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Abstract

This letter derives some new exponential bounds for discrete time, real valued, conditionally symmetric martingales with
bounded jumps. The new bounds are extended to conditionally symmetric sub/ supermartingales, and are compared to some
existing bounds.
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I. INTRODUCTION AND MAIN RESULTS

Classes of exponential bounds for discrete-time real-valued martingales were extensively studied in the literature
(see, e.g., [1], [2], [4], [5], [6]-[9], [12], and [15]-[18]). This letter further assumes conditional symmetry of these
martingales, as it is defined in the following:

Definition 1: Let { X}, Fi }ren,» Where Ng 2 N U {0}, be a discrete-time and real-valued martingale, and let
& = Xp— X1 for every k € N designate the jumps of the martingale. Then { X}, Fi }ken, 18 called a conditionally
symmetric martingale if, conditioned on Fj_1, the random variable & is symmetrically distributed around zero.

Our goal in this letter is to demonstrate how the assumption of the conditional symmetry improves existing
exponential inequalities for discrete-time real-valued martingales with bounded increments. Earlier results, serving
as motivation, appear in [7, Section 4] and [15, Section 6]. The new exponential bounds are also extended to
conditionally symmetric sub or supermartingales, where the construction of these objects is exemplified later in
this section. The relation of some of the exponential bounds derived in this work with some existing bounds is
discussed later in this letter. Additional results addressing weak-type inequalities, maximal inequalities and ratio
inequalities for conditionally symmetric martingales were derived in [13], [14] and [19].

A. Main Results

Our main results for conditionally symmetric martingales with bounded jumps are introduced in Theorems 1, 3
and 4. Theorems 2 and 5 are existing bounds, for general martingales without the conditional symmetry assumption,
that are introduced in connection to the new theorems. Corollaries 1 and 2 provide an extension of the new results
to conditionally symmetric sub/ supermartingales with bounded jumps. Our first result is the following theorem:

Theorem 1: Let { Xy, Fi }ren, be a discrete-time real-valued and conditionally symmetric martingale. Assume
that, for some fixed numbers d, o > 0, the following two requirements are satisfied a.s.

| X — Xp1] < d, Var(Xg | Fr—1) = E[(Xy, — Xp—1)? | Fe] < 07 (1)
for every k € N. Then, for every o > 0 and n € N,
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