aiming at maximization will yield a monotonic jigsaw permutation, which is open

for a proof. Furthermore, the idea that the cost associated with two objects satisfies some

function may be applicable to other permutation problems such as quadratic assignment.
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Figure 1: Typical VLSI interconnect bus. Drivers are shown on the left side and receivers
on the right side. The bus is shielded on its two sides. A parasitic cross-coupling
capacitance is incurring between any adjacent signals.
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Figure 2: Symmetric Hill Order. The largest elements reside at the hill, while the smallest
ones reside at the valley.
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