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Ref. [1] presents significant generalizations of the theory of multiplexing. Instead of optimally recovering intensity arrays
(which result from a mixture of underlying materials), the optimal recovery of underlying materials is defined as the goal
of multiplexed acquisition. As detailed in [!], the mixing/unmixing process is directly incorporated into the optimization of
multiplexing codes. This leads to the definition of constrained minimization problem where multiplexing code that yields
optimal unmixing in the sense of minimal MSE is sought. The notation here is similar to Ref. [1].

The recovery of the concentrations c is based on WLS. Thus from [1],

MSE, =

noise

tr (Wi S W) ' (1)

dyes
where W, = WX. Here X is the mixing matrix. According to [1] we seek to solve

o~

W, = arg H\l}%}n MSE,, st. 0<wpys<1. 2)

To achieve this, we use the projected gradient descent method [2]: MSE, is iteratively minimized as a function of W in

. . . . . OMSE, .
analogy to Ref. [4]. In each iteration k, W is updated by its gradient “5&-<:

OMSE,
v oW,

Wi =Wy — 3

where + is a parameter controlling the step size. This report derives the gradient of MSE., with respect to the multiplexing
matrix W. The matrix Wy, is then projected onto the constraint

0<wms<1, “)

as a generalization to Ref. [4].
To facilitate Eq. (3), we differentiate MSE. with respect to W. To simplify the calculations, define an auxiliary matrix:

7= VV-)1:211015!3\;‘7x- (5)
Substituting Z into Eq. (1), yields
MSE, = tr(Z271) . (6)
dyes
The gradient of MSE, with respect to Z [3] is
OMSE, 1 21T

- zZ } . 7
0z Nayer [(27) ™

We use the following chain rule [3] in order to calculate the partial derivatives:

Ndyes Ndyes

OMSE. OMSEe 924
W5 Z Z:: 0zpa  Owpms ®)
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where aév[SE° and z, 4 are elements in al\gSZE° and Z respectively.

Next, we explain the computation of the derivatives in Eq. (8). Since Z is a function of both W, and ¥,,.isc (Eq. 5), we
use the chain rule [3] again in order to calculate their partial derivatives. Recall the noise covariance matrix 3, ,ise. It is
diagonal. Thus, its elements are

2 2
Om,qg = Om,qOm )
where 6,, 4 is Kronecker’s delta. Therefore,
Nicasure Vdyes Nmeasure 2

Ozpa Z zp,d owy .. O0zp.a 00, (10)

Wy, = = 8wm s A o2, Owy, s

According to [1],
Ndyeb

m ~ gray+z wy, dyd (11)

Based on Eq. (11), the elements of 3, ,isc depend on elements of W. Therefore, the partial derivatives of ofn/ in Eq. (10)
can also be computed using the chain rule:

Nlne-miure N, yes X
> Z 00y, 2k (12)
0wy, s = = aw;,l OWn, s
Based on Eq. (5),
Ozpa _ Od,rWy p 5Pvrwt)1(,d
8 < - 2 + 2 9 (13)
wq r O'q Uq
azp d wxm’ pw;(n’ d
) — 3 ) (14)
da2, (02,)?
From Eq. (11)
o2,
= Ok V- (15)
8wk7l !
Finally, recall from [1] that W, = WX. Then,
owy .
S by (16)
Substituting Eqgs. (15,16) into Eq. (12) we get,
80'2 dyes
awm = Oontom Z Vize . (17)
Substituting Eqgs. (13,14,16,17) into Eq. (10), yields
Nayes
02p d 1 1
awip:?(wmpagmsd“rw do-gxs,p) (0_2) mp md Z l/lxsl~ (18)
The partial derivatives that were computed in Eq. (18) are substituted into Eq. (8), yielding
Ndyes Ndyes Nayes
OMSE, 4 Z° OMSE. 1 < < 1 « x 4
o Z Z 02p : [Uz(wmmagzsvd ++wm,d‘7§:’3$m) " (o2 )2wm»pwm7d Z Vlzxsvl} (19)
m,s p=1 d=1 ’ m m =1

This is the gradient of MSE. with respect to the multiplexing matrix W.
Recall that in [ 1] we made the following approximation

Nd es
~ 2 Y
N Oy + Z (20)



Substituting the approximation in Eq. (20) into Eq. (19) yields

Ndyes 6MSEC

Ndyes X b’ 2 Ndyes Ndyes Ndyes OMSE b'e X
OMSE. szl d=1 0z (wm,px57d+wm,dxsvp) DI szl d=1 0z,.9 Wm,pWm,d

(21)
N, yes X N, es
8wm’s Jgray + v2 ledi wm,l (Ugray + v? Zl:dly xS,l)Q
Define a row vector
1=(1111---1) (22)
of length Ngyes. Now we can rewrite Eq. (21) using matrix form as
OMSE, 1 OMSE. _, 1 OMSEc \r 1 9 OMSE. __p T 1 \2
——xa ¥ . |W,——X W, (———) X' | —v=di W,——W_ |-1-X* (X . (23
aW noise az + ( az ) 14 lag az X ( nmsc) ( )

Here diag returns a column vector formed by the elements of the main diagonal and 3¢ is approximated by Eq (20).
Consequently we use Eq. (23) to express the gradient of MSE. with respect to the multiplexing matrix W.
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